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PREFACE 


Ne ago I formed the intention of writing a treatise on Spherical and 
Ellipsoidal Harmonics which should, besides being a general treatise 
on the subject, embody and extend the results of my investigations in the 
subject made many years ago. The pressure of other work has, until 
recently, prevented me from carrying out my intention, but the delay has 
the advantage that it is possible for me to take account of various more 
recent writings dealing with special parts of the subject. 

Since the foundations of the theory of Spherical Harmonics by Legendre 
and Laplace in connection with certain potential problems, the use of the 
functions of Legendre and Laplace in application to boundary problems 
and other matters has been of very great importance in connection with 
the various problems of Mathematical Physics. The extensions due to 
Heine, and in particular, the use he made of the functions of the second 
kind, were expounded in his standard treatise on the subject, which has 
hitherto been-the only treatise dealing with the functions which could claim 
to be complete, although various books have appeared which include 
those parts of the subject which are of more immediate use for the purpose 
of application. 

The present treatise is in the main concerned with the forms and 
analytical properties of the functions which arise in connection with those 
solutions of Laplace’s equation which are adapted to the case of particular 
boundary problems. The investigations take account of the functions which 
are not, as was the case when they were originally introduced, confined to 
the cases in which the degree and order are integral. The treatise does not 
profess to be concerned with the general theory of the potential function, 
or of existence theorems, although it contains a few applications to 
potential functions for spaces with special kinds of boundaries; some results 
of the general potential theory are assumed when they are required. It is 
hoped that the treatise, although of a purely mathematical complexion, 
may be found to be of use to Mathematical Physicists who are primarily 
concerned with applications. 

In the first four chapters, an account is given of the properties of the 
ordinary Spherical Harmonics. An attempt has been made to make some 
of these investigations more rigorous than they were in the forms in which 
they were originally given. Maxwell’s theory of the poles of Spherical 
Harmonics is made to depend upon the use of a general differentiation 
theorem which gives symmetry to the theory. 


In Chapter v, the general definitions of the Legendre’s associated 
functions of unrestricted degree, order and argument are given and 


SER NOMI TST 


Se a a 


vi Preface 


developed. From the point of view taken here, the whole subject consists 
of the theory of a special class of hypergeometric functions. A general 
account is given of the representation of the functions by integrals and 
series. The results obtained are applied in Chapter x to obtain as particular 
cases the representation of spheroidal, conal, toroidal and other special 
functions, the properties of which have for the most part been obtained 
in isolation by those mathematicians who first introduced them. 

Chapter vi contains investigations of the approximate values of zonal 
and associated functions as given by semi-convergent expansions and. 
otherwise. = 

In Chapter vit a general theory of the convergence and summability 
of the series of Legendre and Laplace is given, in which results similar to 
those in the well-known theory of Fourier’s series are developed. 

Chapter vit contains investigations of the addition theorems for the 
Legendre’s functions of the first and second kinds, when the degree of the 
functions is unrestricted. 

_In Chapter rx an account of the zeros of the associated functions of the 
first kind is given, and a less complete account for the case of functions 
of the second kind. Methods for the numerical determination of the zeros 
are also given. 

Tn Chapter xt an account is given of the theory of Ellipsoidal Harmonics 
as introduced by Lamé, but the elliptic function theory of Lamé’s functions 


is omitted. 
In view of considerations of space, I have not thought it desirable to 


enter in detail into the subject of hyper-spherical harmonics, in which the 
game methods as in the case of spherical harmonics are applicable, with 


greater complication of the formulae. 
A large part of the book has been read in proof by Professor G. N. 


Watson, F.R.S., to whom I am greatly indebted for various criticisms 
and suggestions. 

My thanks are also due to the Officials, and especially to the Readers, 
of the University Press for the trouble they have taken in connection with 


the heavy work of printing the volume. 
E. W. HOBSON 


CHRIST’S COLLEGE, CAMBRIDGE 
July 7, 1931 


Case 


CHAPTER I 
THE TRANSFORMATION OF LAPLACE’S EQUATION 


1..In various branches of Mathematical Physics the problem arises 
of determining values of a function V which, together with its partial 
differential coefficients, shall be finite and continuous throughout a pre- 
seribed volume, and shall throughout that volume satisfy the differential 
equation a 
Galan Oars On laes (see Sear =e ee (1) 
On? == Oy? = 202" 
which we shall write V2V = 0; this differential equation being known as 
Laplace’s equation. The function V must, moreover, be such as to satisfy 
certain prescribed conditions over the boundary of the given volume, it 
being understood that the boundary over which the condition is specified 
may consist of two or more detached portions, which we may however 
consider as in the general sense a single boundary. The form of such a 
function V which satisfies the equation (1) and also the prescribed 
boundary conditions, depends upon the shape of the boundary and the 
nature of the boundary conditions. 
Examples of particular boundary conditions which frequently occur 
are the following: 
(a) V to have a prescribed value at each point of the boundary. 


(6) to have a prescribed value at each point of the boundary, dv 


denoting an element of a normal to the boundary, measured inwards to- 
wards the space for which V is to be determined. 
(c) h S + kV to have a prescribed value at each point of the boundary, 


hand k being numbers given at each such point. 


Problems also arise in which there are within the given volume one or 
more surfaces of discontinuity in the value of V, so that on either side of 
such surface V satisfies the equation (1); the form of V may be different 
on the two sides of the surface of discontinuity, but it must be such as to 
satisfy some prescribed condition at that surface; denoting by V,, V. the 
values of V on the two sides of the surface, we may take as examples of 
the kind of conditions to be satisfied: 


(a) V,= Vz, the values of oe oVs ? being however different. 
(b) hy ue he Ma and V,= V2; h, and hg being given numbers at 
ov ov 


each point of the surface, usually having the same sign. 


HH x 


acsiieadiniemeaadeaaiiii 


water tiles Sp 


Sir ce A ie 


2 The Transformation of Laplace's Equation [cH.1 


The main object of the present work is to find the form of the functions _ 
which satisfy the equation (1) and also prescribed boundary conditions 
especially over spherical or ellipsoidal surfaces, and to investigate the 
properties of the functions so obtained; it will appear that in the case of 
these and some other forms of the boundaries it is possible to obtain 
appropriate solutions of (1), and some examples will be given of the mode 
in which such solutions may be combined so as to satisfy the precise 
boundary equations. 


General questions concerning the theoretical possibility of obtaining 
values of V which satisfy certain conditions, and of the uniqueness of the 
solutions of the problems concerned, will not be entered into, our object 
being to obtain the precise forms of the functions which actually satisfy 
the prescribed conditions, in those cases in which the present state of 
Analysis admits of this being done. 


It appears that the functions which arise in connection with Laplace’s 
equation are useful in obtaining solutions of various other partial differential 
equations which occur in Physics; among the most important of these are 
the equations 


OV 

ay = EVV, 
ay : 
Fees 


the solutions of which in a large class of cases can be made to depend upon 
those of the equation V?V + AV = 0, where A is a parameter. 


2. In order to obtain solutions of (1), appropriate for spaces with 
boundaries of various forms, it is convenient to transform the equation 
into a form in which the independent variables are the parameters of 
three orthogonal sets of surfaces; when this is done, the particular para- 
meters will be chosen in any particular case in accordance with the form 
of the boundaries. Let 


file y, 2) =, Sa (2 y; 2) = In, fs (, y, z) = hs 


be the equations of three families of surfaces, such that any surface of one 
family cuts any surface of either of the other families everywhere ortho- 
gonally; the expressions hy, hy, hg ave called the parameters of the three 
sets of surfaces, and their values at any point (x, y, z) may be regarded as 
curvilinear coordinates at that point. 


Tt is assumed that the coordinates h,, ha, hg are at each point unique. 
Employing the notation of infinitesimals, and denoting by H,?, H,?, H,? 


1,2] The Transformation of Laplace’s Equation 3 
the expression (y+ (y+ é y" with the similar expressions in- 


Ox oy 0z 
volving f, and h,, we have 
He Od + Fe dy + ode, 
hg 8 te + a dy + Os de, 
dh; = ee + ae dy + Pade. 


A 1 0h, 10h, 1 th, See a 
Since H, 3a’ H, 3y oH Oe are the direction-cosines of the normal to 
the surface h, at the point (x, y, z), we see from these equations, when the 
fact of the orthogonality of the three normals at (a, y,z) is taken into 


account, that 


dhs? | (dh.\?  (dhs\? woe 
=) + + da)? + (dy)? + zB 
(i) + (Ge) + (ge) = ars t+ 
Thus the elementary length of the line joining the two points (z, y, z), 
(@ + dz, y + dy, z + dz) is given by 
1 1 1 

Fa (Ua)* + yp (Aha)* + 3 (a). 

The transformation of the expression V?V into a form in which (hy, he, hs) 
are the independent variables may be carried out in a simple manner by 
employing the notation * and methods of tensor analysis. 


We have (ds)? = g,,dh,dh,, where pw, v have the values 1, 2, 3, and 


(ds)? 


1 1 1 5 A 
Gu HY Joo, He Yes He Juv = 0 when p # v; thus g,, is a covariant 
tensor, and g = oe where in accordance with convention the 
expression in the value of (ds)? is to be interpreted as its sum ‘over the 
values 1, 2, 3 of u and v. 
The corresponding contravariant tensor is g*”, where g = H, Papo Ere, 
9° = H,2, and g*” = 0 when p #». 


The expression V2V, in the coordinates (2, y, z), can be expressed as 
2 


4 ee , oras g*”V,,, where g™, g”, g®? have all the value 1, and g*” = 0, 

‘Ke v 
for » #v; the tensor V,, is the covariant derivative of V,. The expression 
gj’ Vis an invariant, and is therefore equal to the expression 

ov a =] 
ie ee Gees 
g Es oh, — oh, |? 

* See Eddington, The Mathematical Theory of Relativity (Cambridge, 1923), pp. 55-64, 

especially p. 64. 


1-2 


4 The Transformation of Laplace's Equation [CH. I 
in the new coordinates. This is equivalent to 
OV OV ov ov eV OV 
He Es — {lla} | + H,? ES 22,0} | 4H [ena (83,0) 5, | 
hia, Ora 29 Ora, ax _ Osx 
Ags 1A se vo fi . 
Now Lg =i (5+ oh, Oh) = 30 (Se + one ae): 
and thus ; 
el @-Ak 1 
i a 2 
OLD =i a ge OL3—— thay ge (1h 3} = — bs a ae 
Thus the expression for V?V takes the form 
Hy? [ae OV Oral ON 


te a4 
1 2 = 
7h, ~ oh 22 oh, Ht hy #22 ona oh, aT | 


+ two similar expressions. 


This reduces to << - 
0/ H, WV) 2/ H, WV), 2/ H, eV 
Hal Hs Es Gan = + oh, al Wh) + an ih a) |" 
Hence we have : 


ae Ea (air, 7) an (air mh) th (a, 7) 2 


and thus Laplace’s equation takes the form 
0 ( H, eV @ ( H, oV\ , 2 (_H; eV\- 
: oh, oe aE) “Tn Gale) Og (aa, 3) 
in the orthogonal curvilinear coordinates (h,, he; hs). 
If, instead of three coordinates, there are any number p, given by 
2%, Up, ».. Zp, We may shew in precisely the same manner that 


eV ov ov 
V5 V,-08 eeae mee weet ae 


is equivalent to 


a i Oe a Hav. | : 
sad lame (ae, Ean) + ae Gm) (), 
where h,, hg, ... hy are orthogonal curvilinear coordinates, and. 

Oh,\2 , (Oh,\? oh,\? 
ee fae ee at 
Hi, (=) es a) Wee (ee) : 
3. The formula (2) for the transformation of Laplace’s equation to 
orthogonal curvilinear coordinates was first obtained* by Lamé, who 


employed the laborious method of direct transformation. Other investiga- 
tions of the transformation were afterwards given by Dirichlet} and by 


* Journal Polytechnique (cahier 23), 1834; this proof was reproduced in his work Legons sur 
les coordonnées curvilignes (1859), § 14. 

+ First published in Hattendorff’s edition of Riemann’s Vorlesungen tiber partielle Differential- 
gleichungen (1869). 


2, 3] The Transformation of Laplace's Equation 5 
Thomson* (Kelvin); these were based on similar principles. Another 
investigation, based on a different principle, was givent by Jacobi, and, 
in the case of polar coordinates, byt Green. 


Indications, without full details, of the methods of Dirichlet-Kelvin, 
and of Jacobi-Green will be given here. 


(a) The elementary parallelopiped formed by the surfaces h,, h, + dh,, 

hy, hy + dh,, hg, hs + dh; has its edges of lengths: lle, “alts Thy We employ 
sa? Tel TBs 

Green’s theorem 


[|] ¥2vaedyaz 2 \e a8, 


where the integral on the left-hand side is taken through any volume 

_ throughout which V and its differential coefficients-are finite and continuous, 
and the surface integral is taken over the boundary of the volume, dv 
denoting an element of the normal to the boundary, measured inwards. If, 
throughout the volume considered, V?V vanishes, we have 


[[Fas-o. 


Let us apply this theorem to the elementary volume bounded by the 
six surfaces. Each face contributes an element to the surface integral. The 
element contributed by the face which lies on the surface h, is 


eV A, 
Oh, H,H, 
The element contributed by the opposite face is obtained by changing 
h, into h, + dh,, and is therefore, since the sign of dy is changed at the 
opposite face, 


dhy dhs. 


eee 
Al, H; Oh, © Oh, Ca Ohy 
The elements contributed by the other four faces may be found in a 
similar manner; we thus find that the surface integral becomes 
a ( a a (7 Hy, oV a (oe - : 
dh, \HH, Oh, * thy \H,H, Ghy/ + oh, HH, Che, 
and this surface integral must vanish. We thus obtain the equation 
i (EE do al ar 7 a 
6h, \H,H; 0h,/ ' Ohe\HH, Oh.) ‘ thy \ HH, che 
which is the equation (2). This is the method employed by Dirichlet and 
Thomson. 


) ai} hgh. 


— dhy hgh E 


2 


* Camb. Math. Journal, vol. tv (1845), p. 36. 3 
{ Crelle’s Journal, vol. xxxvi (1848), p.117. { Mathematical Papers, pp. 200, 216. 
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(6) Consider the integral 


IIa) + Gap) + Ge) | ae 


taken through any volume; if we divide the volume into elementary 
parallelopipeds such as we have considered in the first method, we see that 
the above volume integral is equal to 


[|e (Fe) +H (GE) + He et aie, dhydhy dy, 


the integral being taken through the same volume as before. Now suppose 
the value of V at every point to receive an arbitrary variation 5V, which 
is such that it has continuous partial differential coefficients with respect 
to x, y, z. The variation of the integral J may be denoted by 5/, where 
481 ne 0.8V 0V0.8V eV 0.8V 
IJi\0a oa oy oy Oz «0z 
eV pes now OR Varn O2 Von 
[Ie re ) avas Ne . Fe) 0V dedydz, 
where the surface integral is taken over the surface of the boundary, 
(l, m, n) denoting the direction-cosines of the normal to an element dS. 


) deedy dz 


It may be shewn in a similar manner that 


481 iG = 7, Uinta + itm, ap, tall + ris aE I dd) 


| I ae Ga oh) Oh a ET m4 ae Ca ak ) SE dixdiadhy, 


the first integral being taken, as before, over the boundary of the volume; 
the two forms for 62 must be equivalent, and, if the values of 8V be so 
chosen that they vanish everywhere on the boundary, the two volume 
integrals must be separately equivalent to one another. We see thus that, 


since ; = 5 
we have 
0 / H, aV\. 0/ Hy av 
[fev [ver ta (gate yee ai (Hk H, 7) 
A i Be 
SS at HHH, | dxdydz = 0 


Since this holds for all sets of values of 5V which satisfy the prescribed 
conditions, it follows from a fundamental theorem of the Calculus of 
Variations that 


v= HHH, 


ALAA REACA AA MCACA Ae 


Oh, \H,H, oh,) * oh oh, \H, Hy oh 
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the required transformation (2). This is the method employed by Jacobi 
and Green. 


4. The possibility of obtaining integrals of Laplace’s equation in the 
form (2) depends upon the form of the functions h,, h,, hz; it is possible, 
in a considerable number of ways, so to choose these parameters that the 
equation (2) can be satisfied by a function of the form 


V = ¢ (hy) t (he) x (hs), 

where ¢ denotes a function of h, only, % of h, only, and x of h, only; when 
this can be done such a solution as the above is called a normal solution or 
form. The functions in a normal form contain certain arbitrary constants, so 
that, by giving these constants different values, an infinite number of normal 
forms are obtained. The linear character of Laplace’s equations shews that 
the equation is satisfied by the sum of any number of particular solutions; 
it follows that more general solutions are obtained by taking a finite or 
infinite number of normal forms, multiplying each by any constant and 
adding them together; we thus obtain solutions of the form 


ZAG (hy) os (he) x (hs). 

Such solutions will be useful in solving potential problems of the kind 
mentioned in § 1, when the boundaries are made up of surfaces belonging to 
one or other of the three families of surfaces to which the parameters belong. 

The three functions ¢ (f,), % (hz), x (hs) will be obtainable as solutions 
of three ordinary differential equations, in the case of any set of orthogonal 
curvilinear coordinates (h,, h,, hs) in which such normal solutions exist. 
A study of the reduction of the equation V?V = 0 to ordinary differential 
equations has been given* by Haentzschel and also by Wangerin}. Various 
cases in which this reduction can be made will be considered in the present 
work. 

It is possible, in some cases in which normal forms of the above type 
do not exist, to satisfy Laplace’s equation by expressions of the form 
@ (hy, hs) x (hs), in Which one factor contains one curvilinear coordinate 
only, and the other factor involves two such coordinates. 

Tn dealing with Laplace’s equation we have the advantage of knowing 
a solution of a very general character, namely, 

V = {(v— a)? + (y— 6)? + @ — 0) 4, 
where a, b, c are any constants; this expression satisfying the differential 
equation at every point in space with the exception of the point (a, 5, c). 
The expression may be transformed into any system of curvilinear co- 
ordinates, and the resulting expression frequently renders assistance, by 
means of its form, in obtaining suitable simple forms of solution. 


* Studien iber die Reduction der Potentialgleichung auf gewohnliche Differentialgleichungen 
(Berlin, 1893). } Berliner Monaisber. (1898), p. 152. 
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5. The simplest case in which normal forms can be obtained is when 
hy = &, hy = y, hg = z, 80 that Laplace’s equation is in its original form; 
the orthogonal system of surfaces being three sets of planes parallel to 
the coordinate planes. 


Let us endeavour to satisfy the equation by means of a function 
V = XYZ, where X is a function of x only, Y of y only, and Z of z only; 
substituting in the differential equation and dividing throughout by X YZ, 


uote 1@X  1eY 14% 
X da? Y dy? © Z dz? 
In this equation the first term involves « only, the second y only and 
the third z only; it is consequently obvious that the only case in which it 
can be satisfied is when each term is equal to a constant, the sum of the 
three constants being equal to zero. We thus obtain three ordinary 
differential equations 
BX ay PZ 
: a SE 
for the determination of X, Y, Z, the constants a?, b, c® being such that 
a? + b? + c? = 0; we see therefore that the normal form is e*%. e+. e+”, 
where a? + b? + c? = 0; in this expression imaginary exponentials may be 
replaced by circular functions. 


0. 


OZ 


Particular cases of the above normal form are 


aN meen, ves £08 fants COS 2 BPs 
mMtinrZz . . Ys 
G sin ™ sin %Y @ sin V0 + Bz, 
the constants m, n, a, 8 being arbitrary; from these forms we obtain 
expressions 
COS COs 


— 
eae me. 
Bak ae sin sin” 


% $ (@, p)esseste Val + Be 
4,8 


which will be useful in potential problems in which the boundaries consist 
of portions of planes parallel to the coordinate planes. The boundary con- 
ditions lead to the expansion of arbitrary functions as double or single 
Fourier’s series. 


It appears therefore that the functions which arise from the solution 
of Laplace’s equation in the original form are circular and exponential 
functions; in the next chapter we shall proceed to consider the functions 
which arise when we take h, = 7, h. = 0, hs = ¢, where 1, 0, 6 denote the 
polar coordinates of a point; this case will lead us to the consideration of 
certain new functions of very great importance. 


CHAPTER II 
THE SOLUTION OF LAPLACE’S EQUATION IN POLAR COORDINATES 


6. When the system of surfaces represented by the parameters h,, he, he 
consists of concentric spheres (r = constant), coaxial right cones (9 = con- 
stant), and planes through the axis (6 = constant), we have 

(ds)? = (dr)? + (rd@)? + (r sin 0d¢)?. 
1 


Hence, in this case, H,=1, Hy, . H, rain? 


and thus, from (2) of Chapter 1, 


1 (0 aoe SOV Boe 
ay. amo im (sin Oe) +5 , (sino Y) ag (and ag) 


Laplace’s equation becomes then 


Oe = Ue Oa NS, oe GE 
6 a) + ano ap (88 59) + aary ee 

In accordance with the method described in § 4 we assume as a solution 
of this equation an expression of the form V = RO®, where R, ©, ® are 
functions of r, 0, 6 respectively; substituting in the equation and dividing 
by RO® we have 


dR Tee Uh nhs) 1 &O 
sale te) + @ame wo aa) + ata ae ole 
Since the first term of this.equation is the only part which involves 7, 
it is impossible that the equation should be satisfied unless 
1d ( 2) 


Ra a& 
is a constant, say k. 
The solution of the equation 


OR dR 
Ge qn tt G7 BR= 0 

is, in accordance with the rule for solving such equations, 

R= Ar-t+YF4 + Br} NFR, 
where A and B are arbitrary constants. This value of R is somewhat 
simplified by putting & = n (n + 1); we have then R = Ar” + Br, as 

the most general value of R. The equation (2) may now be written 
sin® d ( ino) + 1&0 
@ dae aa) * @ age 


n(n + 1) sin? @ + 0; 
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2, 
we see now that we must have om =a constant, say — m?; thus the 
most general value of ® is C cos md + Dsin md, where C and D are 


arbitrary constants. The equation (2) now becomes 
2 
L 7a sin OG) + (0 (m4 1) ae }@ 0; 


sin 6 dé dé sin? 0 

if we write cos 0 = y, © = u, this becomes 
d o du m* = : 
qt w get eer abuao is (3); 


uw must be determined as a function of » by means of this equation of 
the second order. The main purpose of this chapter and the next is to 
investigate the nature and properties of certain of the functions which 
arise in the solution of the differential equation (2). Supposing that the 
form of wu is found from (3), we have then obtained normal forms which 
satisfy Laplace’s equation, and which may be written 


cos cos 
PU Mis te PU. md. 

- It will be observed that the constants m and n are entirely unre- 
stricted; they may have any real or complex values. The most important 
applications of these solutions to the solution of potential problems require 
the normal forms to be those in which n and m are positive integers; we 
shall accordingly in this chapter and the next confine ourselves to this 
special case. The more general case in which ”, m are unrestricted, real or 
complex, will be considered fully in Chapter v. In the above normal forms, 
n or — n — 1is called the degree, and m the order of the form; we confine 
ourselves at present to the consideration of normal forms of integral 
(positive or negative) degree and of integral order. 


LEGENDRE’S EQUATION 


7. We shall in this chapter consider the particular case of the equation 

(3), when m = 0; the equation then becomes 
Ge wget tmnt Nw (4). 

This differential equation is known as Legendre’s equation, and we 
proceed to obtain its complete solution. Although the quantity » has been 
introduced as the cosine of a real angle, and would consequently have only 
values between + 1, we shall also consider the solution of (4) generally, 
when yp is not restricted in this way. 

Write the equation (4) in the form 


du du 
2 = 
qd wae Qua +n(n+1)u=0, 


67] Legendre’s Equation 
and assume that there is a solution of the form 
U =A + p+ ap?+..., 


Where @), a, @,, ... are constants. Substituting in the differential equation, 
and equating to zero the coefficients of the various powers of », we have 


(ry + 2) (r + 1) Gpig — 7 (7 — 1) a, — 27a, + n (n+ 1) a, = 9, 
eS a) (Matettecte) . 
a Ce re 
thus we obtain a solution of (4) in the form 
n(n—2)(n+1)(n+3) , 
1.2.3.4 ie 
... (n — 28 + 2) (n + 1) (n + 8)... (m+ 28—1) 
123 oes le 


; (x — 1) (n+ 2) (7 — 1) (w— 3) (n+ 2) (n+4) 
saat 1.2.3 * 1.2.3.4.5 ie 


Tt will be assumed that » is such that these series are convergent. 
This solution may be written in the form 
nn+lil n—-1 n+2 3, 
us ay ( oy 2) - auF ( Sp 1?) -.-(5), 
rere F (a, 8; y; x) denotes the hypergeometrical series 
Gs B _e(a+1).B(B+)) 
T2y(yF)) 
the quantities a), a, oe arbitrary constants; we see that (5) is the 
complete primitive of the differential equation (4) provided p be such 
that the two series are convergent. 
In the important case in which n is a positive integer, one of the two 
series is finite, whatever 4. may be. When 7 is even, the solution is 
nmn+i1ii 
ayF (— 2? 2° 9°? a 
n(m+1) ,, n(n— 2 asien aia) 
Sees Pee 


*n(m—2).. fie 8) ane) 
oe ee z wh 


n 


w+ ..., 


1 fey t 
yo 


whatever value, real or complex, » may have. 


This is an algebraic polynomial of degree n, which satisfies (4); the 
other solution a, uF (- oO : s Cae = 2) is an infinite series which is 


“convergent when | p | < 1, and is divergent when » = + 1, or when p?> 1. 


See OES ETT ee TN Ee ete eT ee a ee a ee eT ee ee 
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n—-1n+2 3 
go gigi) on 


When n is odd, the solution a, .F (- 
(nm — 1) (n+ 2) 
aye 1 — OO at. 


"=! (nm — 1) (m — 8)... 1. (m+ 2)(n+4)...(n—1) | 
1.2.3...” # } (7) 


is an algebraic polynomial of degree n which satisfies (4). In this case 
nmn+1i1 
a, F (- 2° 2° 53H?) 


is an infinite series which converges when | » | < 1, and in this case is a 
second solution of (4). 


+(-1) 


Let us now obtain a solution of (4) in the form of a series of descending 
powers of ». Assume that : = 
UL = B™ + dg p™* + agu™* + ...5 
on substituting this expression in the differential equation, we find 


Opp (tm — 2r) (m — 2r — 1) 
= Cyp a9 {(m — 27 — 2) (m — 2r — 3) + 2(m— 2 —2)—n(n + V}, 
where r denotes any positive integer. Since a_, = 0, we have 
(m — n)(m+n+ 1)=0, 


and thus m = n, or m = — n — 1; we thus obtain the two solutions 
n(n—1 n(n — 1) (n— 2) (n—3 

afer — Pe wre Pe ee a 

Reece (8), 
and. 

a{2 (wt lj (n+2) 1, m+1)(n+2)(w+3)(m4+4) 1 | \ 
pri’ 2(2n+3) prs 2.4(2n+3)Qn+5) pe’ 
ee (9). 


The solution (8), when 7 is a positive integer, is an algebraical poly- 
nomial of degree n, and is seen to be identical with (6) or (7), according as n 
is even or odd. The solution (9) is an infinite series of powers of . and may 
be written 


? 


1 m+1n+2 2n+3 1 
fh eg 


this series is convergent when | p | > 1 and is divergent when | p | < 1; 

we see therefore that (9) represents a second solution when the series of 

ascending powers fails on account of divergence to represent a solution. 

1.3.5...(@—1) _. 
2s Base 

shall denote the resulting expression by P, (jz), and this expression is 


If in (8) we assign to the constant the value 


Legendre’s Equation 13 
led the Legendre’s polynomial, or function, of the mth degree. When 
cos 6, it is also called the Legendre’s coefficient of degree n; the reason 
his terminology will be given in § 9. 

"The second solution, in which we shall assign definite values to the 
mstant factors, we shall denote by Q,, (4). 


8. The complete result we have obtained is as follows: 

The complete solution of Legendre’s equation 

; me ot en 1) c= 0s (4), 
“where n denotes a positive integer, is 

u = AP, (u) + BQ, (q),- 

Aand B denoting arbitrary constants. The expression P,, (u) is an algebraic 
function of pu, of degree n, and is given by 


J 1.3.5...2n—1 n(n — 1) 
es): Ppp lun ~ 2-1)" 


1 ie DM 2). a) Es ; 


+2. 4@n—Den—3) “ 


(2n) ! n 1i—n il sak 
eee | ye R78 s) 


which, on reversing the order of the terms in the series, takes the forms 
Waar el n(n+1) , 
i gies 


OC ear er 


q Giles NEED) > \ 


q : 1.2.3.4 
q =n =e (-3 n+11, : 

‘ — ee ee 

; ig! 


i when n is even, and 
a "2 3.5..0 m—1)(n+2 
i Tae ( )¢ ) 2 


eo) —(— 1) oan 


1.2.3 
5 4 MN m~3)(n+2) (044) 
: iD. 3 2B Bae 
4 a n! n—-ln 
=(-1 — me -3- 1,2 
3 (208 grata, n—1 oS: 2 aap t litie’) 
Z = = 


_ when n is odd. The expression P,, (u) is a solution of (4) whether | pw | as 
greater or less than unity, and in fact for any complex value of w. 
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There is a second solution Q,, (2) of the form 


et 1 (wt 1)(m+2) 1 , M+) +2) m+3)(n+4) 1, 

prt" 2(2n+ 3) pnt 2.4 (2n + 3) (2n + 5) pat}, 
1 m+ln,,,2n+3 1 

on a 9 °3° 9 ae) 


when p2> 1, or, in case p is complex, when | w| > 1. 
There is a second solution, in the form of the infinite series 
{ (n—1)(n+2) ,, (n—1)(n—3) (n+ 2) (+4) 
ap jl Loo 1.2.3.4.5 eae 
when n is even, and 
aft nit ig ptlo= ee | 


1.2 ee “T.2.3.4 
when n is odd; provided that 2 < 1, or, in case we contemplate complex values 
of pw, when | p | <1. 
The analytical continuation of this solution over the whole plane of pw 
will be considered later on. , : 


LEGENDRE’S COEFFICIENTS 


9. Of the two independent solutions we have obtained of Legendre’s 
equation, the more important is P,, (uw), which we have called (when 7 is 
integral) Legendre’s polynomial; we shall accordingly for the present con- 
sider this function only. We possess the two normal forms 7P,, (1); 
r-"-1P,, (u) which satisfy Laplace’s equation, and which are symmetrical 
about the axis » = 1. We have already, in § 4, pointed out the advantage, 
in considering Laplace’s equation, derived from our knowledge of the fact 
that the reciprocal of the distance from any fixed point satisfies the 
equation, and we shall now apply this consideration to obtain the above 
normal forms, and thus to introduce the function P,, (v) from another 
point of view which does not directly involve the solution of Legendre’s 
equation. 

The reciprocal of the distance of the point (r, 4, 6) from that point 
on the axis p = 1 which is at a distance r’ from the origin is 


(7? — 2rr’w + 72)-4, 
This therefore is an expression which satisfies Laplace’s equation and does 
not involve the azimuthal angle ¢. The expression may be written in 
either of the forms 


1 r r2)-3 1 rr r!2) 
Z {1-25 a+ ga > pet ato 2 
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and thus it can be seen that the expression may be expanded in a con- 


: r : qi 
vergent series of powers of 7 when r < 7’, and in a convergent series of 


ue : r (poe 
powers of = when r> 7’; the coefficients of the powers of yore being 


functions of ». Write h for = or ., fh being less than unity; we have then 


(I= 2p + AFR 14 Fu Ah + 5% Qn—hpPhes... 
1.3.5...2n—1 Saat 
ee a ee 
This series is convergent provided | h (24 — h) | < 1; further, the order 
of the terms may be changed, provided that the double series is absolutely 
convergent, or if h (2| | + 4) < 1; under these conditions we find, for the 
coefficient of h”, the expression 


1.3.5... 2n— | n_ m(n—1) , ,, n(n—1)(m—2)(n—3) , , 

263.0 2(2n—1)" * 2.4(@n—1)(Qn—3) * ease 
This expression we denote by P,, (u), and we see that it is identical with 
Legendre’s polynomial defined in § 7. 


We have therefore, when yp is in the real interval (— 1, 1), 
(1 = 2hp + h8)? = Py (pn) + Py (pw) b+ Pa (u) i+... + P, ( 


under the conditions stated above. 


10. We have hitherto supposed that » and h are real quantities, and 
subject to certain conditions; however the equation (10) holds when » and h 
are less narrowly restricted. It is clear that the proof of (10) which we 
have given applies when and h are complex, provided | 2h | + | h?| <1; 
we shall now shew that this condition may be extended to a wider range. 
Writing (1 — 2uh + h?)-? in the form 

(e+ Ve 1 — hy (uw — VF — 1 — hyd 
we see that the critical points of the function considered as a function of h are 
h= p+ V2 — 1; in accordance with a well-known theorem in the theory 
of functions, this function can be expanded in powers of h provided | h | 
is less than the smaller of the two quantities |+Vy?—1|. The 


function (1 — 24h + h?)4 being continued over a circle whose centre is 
the point h = 0, and whose radius is the smaller of the quantities 


mod (1 + Vp? — 1). 


The value of (1— 2h + h?)-4 which is represented by the series is that 
which has the value + 1 at the point h = 0. 
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We have now shewn that the equation (10) holds for complex values 
of h and » provided that | h | is less than the smaller of the quantities 
| Biv we il | : 
In particular, if 1 is real and lies between + 1, the theorem holds good pro- 
vided | h| < 1. : 
By changing h into : it is seen that the expansion 
(1— 2hp + hey? ae 1 ae ee P,, (z) ! 


yew 


holds, provided that | / | is greater than the greater of the two quantities : 
[utvw— 1. 


The expression for (r2 — 2rr’ + r’2)-2 becomes 
P Be 0 


1 eh ; 
wo Po(u) + 55 Pi(u) 4 wari Pa (u) +. (r<1’)......(11), 


‘i : - : 
or 5 Po () + Po (u) toe + GPa (p) + oe (r> 7") ...-..(12). 


Since either of the expressions (11), (12) satisfies Laplace’s equation for all 
values of 7’ consistent with the convergence condition it is usually inferred 
that each term must separately satisfy the equation, and thus we obtain 
the normal forms 7”P,, (u), 7-"1P,, (u). This inference depends however 
upon a discussion of the validity of term by term differentiation twice with 
respect to r and 6. 


UT 
The ion ——____________ can be expressed b: 
express (@—h?+a?+ yt 12 y 
z sie! 
x (- 1) Wamp? 


where r denotes (x? + y? + 22); it then follows that 
(—1)e rt on 1 


Se Coed Pye ee (13) 


ivind, n! Oz” 7 


which is an important expression for P,, (1). 


11. The function P,, (u), where n is a positive integer, defined as the 
coefficient of h” in the expansion of (1 — 2hy + h?)-? im powers of h, 
(h < 1), is called the Legendre’s coefficient of the nth degree. Thus the 
Legendre’s coefficient is identical with the Legendre’s polynomial of which 
the form has been obtained in § 7. 

The Legendre’s coefficient or function, defined as the coefficient of h” 
in the expansion (10), appears to have been introduced by Legendre in a 
memoir “Sur l’attraction des Sphéroides” published in the Mémoires de 
Mathématique et de Physique, présentés & v Académie royale des sciences par 
divers savants, Tome x, Paris, 1785. The functions occur in a memoir by 
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place received by the Academy in 1782, “Théorie des attractions des 
héroides et de la figure des planétes,”’ but the original introduction of the 
functions appears nevertheless to be due to Legendre, whose work was not 
iblished for several years after it was written; his memoir is mentioned 
approved for publication in the report of the sittings of the Academy 
for 1783. Legendre himself declares that Laplace introduced the potential 
function, but that he himself developed the expansion. On the question of 
lority see Jacobi*, Dirichlet} and Heine. 


TABLE OF VALUES OF LEGENDRE’S COEFFICIENTS 

12. The Legendre’s coefficient of degree n being the algebraical function, 
degree n, represented by 

| See 
we have the values of the first few coefficients as follows: 
Po(w)=1, Py(w)= pn, Py(u)=3(8u2-1), Py (u) = 4 (5p? — 3p), 
Py (p) = 5 (354 — 30u2 + 8), P; (u) = § (68u> — 70u? + 15p), 
3 (H) = as (2814 — 815p4 + 1052 — 5), 
” (He) = 75 (4297 — 693° + 3153 — 35p). 
We have also 


P, (1)=1, P, (— 1)=(— 1)", 
P,,(0)=0, or ( ee De (15) 


ording as n is odd or even. 


_ These results are obtained most simply by picking out the coefficients 
fh i in the expansions of 


(l—h)4, (1+ h)73, (1 + hay-3. 
or may be observed that the coefficients of the powers of pina Legendre’s 


function contain, when in their lowest terms, only powers of 2 in the de- 
“nominator; in fact the coefficients in 4"P,, (2) are all integers§. 


Tables of the values of P,, (u), for n = 1 to 7, were calculated under the 
direction of Glaisher||, in which the values are given at intervals of -01, 
to four decimal places, from p = 0 to Ls 


Tables {| of P,, (cos 6), for n = 1 to 7, were computed under the direction - 


* Orelle’s Journal, vol. 11 (1827), p. 223. + Ibid. vol. xvi (1837), p. 35. 
{ Kaugelfunctionen, vol. 1 (1878), p. 2. § See Bauer, Crelle’s Journal, vol. tv1 (1859), p. 101. 
|| Report of British Association (1879). {| Phil. Mag. (5), vol. xxx (1891), p. 512. 
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of Perry, for 6 reckoned in degrees, at intervals of one degree, from 0° to 
90°, to four decimal places. 
An extensive table has also been published* by Malmqvist. 


RODRIGUES’ FORMULA FOR LEGENDRE’S COEFFICIENTS 
13. The expression (14), for P,, (uw), may be written’ 


1 & n Fen CA) es 1 n 
Oa ee ae 
and thus we have the forniula 
dr = 
P,, (pz) = oS (ee eee (16). 


The result (16) is known as Rodrigues’ theorem. It may be obtained 


directly from the definition of P,, (~) in (10) as follows: 
Let SO a eae ; then for v we may take the value 
du V1 — 2hu + i? 


is ae eS 
= 5 RVI = Phy + PP, 


" whence we have v= pet (v? — 1). 


Apply Lagrange’s expansion theorem to expand v in powers of h; we 
obtain eS hn grt (u2— 1), 
ere 9 20! dur 2 
whence we have P,, (u) as the coefficient of h” in the expansion of te equal 


oe 

2°n! dp" 
term by term differentiability of the Lagrange’s expansion require 
discussion. 

The very important formula (16) was discovered by Rodrigues; it was 
obtained in his ‘‘ Mémoire sur l’attraction des sphéroides,” published in 1816: 
in the Correspondance de Vécole royale polytechnique, Tome 1. The priority 
in the discovery of the formula was formerly attributed to Ivory and 
Jacobi; the second proof given above is due to the latter. 


(u2— 1)". To complete this proof, the convergence and the 


FACTORISATION OF LEGENDRE’S FUNCTIONS 


44. The roots of the equation (u? — 1)" = 0 consist of n equal roots 1 
and ” equal roots — 1; it oo that all the zeros of the equation 


ae SIjE= 0, 


or P,, (u) = 0, 
* Helsingfors, 1908. 
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are teal and lie between + 1. We shall now shew that all these zeros are 
" distinct from one another. Differentiating the equation 


@P., dP, 
(1 wae AE ie +n(n+1)P,=0 
"8 times with respect to y, we have 
CEPT ee : ap, aP, 
(1 ar Fre 2(s4 eee 8)(n+s+4+ 1) qi 


Now suppose, if possible, that the equation P,, (u) = 0 has two equal 
"roots = a; then, for this value of pe, we must have P,, and aP, equal to 


dp. 
@P,, 
qe 


Zz 
_ zero. Legendre’s equation shews that, S105 un same value p =a, 
must vanish, and letting s = 1, 2, 3, ... n — 2, we see that 

@P UP oP 
ode gar 
: pulaleen 5 : 
must all vanish when pp = a; but au is a constant different from zero; this 
shews that the equation P,, (u) = 0 cannot have equal roots. Since P,, (2) 
is a function of 1? when n is even, and p times a function of p? when 7 is 
odd, we see that P,, (u) is of the form : 


4 1.3.5...(2n—1 
; a (ut — 48) (u? Gai) ++ (HE — ayn!) 


when n is even, and of the form 


So = —— dye (ut — Be) (ut = a?) (4? — Pin a?) 


dE when 7 is odd, the numbers @,, a, ... 8,, Bo, ... being all real and between 
and 1. 


Ii we construct the surface of revolution of which the polar equation is 
r=a-+ OP, (cos 6), 


the surface will cut the sphere r = a, in the points for which P, (cos 6) 
” vanishes; these points will lie upon x circles whose planes are perpendicular 
to the axis, the circles being symmetrical with regard to the diametral 
~ plane § = 47. When nis odd, the great circle in which the diametral plane 
_ cuts the sphere will be one of the circles, and there will be $ (n — 1) small 
circles on either side of this great circle. When x is even, there will be dn 
"small circles on each side of the great circle. This system of x circles on the 
"sphere is called the system of nodal lines of the function P,, (u). 


Since the nodal lines divide the spherical surface into zones, the 
_ Legendre’s function P,, (u) is called a zonal harmonic. The functions 


2-2 
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rP,, (p), 7-"—1P,, (u) are usually called solid zonal harmonics of degrees 
and — n — 1 respectively; and for distinction the function P,, (1) is called 
the zonal surface harmonic of degree n. 


OTHER EXPRESSIONS FOR LEGENDRE’S FUNCTIONS 
15. Various expressions may be found for the function P,, (cos 8). 
(1) To express P,, (cos @) in cosines of multiples of 0, we shall shew that 


1.3.5... (2n— 1) lin 
2.4.6... an 1(2n — 1) 

' 1.3.n(n—1) 
* 1.2 (2n—1) (2n— 3) 


P,, (cos 0) = 2 feos nO + cos (n — 2) 0 


cos (n — 4) @ 4 ao (17). 


The values for x = 1 to 7, given by this expression, are 


= P, (cos @) = 1, P, (cos @) = cos 6, P, (cos 8) = } (3 cos 20 + 1), 
' -P (cos 6) = 4(5c0s 38+ 3cos6), P, (cos 6) = gz (35 cos 40 + 20 cos 26+ 9), 
: » P; (cos 6) = +35 (63 cos 50 + 35 cos 38 + 30 cos 8), 
i P, (cos 0) = sty (231 cos 68 + 126 cos 40 + 105 cos 20 + 50), 
' P,, (cos 0) = zdoq (429 cos 70 + 231 cos 56 + 189 cos 39 + 175 cos 8). 
: . This expansion, which was given both by Laplace and by Legendre, can 


be obtained by writing (1 — 2h cos 6 + h?)-? in the form 
(1 = hes)-4 (1 — he~#)-#, 
which can be expanded into the product 
3 1.3... (2n—1) 
Afoe ot fp2p2e none 
{1+ the +5 4he TRS oT hiner +. 


13 One 
Da es ae 


ie 
i x it + the~? + pale feet 


if we pick out the coefficient of h" we obtain the formula (17). The validity 
of this procedure follows from the fact that the binomial expansions are 
both absolutely convergent, and therefore their Cauchy-product converges 
to the product of their sums. 


If we write z = e = cos @ + vc sin 9, it is clear that (17) may be written 


Oiolirec (WO I) 5 
Se. Po ep 


1.3.n(n— 1) 


1 


P,, (cos 8) 


+ ze+ i... 4 a, 


1.2 (@n—1)(2n— 8) 
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1.3.5... (2n—1) 


or PH) 2 F (f, — 34 — 1324) 


2.4.6...9n 
MRO (n= 1) eee 
peaecin  dee Bese De 


since (17) is really only an algebraical transformation of the formula for 
P,, (4) in powers of 2, obtained by putting z = 4 + +/pn?— 1, it is clear that 
the formula (17) holds also when p > 1, in which case @ is imaginary. It 
is also clear that the formula holds good for all complex values of p, n 
being a positive integer. 
From the first form of (17) it is seen that, when @ is real, the maximum 
value of P,, (cos @) is when 8 = 0, in which case P,, = 1; thus P,, (cos @) is 


never greater than 1. It is also clear that P,, (cos @) is coh less than - -1; 
thus, when p is between + 1, P,, (uw) always lies between + 1. 


(2) To express P,, (cos 0) in series of powers of sin $6 and of cos 40; 
we shall shew that 


P, (cos 6) = 1 Cae sin2! o _ (m+ 2) ee Dade=a) oe 
=Fa+1,—25 1; ee =e (18), 


and 
. n+l1)n n+2)(n+1)n(n—1 6 
P,, (cos 8) = ( rfl ( —o cos? Le ma a 32 ( ) vost 5 —...} 


eek (nv 1, — 0; 1s cos? 0) nes (19). 


The expressions (18), (19) may be written F (n +1;—n; 1; 14), 
(-1yF (w +1, —n;1; 4) , and they represent P,, («) for all real and 
complex values of »; n being integral. 


To obtain (18), write (1 — 2h cos 6 + h2)-? in the form 


(=n) fh +a a est ae 


which can be expanded in a convergent series, provided h is so chosen that 


oe sin? }0< 1; 
we have then 


(l—h)— 4 (1—h)- 5 4 sin? 30-4 5*9 (1 — A) (Asin? 36)? — 


This series is absolutely convergent when each power of 1—h is 
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replaced by its binomial expansion, therefore the series may be rearranged 
in any order without altering its sum. 

On picking out the coefficient of h” we have the expression (18). This 
expression may also be deduced from Rodrigues’ formula; thus 


leche 
Py (Ht) = Seq: Gan (H+ we P 


1 a 2 F 
n(M=1) 5, 9 (,  yyn42 
pe Da Ors. 
1 (m+1)n 1 B, m+2) (n+ n(n a (7 ey" 
T2522 232 SES 12.22 2 ee 


which is equivalent to (18). The expression (19) may be deduced from (18) 
by changing p into — p, and observing that P,, (— ») = (— 1)" P, (pv). Tt 
will be noticed that these series are both finite, being merely the result of 
expressing P,, (u) as functions of 1— » and 1+ p. 
(3) To prove the formula 

n* (n — 1)? 
yacoe tne 

n? (n — 1)? (n — 2)? j 
- T2732 tan®3e +... 


= cos" 40.F(—n,—m;1;—tan?30) sees (20). 


2 
P,, (cos 8) = cos?” $0 1 - i tan? 40 + 


Using Rodrigues’ formula, we have 


1 @ 
P,, (uw) = ont dun ‘H +1)" (n— 1)" 


1 de d det 
Far (e+ gaa HWP mg, (e+ DY ges (4 1) 
_n(n—1) @ Shae 
get DY ga HD+ wf 
1 
= eet DP eet DEED) 
n?(n — 1)? 
e 22 ! (w+ 1)? (w— 1/74 ls 
on putting 2 cos? $0 for 1 + , and 2 sin? 36 for 1 — » we have the formula, 
(20). : 


The formulae (18), (19), (20) were given by Murphy*. They were also 
given by Dirichlet 7. 


* Treatise on Electricity, Cambridge (1833). + Crelle’s Journal, vol. xv (1837), pp. 35 and 39. 


Other Expressions for Legendre’s Functions 
(4) To prove the formula 


_P,, (cos 6) cost {1 ee 


§ 


cos" 6F (— in, 4 — 4n; 1; — tan? @). 
We have 
(I= Shp + Wy = (1 — hy)? + BL wey 


12 (1 — pe? 
S=h Se 
( HH) (1 — hp) 
2 ae 2 
ae is less than unity, we can expand 
by the binomial theorem; the general term is 


_ supposing / to be such that 


: eS 2-1 (a 
2.4.6... 27 (l— hy) 


and the coefficient of h” in this term is 


nl = nla ae 
Danaligil Delian eet) Ee 


* and thus (21) follows. The process is valid because the series is absolutely 
“convergent, and can therefore be rearranged in any order without altera- 
‘tion of the sum. 


It will be observed that the formulae for P,, (u) which we have obtained 
_ in this section, as well as the expression in powers of y, are expressible as 
_ hypergeometric series. This depends upon the fact that, by a very simple 
_ transformation, Legendre’s equation can be reduced to a particular case 
of the differential equation which is satisfied by a hypergeometric series; 
the various forms can be obtained as particular cases of the general trans- 
formations applicable to such series. The subject will be treated from this 
point of view in Chap. v where we shall consider the general case in which 

m may be any real or complex number. 


DEFINITE INTEGRAL EXPRESSIONS FOR LEGENDRE’S FUNCTIONS 


16. For the purpose of finding an expression for P,, (w) as a definite 
dg 
a+bcos¢’ 
where a, 6 are given real or complex numbers; as we shall subsequently 


integral, we shall require to evaluate the definite integral é 
10 


Tequire the value of the more general integral [ aed dd, where m 
0 


is a positive integer, it will be convenient now to evaluate the latter. 
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We have 
2ee 2e% 


a+bcosd be*#+ 2ae*+b 6 (« — e*) (e* — B)’ 
where a, f are the roots of the quadratic bz? + 2az + 6 = 0; thus we have 
eo 2 pe Vee eee 
a, 8 the modulus of one is in general greater, and of the other less, than 
unity; suppose the sign of Va? — 6? to be so determined that 


. Of the two numbers 


— 2_ h2 
| eee b Zik 
en = a 
: 1 2 
We may re Se form 


B ~ @ es e* ie soe 
which can be expanded in the convergent series 
SS (1+ Be? + pret? + ... + Be~* + BPe*# + ...), 

and is therefore equal to 
= (1+ 28 cos + 26? cos 2¢ + 2% cos 34 + ...). 


= 
Since | cos md cos ndd¢ is zero unless n = m, we have 
ees 


8 cos mh dp [gE cost md = 20. 


9a+bcosd 
= cos mp a ao Joep 
ts ieee hoon’ aaa Ss) ee (22), 
a 5 ee Ft 
the sign of Va? — 6? being so determined that pe < |. The 
1 


only case of failure is when : is real and numerically greater than unity; in 


this case the moduli of « and f are equal to unity, and the above expansion 
ceases to be convergent; the definite integral has in this case no meaning, 
as it contains an infinite element. 


In the case m = 0, we have 


(ata vet 
a ences meee eee 
the sign of Va? — 6? being determined as before. 
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17. If, in (23), we put a= 1 — hp, 6 = + hv p2 — 1, we have 
; [" dé = ; 
101 = hp FhV 2 — Leos (1 — 2hp + h2)* 


Expanding each side in a series of powers of h (< 1), since the series 
the left-hand side converges uniformly with respect to ¢, the integration 
be taken term by term; then equating the coefficients of hn, we have 


P, w==| (wiVp2—1ecosd)"dp (24), 


which is known* as Laplace’s definite integral expression for P,, (1). 
Again, let a = hy — 1,6 =+ hV pu? — 1, we then have 


f 


a dd T 
if hu —1EAVp2—lLeosd (1 2hp + h?)* 


posing / > 1, we can expand each side of this equation in a convergent 


ies of powers of i? and proceed as before; if we then equate the 


cients of = we obtain the formula 

i 1(7 db 

Pe SS a 25). 
(u) a (uw FV pw? — 1cos¢)"*4 = 

The formulae (24), (25) are equivalent to one another; in fact the trans- 

mation (2 + Vu? — 1 cos ¢) (u + Vp? — 1 cos d’) = 1, may be employed 

shew that 


, 


[\wevie— joosgy dd =| 7 Teagat 


The important formula (24) was given by Laplace in vol. v of the 
récanique céleste (1825) in Livre x1, Chap. 11. The method of proof is that 
Jacobi, “Ueber die Entwickelung des Ausdrucks” (Crelle, Bd. 26), 


[aa — 2aa’ (cos w cos ¢ + sin w sin ¢ cos (8 — 6’) + a’a’}*. 
in a memoir (Crelle, Bd. 32), “Ueber den Werth, welchen das bestimmte 
tegral id ie Fas fiir beliebige imaginare Werthe von A 
und B annimt,” Jacobi has considered this more general integral. It is 
ewn that E dd on 

o A—Beos¢—Csing VA? — Bt— CG? 
ere the radical has a sign such that 
3 | (4 -v42— B= 0%)|<|(B— C)|; 
cept when = (4 + VA? — BY— C)| =| (B— 0), 
* See Mécanique céleste, Livre x1, Chap. 11. 
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in which case the integral is meaningless, and when both the quantities 
| At VA?— BC? |<|B- 0, 
in which case the value of the definite integral is zero. This integral will 
be investigated in Chap. vil. 
18. Other important definite integral expressions for P,, (u) may be © 
deduced from (23). Put 
a—b=2(1—2hp th), a+b=2(1—2hp’ +h), 
2&= wt p’ — (u— p’) cos d; 
we have then 
oe Y 
01—2hE+h? (1—2hw + h2)2 (1 — Qhy’ + hE 
We find that (u’ — pw) sin $ = 2V(u’ — €) (E — p), 
where we may suppose p’ > pw; taking é as the independent variable in the 
integral, we have 


c dé = 7 
uw (1—2hE + W)V (WO (E—p) V1 —2hp + eV 1 — Shp 
Let p’ = 1, we have then 

C (1 —h) dé 7 

» (1— hE + )V(1—6 (€— pn) V1 — 2h +h? 
Let €= cos #, then 
i (1 — h) cos 4d ca 

0 (1—2h cos + h2) V2 (cosp—p) 2V1— hy +h? 
It is easily shewn that 
ak oo 
aati Ereorbe den 

hence we have, by equating the coefficients of h” on both sides of the equa- 
tion, when the integration is taken term by term, 


2 [oo cos (n+ 4) 
P,(u)==[° eat 


_2/?_cos(m+ Hd 
or Pen) 2 ae ees (26). 


Next let p’ = — 1, then 

: (1 +h) dé = 

-1(1— 2hE+#2)V(wp—A (E41) V1 — hp +h? 

put é = cos %, then using the expansion 
(Lt A)singyp _ $ 


hn sin (n + 3) $, 


1—2heosP+h® 20 
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, apr sin + DY 
" pve Pa (#) lence (uw — cos ob) 


2(7 _sin(a+4)¥ 
P,, (cos 6 | ates 27). 
scoet) ENE es ee 
~The theorems (26) and (27), known as Mehler’s formulae, shew that 
an cos (n+ 3) % i = sin(n+ deb A 
/2 (cos % — cos 6) 7 Je V2 (cos 0 — cos #) 
‘in this equation, change n into n — 1, and we then have 
=|. cos (n— 4) ¢ la sin (n — 3) $ 
= 0; 
7 EiGai— cos 8) +2 (cos 6 — cos ) oS 
dd the expressions on the left-hand side of this equation to half the sum 
f the expressions in (26) and (27), we have then - 
y ie = ae = cos ng sin $v 
P,, (cos @ =| a soem ogy =| 2 (A). 
ee oo 8) = V2 (cos % — cos 8) 2 V2 (cos 6 — cos #) oe 
In a similar manner we obtain the theorem 
ae eee 2 
Py (e080) =" 2 sin np sin $y a2 sin mp cos 3h d 
0V 2 (cos 6 — cos #) 


0; 


7 J0V2 (cos — cos 8) Ts 


The formulae (A) and (B) are Dirichlet’s* integrals for P,, (cos 4); they 
ere put into the forms (26) and (27), to which they are equivalent, by 
ehler+. It will be observed that @ must be real and lie between 0 and z. 
The above proof of the formulae is due to Hermite f. 

The formulae (28), (29) were obtained by Dirichlet, by putting h = e” 
‘in the expansion of (1 — 2hu + #?)-?, which then becomes 
1+ 2P, (x) (cos f + esin f) +... + 2P, (1) (cos nf + esin nip) + 
1 aS 1 
ek 2 (cos % — cos 6) ex(4+=) V2 (cos 6 — cos wb) 
_ according as ¢ is less or greater than ¢. On equating the real and imaginary 
perats on both sides of the equation, we have 
1+ 2P, (u) cos +... + 2P,, (u) cos np + .. 
cos $f sin $y 
or 

V2 (cos %— cos6) /2 (cos 6 — cos #) 

according as 0 = #, and 
2P, (u) sing’ +... + 2P, (uw) sin np + ... 

— sin 44 cos 4h 
V/2 (cos  — cos a) * 2 (cos 6 — cos #) 


* Orelle’s Journal, vol. xv1t (1237), p. 41. + Math. Annalen, vol. v (1872), p. 141. 
t Crelle’s Journal, vol. cvit (1891), p. 80. 
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according as 2 4. On using Fourier’s theorem to express the coefficients 
of cos ny, sin nf in the expansion of these discontinuous functions, we 
have Dirichlet’s formulae (28) and (29). This method does not amount to 
a proof, because the equation does not necessarily hold when the modulus 
of h is equal to unity, as the series has not been shewn to be convergent 
when / is upon the circle of convergence; a verification of the result can, 
however, be made by summing a finite number of terms of the series and 
investigating the limiting value of the sum when the number of terms is 
made indefinitely great. (See § 19, Exs 1 and 2.) 


19. Another instructive method of investigating the definite integral 
expressions for the Legendre’s function depends upon the consideration of — 
the values of (1 — 2hu + h2)~4 for complex values of h. We shall suppose 
that » is any given complex number; we denote by a, f the two numbers 
p+ Vp —1, p— Vp? — 1, where Vu2— 1 is understood to have that 
value of which the real part has the same sign as the real part of y; in theex- — 


ceptional case in which wis a pure imaginary we suppose the sign of Vn? — 1 
to be the same as that of 4. Since (1 — 2uh + h2)-? = (h — a)-4 (h — B)-3 

we see that the points h = a, h = B are branch-points of the function; the 

function may therefore be represented as a uniform function on a two- 

sheeted Riemann’s surface for which the branch-line is the straight line 

joining the points a, 8. We shall 
suppose the upper sheet to be the 
one on which (1 — 2uh + h?)~? has 
the value 1 at h = 0, and suppose 
the figure drawn in that sheet. 
Let y be the inclination of the 
branch-line to the real axis; also 
since «8 = 1, the lines Oa, Of are 
equally inclined at some angle 8 
to the real axis. The values of 
{(h — a) (h — B)}-? at points close 
to the branch-line and on opposite 
sides of it are (pp’)* 8-2” and 
(pp’)-* e- 2+”) where p and p’ are 
the moduli of h — a, h — B respec- 
tively. Now as a point moves 
along the real axis from O up to the branch-point, it is clear that the real 
part of (1 — 2uh + h?)-4 never vanishes; hence that real part must have 
the same sign at the point O as at the point on the real axis just on the 
left-hand of the branch-line; it thus appears that (pp’)~? e#"-2”), of which the 
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part is positive, is the value of (1 — 2uh + h?)-? just on the left-hand 
i the branch-line. The expansion 

(1 — 2hp + h?)-# = =P, (u) hr, 

holds if |h|<|p—-VwF-1|, 

by applying Cauchy’s theorem, that 


1 dh 

Or ers (1 — 2hy + ha’ 

integral being taken round any closed curve surrounding the origin 
in the upper sheet; such a curve is represented in the figure, and 
of a large circle of radius R nearly closed, two lines from the ends 
‘ly up to a, two nearly semicircular arcs round a, two straight lines in- 
nitely close to the branch-line and a nearly closed circle surrounding f. 
the circle is made infinitely great the part of the integral round it 
vishes, the integrals along the two lines from the circle to @ are equal 
| opposite, the integrals round the small circles vanish, since 


[(@— ay? an, | (h — p) 2 dh 


h when the moduli of & — a, h — B are made indefinitely small, and 
are left with the integrals along the sides of the branch-points; we have 


lyfe dh 
P. | ; 
(os) he (1 — Qh + hE 


e integral being taken along the left-hand side of the branch-line. 


Let h = »p — Vn? — 1 cos ¢, where ¢ goes from 0 to z, then 
=e +4 
liek) Ss 
( p+ h?) Vea isd 
in the figure the real part of Vy? — 1 is positive, and we have shewn 


Tt 


= — 

ees 2 

rt is positive. Since dh = Vn? — 1sindd¢, the expression then becomes 
ibe dd 

P,(u)==| eS 25). 

W=_ 0 (w—V p? — Icosd)"4 0) 


ve that the argument of (1 — 2hy + my? is y, so that the imaginary 


On changing h into = we have 
12 hedh 
nat fre 
(») mele (l— 2hu+ 2)? 
whence, if h = » + Vp? — 1 cos ¢, we get 


P,, (u) = ean (wtVp?—leosd)"db se (24). 


| 
i 
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This method may be applied to prove the formulae of Dirichlet and 
Mehler. Supposing » to be real and to lie 
between + 1, the line «f is parallel to the 
imaginary axis; the points a, B lying on a 
circle of unit radius with the origin as centre. 
We have shewn that 


1 /é dh 
Pa (H) TT i: pray) — 2h + h® 2 @) 
the integral being taken along the branch-line 
on its right-hand side. We may replace this 
path by a circular arc through « and f with 
its centre at O, the integral then becomes, 
on putting # = e*, and remembering that 
the negative sign is to be taken for the real part of V1 — 2hu + h2, 


P,, (cosé)=1[ 
aoe) = esr 1—2cosd.c% 4 
2/°, cos(n+4)¢d 
Seon 26). 
erred (26) 


a! 
By taking the integral along the supplementary are which joins «, 8 
we should obtain the formula 


2/"_ sin(n+4)¢ 

P,, (cos 0) = = —— dg 27). 
eo =| Wart eo GD 
Another definite integral expression for P,, (u) may be obtained by 


using Rodrigues’ formula 
ie 
P(t) = Sant qe te 1)"; 


by Cauchy’s theorem we have 


1 ide a 
P, (1) See pdt € Weg, 
the integral being taken round a closed curve enclosing the point p23 on 
integrating by parts n times, we have the formula 

1 (@— 1)" 
2”. Qe} (= prt 


P, (uw) = digees (28), 


the path being any closed path enclosing the point » counterclockwise. 
These integrals have been treated by the methods of the theory of 
functions by Laurent* and Schlafli;. 


* See Liouville’s Journal (3), vol. 1 (1875), pp. 373-398. 
f See his pamphlet Ueber die beiden Heine’schen Kugelfunctionen (Bern, 1881). 
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5 EXAMPLES 
1. To deduce the series (20), (21), for P,, (cos 6), from Laplace’s integral. We have 


P, (cos) = =| * (080+ isin 0 cos 6)" dé 


ie @ ONE ONE 
—— pn ub = = 
i cos” 5 (a + ce? tan 5) (2 +e? tan 3) d¢ 


Nee 7 8 n(n—1) 8 
= eb te _ pth 2 
cos w? 1+ nee tang + Q! e@ tan’ 5 


= a. n(n—1) aa 6 
x [1+me ttan5g+—>, @ mo tant +... |p 


he: 3 ple [T eee n?(n — 1)? 8 
=a ns 30 a[aen tan’ as Cae tant +... | as, 


the integrals between =z and 0 of cosines of multiples of ¢ are zero. We thus obtain 


theorem 


= ( 6 n®(n—1)? 8 

P, (e086) = cost 49 |1—n? tan?5 +" Ge tant 5 — .} ee (20). 
Again 

P (on See fn (met oe 

P,, (008 9) = — oe 6+ n.cos” 9 sin 8 cos $ — "5, —~ cos” "asin? Bcost 4 +...} dg 


: = = = = 

= cos" 8 fh — 2 Y tanto + Ce = (21). 
2, Shew that the series 

a P, (cos 6) + P, (cos 6) + --. + Pp (cos 8) +... 

is convergent if 0 <@ <7; and that it is oscillatory when 9= 7, and divergent when =0. 


_ We find from (24), that 
j F te eae ae 


a « =n—1 
a P == een 
7 7a Cee = o 1 — (cos @ + isin 6 cos $) 


‘g 

and thus the nth partial sum of the series is 

q 1 an (cos 6 + csin 6 cos f)” de, 
awjol 


h {1 — cos 6)? + sin26}2 — (cos @ + esin @ cos $) 


_ ag is seen by evaluating the integral by (23). 
To evaluate the second integral, divide the interval (0, +) into three parts (0, «), 
"(4 7-6), (t—« =) and consider these separately. Since 
a | cos 6 + esin 8 cos p |=(cos* 8 + sin® 4 cos® p)* <1, 
} and |1—cos 9—csin @cosp | ={(1 — cos 6)? + sin?@ cos?$}? = 1 — cos 6, 
_ for all values of , we have 
© (cos @ + csin 8 cos ¢)" € E 
ol Saeco iOCore =T— cos 0? 


similar result holds for the integral taken over (7 — «, 7). 
For the integral over (¢, 7 — «), we see that 
a | (cos @ + csin 8 cos 4)" | <(1—sin?@sin® <i" < 4m, 
where & is fixed for a given value of 6, and is <1, unless @ = Oorz. It follows that the 
modulus of the integral converges to 0 as n> ©, when 1" +0. 
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It has now been shewn that 


lim 


N>2 


= (cos 8+ sin @cos ¢)* ds Qe 
0 1—cos@—csindcos$*|<1—cosd" 


Since ¢ is arbitrarily small it follows that the integral converges to 0 as n > ©. 


Thus, when 0 <@<7, = P,, (cos @) converges to saslte when @=0, the series diverges, 
n=0 2sind0 


and when 6=7 it oscillates. 
3. Shew that the series 
P, (cos 8) + P, (cos 6) e% + ... + Py (cos) em +... 


is convergent for all values of 4, when 0 <@<-. This may be proved by a slight adapta- 
tion of the method in Ex. 2. 


RELATIONS BETWEEN SUCCESSIVE LEGENDRE’S FUNCTIONS AND THEIR 
DIFFERENTIAL COEFFICIENTS 


20. The following relation holds between three consecutive Legendre’s 


coefficients - 
nP, —(2n—1)pP,,+(n—1)P,,=0 ...... (29). 


This relation may be proved in several ways. 


(a) If w= (1 — 2hy + h?)-, we find that 


CSc = ean. 
oh 
substituting for w its value Zh"P,,, and equating to zero the coefficient of 
hr-1, we have 
nP, — 2p (n — 1) P,4 + (nm — 2) P,_» + Pp» BP, 4 = 0, 
or nP,, — (2n—1)pP,,+(n—1)P,,=0  ...... (29). 


(6) From Laplace’s formula, we find 


dP, _% a aan aS pcosd 
Ge wz), e+ Via L089) (14 Pee ) as, 


(we 1) Gene], Ute Leos)" (4 +V 2? — 1cosd) — 1] dh 


Pl fa (w+ Vet Leos 4)" — (1+ VF 1 cos 4-1] de, 


dP 
or Gt aN gpa tle Be) (30). 
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@P n+1y/7 1 Cos hb 
2 1 ae 
dp 7 le i + Yarn) 
=—dP,, n+1l(*p(w+Vp?2—1cosd)—1 
(w=) i} 
dp 7 Jo (w+Vp2—1cosd)"*2 


dP, 
(?— 1) a (te) (Re) (31); 
om (30) and (31) we have 
2 (0 + 1) (Pniz — pPp) — 1 (uP, — P,4) = 0, 
d on changing n into n — 1 this agrees with (29). 


The formula (29) might be used to calculate the functions P,; starting 
| P, = 1, P; = p, and letting n = 2, 3, 4, . .: Successively, the functions 
ild be found. The relation shews that the functions dee Bees Dee 
we the same properties as Sturm’s functions. No tne consecutive 
nctions can vanish for the same value of , and when one vanishes the 
eding and succeeding functions have opposite signs. Following the 
gument in the proof of Sturm’s theorem we see that there is one and 


ly one root of the equation P,_, = 0 between two consecutive roots of 
e equation P,, = 0. 


dd, 


From equation (30) we have 


d a oP 
Leyes an pP,)= 7 {d= p at 
=—n(n+1)P, 
Legendre’s equation, hence 
F aP, dP, 4 i 
mPa = wg fe (32) 
~ Inasimilar manner, from (31) we find 
= 
= dP OF 
i m+ 1)P,=—p>"*+ ne 33). 
) (w+) Get ae (33) 
_ From (32) and (33) we obtain by addition 
7 
a AP yxy IP ay 
4 (2+ 1) Py = Ge pe (34). 
Also, aa eliminating P, between (32) and (33) we have the relation 
_ 2 dP, eS dee 
1 4 eg = YD) Ti (35). 


Again, by eliminating P,, between (30) and (31), we have 


Ons 1) (21) T= 004 1) (Py Paa) (86). 


«RH 
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These relations may also be deduced by differentiating the equation 
uw = (1 — 2h + h?)-4 = IMP, 
with respect to 1; we then have 


dP. 
1 —= 0 n 
(1— 2p + tay b= BI, 
also (uw — h) (1 — 2hp + h2)-2 = Unhr-IP,,, 
hence (w= h) Sh a SnkIP, ; 
: 


by equating the coefficients of h"-1 we have the relation (32). 
Also 
dP, 


(1 — hp) The * — hEinh"P,, = (1 — Qhy + h2)-* = Uh"P,,. 
du a 


On equating the coefficients of h” in this equation we get (33). 


EXAMPLES 


1. Prove that, when n is even, 


=D) 22S 
2) n—4 


2 n 
2 (n= 1)(n~8)..3 3, p} 71.3..2—1 
=) a en) bee , 
and, when x is odd, 
: n-1 
ea 2n—1 n—12n-5 2 —1)(n—8)...2 
ay : P, ie P,a- = oS Prat +(-1) er ne S 


2. Prove that, if n is even, 
i [Pe 

a= =(2n—1)P,, ,+(2n—5)P, ,+(2n—9)P, , +... +7P3+3P,, 
and, if n is odd, 

= 
~® = (2n —1) Py, 1 + (2n —5) Py, 9 + (2n—9) Py, 5 +. + BPy + Py. 
3. Prove eS when is even, 
dP, _ feo} dP yy n 2n—5 dP, 5 n(n—2) 2n—9 GP, 5 _ 


dp (n= “dp n=l 03 “dp G1) —3) 9=5 da 
a m(n=—2)..4 _3¢P 
n(n— 1 
cine @=-Da— ——- 31 at 
P,-1=q¢-9 {2-2 aPp1, 2-5 a@P,,, %—9 dP, 
i fee m(n—1) dp ‘ (n—2)(n—8) du | (n—4)(n—5) du 
3 aP, 
tote gee 

and, when 7 is odd, 
n—-3 
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2n—1 aP, mn—5 AP, 2n-9  aP. 
f= nt n—3 n= 
(w yee i C=) 2 Ea 
2,3 
Prove that 3.2 du J” 


P, _1.2.3...(m—1) 
aa 1.2.3...(m—1) 


[(2n — 1) (2n — 8)... (20 — Im + 3)] (2n — 2m +1) Pym 


. ee — 38) (2n — 5)... (2n — 2m + 1)](2n — 2m — 3) Py, ma 
+ pee tT [en — 5) (2n -7) was (20 — 2m —1)] (Qn — 2m —1) Py gy -a Hovey 


series stopping with P, or P, according as n — m is even or odd. 
Prove that, when n is even, 


TP (n-+ 1) Py +5(n—2)(n +8) Ph £9 (0 —4) (0+ 9) Pet 


+ (2n — 3) (4n — 2) P,,_ 
when x is odd, nad 


=4(8(n —1)(n+2)P,+7(n—3)(n +4)P,+11(m—5)(n +6) P, +... 
: + (20 — 8) (4n — 2) P,, 5}. 
6. Prove that 
~~ 


d 
(m+ 1) {2m +8) Pings — Qn + 1) Pah = 7k — #) (Pn Pn’ — PnsaPn')}s 
1 deduce that 


(n+3) if * Pade — Qn +1) f  Pybdu = (Pings + Pq?) — 2Py Pra 


: 7. Prove that 
J 2(n-1 
Crt) | Pptdy— uy — A= P,P 
5 f PnaPn Pn oPns 4, Prlw) Polu) 
+2\Gn—1)@n—3)' @n—3)@n—5)' “*— 3.1- f° 
id deduce the value of I “a= 2) (Pye 


. Prove that i {1 — 2) P,,P,’} + n(n + 1) P,? = (1 — 2) (B,/)®. 


. Shew that, when the limits are any one of the numbers 0, 1, — 1, or any zero of P,, (4), 


H)s 
[as edu =n(n +1) | Ppt. 

5 
Examples 1 to 5 are given in F. Neumann’s Beitrége zur Theorie der Kugelfunctionen 
ipzig, 1878). Examples 7 to 9 are given by Hargreaves, Proc. Lond. Math, Soc. (2), vol. 
(1897), p. 115. 
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INTEGRAL PROPERTIES OF LEGENDRE’S FUNCTIONS 


24. A property of the function P,, (~) which is of fundamental im- 
portance is that, if this function be multiplied by any one of the quantities 
1, », #2, .-- w®4, and the product be integrated with respect to » between 
the limits + 1, the result is zero; thus 


a 
| Pip = 0 620 12 (37). 
=i 


To prove this theorem, in the integral substitute Rodrigues’ expression for 
P,, (u); we then have 
L EP, ( du = ses) Pa 2_ 1g 
AES #) #= Fant |, aan (# —1)"dz, 

on integrating & times by parts, and remembering that all the differential 
coefficients of (442 — 1)" which are of lower degree than m vanish when p 
has the values + 1, we have for the value of the definite integral 

(= UFR! fp qe-k 

22 (u 

which is zero. = 


2— 1)" dy, 


It may conversely be shewn that the only rational integral function — 
f (v) of p, of degree x, which is such that 


[fw pidy =0 
for the values & = 0, 1, 2, ...n — 1is f (u) = AP, (u), where A is a con- 
stant. We have, on integration by parts, 
[Leif ) du =f) = Rf) +E Vf) — + (WFR fees 
where w= | fds Ai=f filwdy 
Since I (ee (u) du is zero when & has the values 0, 1, 2,...4—1, we — 


see that f, (1), fo (1), .-. fn (1) all vanish; thus the function 
B e ee 
fw=| ff swe, 

JSPs =1 =1 4 
and all its differential coefficients up to the (x — 1)th vanish when , = 1, 
and they also vanish when p» = — 1; thus, since f, (u) is of degree 2n in 
pH, we see that f, (~) must be of the form A (4+ 1)" (w — 1)", and there- — 
fore f (u) must be of the form A ie (w2 — 1)", which proves the theorem. 


This proof is given in Murphy’s Hlectricity (1833). 


. I 


for 


tial 
nf 


ion 


on- 


we 
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Tf n’ < n, since P,,, (u) is the sum of a number of terms consisting 
rs of 42, the index of each of which is less than 7, it follows, from the 
(37), that 


ig 
i Pe) Pawdu=0 ase (38). 
theorem, which holds for all unequal values of and n’, is of 


d mental importance in the theory of Legendre’s functions, playing 
ame part in that theory as the theorem : 


I. 0 
9¢OS COs 


in the theory of the representation of functions by means of series of 
ular functions. 

order to obtain the value of the integral in the case of equal values 
2 and n’, we have 


1 1 1 qn qn 
SO) Pa 03 te = aeeraci |_ an (Wg (o-Ps 


ating the expression on the right-hand side x times by parts we have 


eri: = \n— rl d 
[Pt = seer |, quae? — = Ud 


: Qn)! (2 
Tait | = ede 
: v =2 es . un (1—u)" du, 
u 2 
[GR d= ga e (39). 


23. The theorems of § 22 are particular cases of a general theorem 
hich may be deduced from the differential equations satisfied by the 
unctions. Suppose that u,, u,, are any functions satisfying Legendre’s 
quation of orders n, n’ respectively; we have then 


d 
Fei — NG en A), = 0, 


du, d du, 
(8 1) 7) — a ze {ut = 1) 


‘ = (N— 1’) (NHN 4) Uy Une 
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Integrating both sides of this equation between limits Pa> Ha, we have 


| ‘He [He d Ce 
| (n—n’) (n+n’ + 1) [enna = i. [+ ai {we 1) = 


oe Uy  |*. 
[ tat 1 (te Gt ty St) |"; 


hence the value of ie UnUn Op is given by 
By 


du, \ | He 
2] (tn Ge - ne) | 
[« } dy Qe Ns 
(n= n’) (n+n’+1) 
It will be observed that this theorem is of a perfectly general character; 


n, n’ are not necessarily integers or even real numbers, and the functions 


Un; Un are any solutions of the differential equations, atte at and between 
the limits. 


fie 
i= Un Un Op = 


In particular*, let py, =p, py = se Un =P, (u), Up = Py (u), the 


theorem then becomes 
= 21 Pw (a) Sel — P, (uy Peo) 


| (-P. (1) Poe (1) dp = oor ey 


= Pn (4) Pn (pw) = WP, () Pra (w)} — pe (2 — 0) P, (ux) Pr (u) 
(n—n’) (n+ n’ + 1) 
‘| on transforming the expression by means of the theorem (30). 


If we put = — 1, and assume that and n’ are real integers, we obtain 
the formula a 
| P,(u) Py (u)dp=0, wherenyn’ (38). 
-1 
If we put p = 0, then, since P,, (0) is equal to zero if n is odd, and to 
a (n)! 
(— 0" Gn) Gay 


aP,, (u) 


if nis even; and ( ) is equal to zero if n is even, and to 
de uno 


TPE) 


1 
i} P,, (u) Pa (u) du = 0, where n # nv’, 
0 


(- PD 


if m is odd, we have 


* See Wilton, Messenger of Math. vol. xuv1 (1916), p. 96. 


inst 
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n are both even or both odd, and 
nin’! 
mewn =n’) (nen +1) {(n) (2S) 
m is even and 7’ is odd. 
_ This result was obtained otherwise by Lord Rayleigh*. 


_ Another method of proving the fundamental theorems is substantially 
ue to Legendre}. 
It is easily shewn that 
[ du Wee LE Vibe 
V1 2h + VIB ph? Vie VI 


= (— 1)hntn) 


re h, h’ are less than unity. 


£ Equating on both sides of the equation the coefficients of h"h’"’ we have 
the formula (38) ; and equating the coefficients of h”h’ we have the formula 


z f1 
24. The integral | uP, (uw) du can be evaluated for arbitrary values 


k, unrestricted except by the convergence condition k > — 1 when n is 
even, and & > — 2 when 7 is odd. 


"Writing P, (2) in the form 
ap" + Bur? + ypr 4 +... 
z @ B x 
k 4 1 . 
| wPa(W de k+n+ 1*k¥n 1 °kin—-3° °°" 
e right-hand side is reducible to the form 


= : ik 
(k+n+1)(b+n—1)(k+n—8)...’ 


here f (Z) is a rational integral function of &, of degree 3n or } (m — 1), 
ording as 7 is even or odd. We know that f (&) vanishes if = 


k=n—2,n—4,n—6,...; 


ch is equal to P,, (1) or unity, we have 


i _k(b— 2) (k— 4)... (bm t 2) 
jut Pa () tnt l)(@in—l)...&+)) 


* See Phil. Trans. vol. cLxX (1870), p. 569. 
{ See also “Note on Spherical Harmonics” by Sylvester, Phil. Mag. (1876). 
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if n is even, and 
__(k—1) (k—3)... (k= +2) | 
~ (k+n+1)(k+n—1)... (k+ 2) 
if n is odd. But we may combine these formulae in the form 
1 &(k—1) (k—2)... (e — + 2) 
J, mPa (w) de (asses Se Se 


41). 


THE EXPRESSION FOR A FUNCTION IN SERIES OF LEGENDRE’S POLYNOMIALS 
25. The theorem 


3 
| P,, (uw) Py (uw) dp = 0, forn 4 1’, 
-1 


may be expressed by the statement that Py (u), Py (4), --. Pn (wu); ++ form 
a sequence of functions which are orthogonal for the interval (— 1, 1) of p. 
The functions thus fall under the general definition that 
Si (®); fa (@), +++ fn ()s »-+ 
‘form a sequence of functions which is orthogonal for the interval (a, b) if 
: b = 
| Fn (®) fr (x) dw = 0, for all pairs of unequal values of » and n’. It is 
a 


assumed that none of the functions is expressible as a linear function, with 
constant coefficients, of a finite set of the other functions. If the functions 


‘1 
are so chosen that | {fn («)}® dz = 1, for all the values of n, the functions 
=i 
of the orthogonal sequence are said to be normalised. 
The sequence is said to be a complete orthogonal sequence if there exists 
1 
no summable function ¢ (x) which is such that J ¢ (a) f, (x) dx = 0, for 
=1 


all values of n. 


It will be shewn that the sequence P, (j), P; (4), -.. Pn (4), ... forms a 
complete sequence of orthogonal functions for the interval (— 1, 1) of p. 

If d (4) be a summable function in the interval (— 1, 1) which is ortho- 
gonal to all the functions {P,, (u)}, we have from (29), multiplying by ¢ (u) 
and integrating, 


nf) Pale) (u) du n= 1)[) pPys(u)d (u) du + (n= 1) 


1 
x [Pas (u) 6 (x) du =0. 
From this it follows that : 


[i wPo-s (u) 6 (u) du = 0, 


1 
or | LP, (u) d (wu) du =0, for n = 0, 1, 2,.... 
-1 
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ain, we have 
Pry (u)$ (1) de = (201) |) Pa W) b (W) de 
1 
+ (w= 1) | WP ao(H)$ (u) du = 0, - 


e we may suppose & to have a positive value. 


[iw Paa le) $ (H) du = 0, 


ri 
thus i BEMAP,, (1) b (1) dp = 0, 


r all values of n, and for the fixed value of k. This has been shewn to hold 
t & = 1, and by induction it holds good for every positive integral value 
k. We now have 


BUH) Pato [1-H + FE] dus |™ ob (W) Pa (u) 008 pu dp = 0 


ce the series converges uniformly in the interval (— 1, 1), and is there- 
ae term by term, after multiplication by the summable func- 
tion pe te (4). “Similarly it can be shewn that 


S $ (u) Pr (w) sin pudp = 0. 
e Fourier’s coefficients of the function ¢ (2) iB. €); defined in the 


interval (— z, 7) of x, accordingly all vanish. In accordance with a known 


property * of Fourier’s series, it follows that ¢ () ie (2) vanishes almost 
Tr, 


rywhere in the interval (— 7, 7) of x. Therefore the function ¢ () is a 
null-function in the interval (— 1, 1); and it has thus been shewn that the 
uence {P,, 2 )}} is es The complete sequence of normalised 


eo Pe wh, as is seen from the formula (39). 


26. Let ¢, (x), do (a), ... dn (x), ... be a sequence of functions defined 
in the interval (a, 5), of x, such that no one of the functions is expressible 
_ asa linear function of any finite set of the others, with constant coefficients, 
and such that {¢,, ()}* is summable in (a, 6), for each value of n. It is then 
possible to construct a sequence { f, (z)} of functions, such that f, (a) is a 
linear function of a finite set dy (2), $p (x), ... dn (%) of the given functions 
{¢, (z)}, and such that the sequence {f, (x)} is a normalised orthogonal 
_ sequence, for the interval (a, 6). 
* See Hobson, Theory of functions of a real variable, vol. 1, 2nd ed. (1926), p. 553, § 361. 
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The required sequence { f,, (#)} of functions is given by 
f@e)=—_ 2) 
{[, fs rea 


$2 (e) — fr 2) | bse) (@) de 
ha) 1s 


: \. [0(@) — fi) | be A @) ae)" ae 


and in general 
[440A f ds A @) ef) [" du fale) de 


| 
fa) (2) Sus) | 
a [{]c [#9 @ fie [bn @ A) de. | 


~ fo 2) (fara de ae 


Conversely the functions ¢, (x) can be expressed as linear functions of 


Si @), fo @), -- fan (@)- 


As a particular case of this construction, writing w for z, a= — 1, 
q < 6 = 1, and taking the prescribed sequence of linearly independent functions 
a {Pn ()} to be 1, pw, p2, ... uw", ... we obtain 
ai Qn +l? 
fw) = Lalu) = (5) Pale) In) = (2S), (a), 
Thus the sequence of Legendre’s polynomials arises from this construction, 
starting with the sequence 1, p, 12, ..., of powers of pb. 


EXPANSION OF A FUNCTION IN A SERIES OF LEGENDRE’S COEFFICIENTS 
* 27. If it be assumed that the series 


Po (u) + OP, (uw) +... + a,P, (4) +... 


converges uniformly in the interval (— 1, 1) to a function f (v), we can 
multiply the terms of the series by P,, (u) and integrate, term by term, 


1 
over the interval (— 1, 1), and equate the result to [ F (ve) Pr (pw) dp. 
=i 
Using the fundamental theorems (38) and (39), we have then 


[if Paw) dom af! @, Wyyrae= 


= a, 
2n+1”"° 


Series of Legendre’s Functions 43 
_ Thus the series 

a 1 1 
HP) | PH) Pol) du + 8 Pile) |) fu) Pru) au 


OF 2 Pw) | fw) Pal) det oo 
=T 


, verges uniformly in the interval (— 1, 1) to the function f (j). 


Spoon 


When f (2) is any function of » which is summable in the interval 
1, 1), the series : 


"E4On+1) Pau) [ fw Palwde ne (42) 


spoken of as the Legendre’s series corresponding to the function f (y). 
No assumption can be made in general as regards the convergence of the 
ries; it has above been assumed to converge uniformly to f (u). This, 


fined, provided it be summable in the interval (— 1, 1). As in the case 
the ordinary Fourier’s series, the Legendre’s series can be shewn to have 


conditions may be obtained for the convergence of the series at a prescribed 
int of the interval, or at all the points of a prescribed sub-interval. Thus 


28. In case f (u) = *, where k is a positive integer, it can easily be 

seen that f (u) can be represented by a finite series of the polynomials. For 

is expressible by an expression which is linear in 

Pi (uw), WP? wR, oo 

is seen from the expression in § 8 for P, (ju); also *-* is expressible as 

a linear function of P,_, (u), w*-4, w*-, .... 

Proceeding in this manner, and observing that »? is expressible as a 

linear function of P, (2) and P, (u), and that p is expressible as P, (u), we 
> that 

p* = a, P, (uw) + dy oPy2 (uw) +--., 

ere the last term ofthe series is a multiple of P, () or of P, (u), according - 

as & is odd or even. 
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In order to determine a, we have 
Gee = c *P, (u) du; 
ae ae 7 (He) Ep; 
and thus a, = 0, ifr > k, and if k — r is odd. 
When & — r is even, we have 
1 
= (27 +1) . LEP, (u) dps 
k(k—1)...(k—1-+ 2) 


ee be 
by (41). 
We have thus shewn that 
2 
a “GES 1 (ek + 1) P;, (wu) + (2k — aoe = () 
+ (ak — 7) b+ <e Se of ae (43). 


This expression was given* by Legendre, first for the case in which & 
is even, and later for all integral values of hk. 


‘The formula (43) was obtained} otherwise by Cayley. If h+ 3 i= =5 
we have (eee : =z, where we suppose 4 < 1,h< 1. 
(1 — 2uh + 22 (1 — phyt 
: 1 1.3.5... (2k—1) = 
Since et DE he, 
(1+ ht 3 Sal 2 
———____ = 3 (1+ h®)t AP, (wu), whereh==—(=-1), 
eee ee Gi ) 


— (1—h2)2 
ag = CDP, (o, 


we have the formula (43) by expanding the factor of P, () in a series of 
powers of h, and equating the coefficients of h* in the two series. 


If & has the even value 2n, the formula (43) written in the reverse 
order gives 


(n+ 1) p= 1. Py (a) + Bg Py (a) + 9 ye CH A) ee — 
2n (2n — 2).. 


+ (4n Pon (L); 


1) Ga 3). ae 


* Mémoires des savants étrangers (1785). 
t Cambridge and Dublin Journal, vol. u (1848), p. 120. 
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nd, in case & has the odd value 2n -- 1, we have 


7 2m = 2n (2n — 2) 
+ 3) wt — 3.P, (uy) + 15 Py (u) 4 Dope) Gna t~ 
4 (da + 8) 2a On = 2). 


3) Gy (t)- 
For the first few values of 4, we have 

L=Py(u), p=Pi(u), w= 3P2(u) +$Po (ny); 
H= Ps (u)+3Pi(u), w= asPs(u) + Po (u) + 4 Po (y), 

p= SPs (uw) + $Pa (1) + 9P, (u), 
w= d8rPs (n) + Pa (um) + 32P2(u) + $ Po (u), 
BT = die P, (u) + de Ps (1) + $$Ps (um) + 4 Pi (u)- 
Tif (u) = % + Gp + Gp? + ... + ¢,u"-+ ... and for each power of u we 
ubstitute its expression in terms of the Legendre’s polynomials, we obtain 
for f (u), the expression 


Ff (w) = SPo (um) + Py (Mm) + -2. + OnPa (M) + os 
12-35 (k+ 1) (b+ 2) 
1.3.5... QE A lem 2. (b+ 3) 


_&+D (E+ 2) (E+ 3) (b+ 4) 
+74. O43) GEE By = (44). 


S Sit the series ¢) + ¢,y. + ¢, 2+ ... be not finite, the result is in the first 
instance only formal, and is eu byect to convergence conditions. 


where 
bz 


29. It will be shewn* that, m and n being integral, 

Ee m—n+1) (m—n+3)... (m+n—1 
[P , (cos 6) sin mOd0 a ( me = 3) oe ) 
wherem>n, and m + n is odd. Otherwise the value of the integral is zero. 
_ Since sin m0 is equal to sin 9 multiplied by a polynomial in cos 0, of 
legree m — 1, the integral can be expressed as the sum of a number of 
terms of the form |" Pa, (u) pd, where r = m—1. It follows from (37) 


...(45), 


hat the integral is zero in case m <n; we need therefore only consider 
the case in which m 2 n. 


Substituting the expression (17) for P,, (cos 6) as a finite series of which 
the terms are cosines of multiples of 6, we have 


LP, (cos 4) sin m6d@= X 2, [300s (n — 2r) 0 sin méd6, 
#0 r=0 0 


1.3.5...2n—1 1.3.5...(2r—1)n(m—1)...(n—1r +1) 
2.4.6...2n — 1.2...r.(2n—1)...Qn—2 41)” 


* Heine, Kugelfunctionen, vol. 1 (1878), p. 89. 


5.. 
4. 


46 Solutions in Polar Coordinates [CH I 


and r has for its greatest value, 4n or 4 (nm — 1), according as is even or 
odd. We thus find that the value of the integral is 


A, {1—cos(m+n)a7 , 1—cos(m—n) 7 
2 mi+n—2r "  m—n-+ 2r 


> 


and this is zero if m+n is even. We accordingly assume that m + 7 is 
odd. The sum is 


1 1 
See Seek 


and this can be reduced to a fraction which is a rational function of m, 
of which the denominator is 


(m + n) (m — n) (m+ n — 2) (m+n + 2)... 


In case ” is odd, the numerator vanishes for m = + 2, + 4,... + (n — 1), 

and in case 7 is even, it vanishes also for m = 0; moreover, these are the 

only zeros of.m, as the numerator is of lower degree than the denominator. 
. We thus find that the expression for the definite integral takes the form 


ym n+ 1)(m—n+83)...(m+n-— 1) 
2 (m—n)(m—n+2)...(m+n) ” 


when A is independent of m. 
Since 
ic m sin m0 P,, (cos @) d0 = [- cos m@ P,, (cos | 2 + ge (cos 8) cos médé, 
0 0 Jo 
and since, by a well-known theorem, due to Lebesgue, 


lim ies (cos 8) cos mOd@ = 0, 
0 


m—>o 


we have lim |; msin md. P, (cos 6) d0 = 2; 


mold 


and therefore A = 2. Therefore the theorem has been proved. 


From the preceding theorem, we obtain, by means of Fourier’s sine 
series, the following expression, which is due to Heine: 


Z eli Bee a i) 
| reg) SE [sins apes 
fi _ 1.8. @+))(n+2) ; 

+12 Qn + a (Onzeoy - 5)04+...| ... (46), 


That the series converges follows from the fact that - P,, (cos 6) exists 


Bf 
i where 0< 0< 7. 
i and is finite. 
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. The following expressions for sin n@, cos 6 in a series of Legendre’s 
ynomials can be established: 


(on =B} SME) Py 0080) + n+ 3) PV —M eos 


n or 


i — 1)2?— n? 1)2— n2 
n is + (2n + 7) i = oo 7 ine if = Ae P43 (cos 6) +... 
a eee (47), 
BF Tm oo8n = (2n + 1) P, (0086) 


m, 

n? — (n+ 1)? 

+ (2n — 8) ae P,,_s (cos 8) 

[n?— (n+ 1)*] [n®§- (m—1))] 
e + (2n — 7) [PM] — way P,,4 (cos 0)+... (48). 
he : 
or, E In order to obtain the first of these formulae, we have 
a 3 


sinn8= = P,, (cos 6) mle (cos @) sin n@ sin 640; 
m=0 i} 


= ,. (cos 4) sin n@ sin 0d0 = t[ Pn (cos 6) cos (n — 1) 6d6 
Jo 0 


= 3[ Pp (cos 8) cos (n ++ 1) 648, 
0 
_ Now it follows from (17), regarding the expression as the Fourier’s 
ine series corresponding to P,, (cos 6), that = 
ee (cos 8) cos 10d0 
0 


the value 0, except when r = » — 2s, where 
s= 0, 1, 2, 3, ... in, or } (n — 1), 
n which case the value of the integral is 

3 all (s— 4) (n—s—2) 


II (s) II (2 — s) 2 
seen after simplification of the coefficients in the series. 


: _ Changing x into m, and r into n — 1 or 2 + J, we obtain the values of 
the two integrals 


: cP. (cos 6) cos (n — 1) 6d8, ["P,, (cos 6) cos (n + 1) 0d, 
) Jo 
i nd thence that of 
[ P,,, (cos 8) sin n6 sin 6d0. 
0 


We 
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We thus find the series for sin 0. 
In order to establish the expression for cos 70, of the form 
dy Py (cos 0) + a,P; (cos 0) + ... + a,P, (cos 8) +... 
5 : 


we have ie P, (cos @) cos n6 sin 6d = Daas Ay 3 


and thus 


a= F : [<2 (cos 6) sin (n + 1) 640 — ee (cos 6) sin (m — 1) eas] 
0 0 
By employing the values of those integrals obtained above, we find the 


required expression for cos 79. 


_ _ EXAMPLES 


Lr Pant) gy 2 (= 
—1(1 + by2)?*? n+l (l+ here 
where -1<k<1l, 


1. Prove* that 


We have, on expanding (1 + key by the binomial theorem, and observing that the 
series converges uniformly in the interval (— y, 1), so that the integration may be taken 
term by term, for the integral on the left-hand side, the value 


2, Pano) 2 Bente k)" "dp. 


r! 
If r< n, the general term vanishes, so that we can write the expression 


1 (mn +8)... (m+ 34+2+8—-1)/_ pags on+es 
2, [Panty SED OE eS ED (Betoun tae 


1 = n(n—1)...1 
Rowe Byt2)) [i Pato y= 2 Ga 1) (n= 1)... Qn F 1)’ 


1 (2n +28) (2n + 28 — 2)... (28 + 2) 
28, 

[7 Panto em du = 2 Gs 1) (dn +281)... On +2841) 

Hence the expression becomes : 

2 (m+Pm+9) 
geese m+ 2 BOF Oi] 
2 (—h" 
(Qn +1) (1+ h)"** 


2. Verify the following expansions which were givent by Bauer. The conditions of 
convergence of the infinite series to the value of the functions, as given in Chap. vn, can be 
assumed : 


or 


= 2n 2n (2n — 2) 
(n+ 1) wi = 1. Pou) +B gag Palo) +9 por gree my Pale) + os 
oe = 2n 2n (2n — 2) 
(2m + 8) pO = 8. Py) + Teg Pal) + aay a a Ty Ps (iH) on 


where 7 is a positive integer; 


* Given by Legendre, Mémoire présentée par les Savans étrangers, t. X (1785). 
+ Crelle’s Journal, vol. tvi (1859), p. 113. 
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= Po() + 5(4)? Pe (u) +9 (2-3) Py(u) +13 (2239) Bu) +n, 
2.4 : 2.4.6 


8. 1.3\2 
pot w= BP, (u) +7 (8)? Ps (u) +11. (G5) Ps (u) +o 


BHA BENE 
18.3 (sg g) elu)» 
2 RaAlas3 
Say RPT BERL CH) + 11.5 (5-9) Pale) + 


LEGENDRE’S FUNCTIONS OF THE SECOND KIND 


31. We proceed to the consideration in further detail of the second 
ticular integral of Legendre’s equation. The particular integral P,, (j) 
assumed as known, the usual rule for obtaining the complete 
mitive of a linear differential equation of the second order is applicable. 
In the equation (4) put u = P,, (u) . w; we have then for the determina- 
of w the equation 


Pw 9 dw aP,, (u) dw _ 
(1—?) ae P,,(u) 4 eS Fe 2uP, Fie 0, 


ich may be written in the form 


@w dP, (u) 
Gee mae ay 
‘do *” Pay i-w-® 
du 
‘The integral of this equation is 
dw A 


de (1 8) Pp (uw)? 
where A is an arbitrary constant, hence 
i d 
w=A | See : 
(l= 2?) {P, (u)}P 
the lower limit of the integral being an arbitrary constant. It thus appears 
that the complete primitive of Legendre’s equation is of the form 


# d 
u=P, A+ Al a ata ae 49), 
Pat d-P. OP S 
where A, A’ are arbitrary constants, and the lower limit of the integral is 
any assigned constant. 


HH 4 
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a 1 
The expression 71-)ew 


being a rational fraction, is expressible in the form 

| Q Pe ae { =) 

i + + 

q Top Itp mt we, (ee) 
where a, G2, ... @, are the roots of the equation P,, (u) = 0. 


On multiplying this expression by (1 — p”) {P,, (u)}* and then putting 
p=1, p= — 1, we find that a, = 3, 6) = 4; we shall further shew that 
c, = 0. We see at once that ¢, is equal to the value of 


a f (u = G)* | 
dp (1 — 2) P, (HPL? 
when p is put equal to a, after the differentiation is carried out; thus 
pe SS 
7 du (l= pn?) ££ (pH)? 
" where P,, (u) = (u — ) L(p), z : 
2 {a,L (a,) — 1 — a,*) I’ (@)} 
(l= @,?) {L (@,)} : 
On substituting the expression (j — a,) D(z) for P, (u) in Legendre’s 
. equation, and putting j= a, , we have at once (1 — a,”) L (ay) — 0, L (a,) = 9; 
hence ¢, = 0. 


: ” dp 
The expression | 1) Poe 


is of the form 4 log, - = = -= =, + a constant; 


hence the complete primitive of Legendre’s equation is of the form 


; 1+ d, 
u=A'P, (u) +A [2Ps tog BP, wy Be]. 


In the case in which p is real and between + 1, this form contains real 
quantities only; when pj is real and greater than unity, it is better to 
write the solution in the form 


SS pth d,, 
w= A’Py(u) +4 [EPs w)log B25 - P, (w) BEA |, 


which is obtained from the above merely by adding the quantity 
3A log, (— 1) Pa (un). 
a, 
fb — Oy 


The expression P, (wu) = 


ng 
at 


iL 
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a rational integral expression of degree x — 1, which we shall denote 
W,4 (u), thus 


u= AP, (y) +4 [4P, (u) log, == — Wy Oe 


, +1 
wa AP, (u) +A BP, (y) log HAT — Wy. (w)] (60), 
presents the complete primitive of Legendre’s equation. 


82, When y has any real or complex value which is not real and 
between —1 and + 1, we shall define the Legendre’s function of the second 
d, and of positive integral degree n, ee 


Qn (1) = ¥P, (y) log, # = = Walt) stare (51); 
the values of the logarithm are achaed as. 


log ® + 1b —$"), 

en” _ bB+1=pe*, p—1=p’e#*, 

_ where p, p’ are real, and 4, ¢’ both lie between — 7 and +z. The function 
‘ig then single-valued over the plane of », when the part of the real axis 


from — to +1 is excluded. We may suppose that a cross-cut is made 
along the real axis from the point — 1 to the point + 1. 


___ If wis just above the part of the real axis between — 1 and + 1, we have 
| $=0, ¢' =z, and say at pp = cos 6 + 0. x, the value of Q,, (cos 0 + 0. 1) is 


4P,, (cos 4) {log eS or} — W,,_, (cos 6). 


Similarly the value of Q, (cos @— 0. c) is 


EP, (cos 6) flog = + or} W,,-1 (cos 8). 


x Here Q,,(cos@+ 0.) denotes iui Q, (cos + «), and Q, (cos 0— 0.) 
3 denotes jim Q,, (cos 0—.1). 


The a of Qn (u) when 
3 etl=e*|pt+ li,  w-l=e|p—1| 
~ and when : : 
p+l=e*|p+1), pw-l=e*[p—-1| 
are the same. 


When y is real, and between + 1, so that u has the value cos 6, where 6 
is areal angle, Q, (4) will be defined by 


I+ 
Qn (H) =4Pn (Hog — Waste) vase (52); 
and it accordingly has real values. 


4-2 
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The function Q,, («) is accordingly continuous over the whole plane of 
» when the part of the real axis between — 1 and + 1 is excluded. In 
crossing between — 1 and 1 over the real axis it has a discontinuity in 
passing from the upper to the lower side of that axis, of amount 7P,, (cos 6). 
At the points + 1 and — 1, Q, () is logarithmically infinite. 
It has thus been shewn that, for » = cos 0, subject to the definitions 
(51) and (52), 
Qn (w+ 0.1) = Q, (u) F dmeP, (u). 
It thus appears that Q,, (cos 0) has been so defined that 
Q, (cos 6) = $ {Q, (cos6+ 0.1) + Q, (cosP—O.s)}  ...(53). 
Itis clear that Q,, (cos 4), so defined, satisfies the differential equation (1), 
for real values of 0. 
It has been shewn that. 
Q, (cos 6+ 0.1) — Q, (cos — 0.1) = — mP,, (cos 6) ...(54). 


33. It has been shewn in (9) that, when | »|> 1, the solution of 
Legendre’s equation, other than P,, (uz), and which converges to 0 as 
|| +o, is of the form 

pit @+V)m+2 1 | 
: ee 2 na3) Es 
Since (51) contains no term in z”, it must agree with (9), and thus, in (51), 
all the terms of positive degree in , must cancel, and therefore 


1.8.5...(@n—1) = (1 — 
eS OS a tu Ep \3 =oeope a 


ae ln.n—1 n.n—1.n—2.n *\ 4 
TH "'\5-3°2.9n—-1  2.4.9n—-1.m—3 )t"S- 


We shall now verify that, if 8 be properly chosen, the two expressions 
for Q,, (u) agree. The coefficient of Pras in Q,, (4), as given in (51), is 


1.3.5. zee e)) 1 n(m—1) . 1 
2a) 2n+2s+1 2.(2n—1) 2n+2s—1 
_ %(n— 1) (n— 2) (n— 8) 1 == 
' 2.4, (2n—1).(2n—3) 2n+2%8—3 ~'\? 
1 
which is equal to i: prP,, (pu) dy, 
1 d 
2 ¥ail, pe 


On integrating x times by parts, this becomes, assuming that s is positive, 


1 oF 
Sa (2 + 25) (m+ 28 — 1)... (28-4 1) (= He 2 (y2— 1)" dp: 
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ql Ws = 3) Tm) 
(“Ing I(m+s+)° 


If s is negative, so that n + 2s is positive and less than n, it is easily 
seen, by 2 + 2s partial integrations only, that the integral vanishes. 


The coefficient of = is therefore 


(n+ 28)! (2s — 1) (2s — 8)...1 
(28)! (2n + 25+ 1) (n+ 2s—1)...1’ 


a (n+ 1) (n+ 2)... (n + 28) 
3.5... (2141) 2.4...28. n+ 8) Qn + 5)... Qn - 2841)’ 
hence @,, (4) is of the form 


a 1 (+i1)@+2) 1 
3.5... (20+ 1) Ww 2 Qn +3) pet 


the constant 8, of § 8, is therefore to be chosen equal to 
1.2.3... 
3.5... (2n 4 1)’ 
in order that the series there obtained may agree with the definition in the 
_ present section, of the function Q, (#).> 


+ = ...(55); 


84. An expression given by Christoffel* for W,,-+ in a series of Le- 
_ gendre’s functions of the first kind may be obtained as follows. Substitute 
the expression 
+1 
Qn (4) = Pn (1) log. 5 — Was (1) 


__ in Legendre’s equation, and we find that W,,- satisfies the differential 
equation 


&W,,_ dW, aP,, (4) 
2 n-l n-l = 
(1 #*) du? 2p du +n (n+ 1) Win =2 du 
Now it has been shewn in § 20, Ex. 2, which is a consequence of (34), that 
aP,, (w) 


eo 1) Png (u) + (20 — 5) Py_g (u) + (20 — 9) Pyg(u) +..., 


hence, if we assume for W,_, an expression of the form 
Wra= Pr (u) + OsPrs (wu) + OsPras (wu) +», 
which is a polynomial of degree » — 1 in p, and therefore the form of 


* See Crelle’s Journal, vol. uv (1858), pp. 61-82. 
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i the solution required, we find, on substituting this in the above differential 

equation, 

a, [n(n + 1) — (»— 1) 2] Pa (u) + a [0 (n + 1) — (nm — 8) (n — 2)] Pas (us) 
oe = 2[(Qn — 1) Pha (uw) + (2n — 5) P,_g (uw) + ---]; 

hence, equating the coefficients of the different functions, we find 


2n—1  2n-—5 = 2n—9 
Le = a ape 


i and thus we obtain Christoffel’s formula 


2n—1 2n—5 2n—9 
Wr (u) 1S Pra(it) + 3m 1) Pas (H) + Fy — 9) Pas (u) + 


In § 43 it will be shewn that = (u) may also be expressed in the form 


Wra(p) == = (nu) P,, 


) Pro (u) 


nz (B) +... + 1. Pay (4) Po (u). 
Each of these expressions is of course equivalent to the expression 
P,, (u) 


p— 
= Another expression for W,,_, (jz), which is capable of being employed for 
the purpose of determining the Bessel’s function Y, (p) of the second kind 


as the limit of Q,, (cos £), when 7 ->00, may be obtained as follows: 
In the differential equation satisfied by W,,_, (u), let the variable u be 


changed to v = 4 (u — 1), then, if we employ for P,, () the expression (18), 
the differential equation becomes 


v (v4 poe 


+14 Tad + n(n +1) Wr 


ae (n+ 2) (n+ 1)n(n— 1) 
{ qa 1? 22 ce 


(n + 3) (n+ 2) (n+ 1)n(n— 1) (n— 2 
a 12, 27. 32 


) aya 


Ress HG) 


Let it be assumed that 


Wr = Ay + Ay + Ay? +... + Ap), 


then, on substitution in the differential equation, and equating to zero the 
coefficients of the various powers of v, we have 


(n+ 1)n 
ie 


n(n+1)A,—A,= 
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: (n + 2) (n+ Ipn(n— 1) 2 
12, 22 = 


n(n + 1) A, — 2A, — 2A, — 2A, 


n(n +1) A, — 3A, — 44, — 6A, — 2A, 


(1 +8) (n+2) (n+ 1) n(n—1) (n — 2) 3 
1 ees : 


We thus find that 


A,=n(n+1)(4o— J), 
(n + 2) (n+ 1)n(n— 1) 3 
(Ese = 


and 44, = (n +2) (n= 1) Ay— 


(n+ 2) (n+ 1)n(n— 1) 
ee 


A; 


(4y—1- 9). 


Also 
(n+ 3) (n+ ae en Aure 1) (n— 2) 


94, = (n+ 3) (n — 2) A, = 3, 
= 3 2 1)n(n— 1) (n—2 
Be SF G+ IOs Nem—Vo F ao 
nd soon. Since A, = 0, we have 
1 
Ay=_t5t- = =k; 2 
nd thus we obtain the expression 
el 
Hrs) = by + (by — 1) EY (HS) 
n+2)(n4+1)n(n—1 —1l? 
+ (hy —1— SEARO) (HS) 
(n+ 8) (n+ 2) (n+1)n (n—1) (n—2 iu 
=F (k, —1—4—1) = =e ( )¢ (ee 5 *) pe 
ee (57), 
joel elt 1 
here k,, denotes ptotgt ta: 


EXPRESSIONS FOR Q,, (u) 

35. Formulae for Q, (j) analogous to that of Rodrigues for P,, (u), in 
13, can be found for the case p> 1. 

Tf the expression 


1, @+l) 1 ,(@+i)(+2) 1 ‘ 


(Cee pet ay pind om pare oo 
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be integrated » + 1 times between the limits oo and p, we have 


le coe [Pu- 1)-"-1dudp... dw 
wsp B 


1 { 1 @+1)(@+2) 1 
(2n +1) 2n(Qn—1)...(n +1) pr” 2 An +3) pets 
(n+ 1)(n+2)(n+3)(24+4) 1 | | 
2.4 (2 + 8) (2n + 5) fie” 
Se ad 
hence Qn (H) = arent" i ma ee Te (58), 


the integral being taken + 1 times; here yz is greater than unity. 


Another expression for Q,, (4) may be found as follows: the expression 
w = (u? — 1)" satisfies the differential equation 


dw dw 
2 1 . 
(=n) zat en 1) wa + 2nw = 03 
In 
if we differentiate this equation n times, and put u = oe we have 
0, 


Eu du 
Seite See = 
CT ee 
which is Legendre’s equation. A first integral of the equation in w is 
(Ee) n + 2npw = — B; where Bis a constant, 


1 dw 2np a B 
(uP — 1)" du (uw? — 1)rtt (uy? — Tne? 
therefore the complete primitive is 


2 d 
w= A (wt I+ Bit 1p |” SE, 


where », may have any value which is not real and between + 1. We thus 
obtain an expression for Q, (2) as the mth differential coefficient of the 


expression 
co) du 
<—- n 
K (yw? 1) [. (22 — 1p’ 


where K is a constant to be determined; we take A = 0, since the polynomial 


or 


part of Q,, (u) is of degree n—1. The term of lowest power of : in 


this expression is , it being assumed that | » | > 1; when this is 


eas 
Qu+ lp 


a 5 
differentiated n times, we have jah . Hence, comparing with the 
(Qn + 1) pe S 
(— 1)" 2"n! 


formula (55) we have K = . Therefore we have the formula 


(en)! 


On (a) = ye A ft — 1) [ah (89). 
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his formula is valid for every value of z which is not real and between + 1. 
In order to adapt this formula to the case in which » = cos 6, we have 
arn! dn . AS. du 

Q, (cos 9+ 0.1) = (— 1)” (On)! dpm {- 1p? (1— p?) i: (wa ima 

re, in the integral, the integration is taken from the point cos 0 to 
nity along lines above or below the real axis of , according as the point 
0s 9+ 0.2, or the point cos — 0.1, is the argument on the left-hand 
. The integral may be taken from cos @ to 0 along the real axis, and 
hen from 0 to + cco, or to — coo along the imaginary axis. We have then 


4 B no | in Kw 
Glo0s 00.0) =(— Wa at w|i 


es he 
[oer |, ooo va, 
where w = tan 4; hence 
| 2. dw _ Qn)! a 
o wo 1p (2m HP 2” 
I mploying the expression of Rodrigues for P,, (4), we have 
Qn (un 0.0) =(— Wry gen = 0 |” qa F dP (H)- 
~ It now follows from (53) that 


Qn) = (— Ur ome a = | get -.(60), 


where pz = cos 6. This is an analogue of the formula of Rodrigues. 


EXPANSION OF Q, (u), P,, (uw) IN POWERS OF p — Vp? — 1 


36. If, in the differential equation (2), we make (4 — Vu? — 1)?, for 
which we shall write ¢, the independent variable, the differential equation 
takes the form 


a di 
B(1— 2 Fat Eb) | In(m+ NL Hv= 0. 
Tf now we put v = £3"+» vy’, we find that v’ satisfies the differential equation 
] av’ dv’ 
G1 — £8) Gat nt 8)— M+ HOG — Bm lv =0. 
Comparing this with the differential equation 
ay | ae dv’ _ 
£018) Sm + — @+ B+ 18 G — ape’ =0, 


_ which is satisfied by v’ = F (a, 8; y; €), we see that ifa=n-+1, B=}, 
y =n + %, the equations are identical. 
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It follows that the equation (2) is satisfied by 


1 3.1 

= = g-(mt+D = 3 Rete 
Uy = 2 FG, n+1in+5; 5). 

1 1 1 
w= #F (5,—03 5-35), 
where 2=pt+Vp?—- 1, 


The series vu, converges for all values of p that are not real and between 
+ 1. The series u, terminates, since 7 is an integer. The series u, has for its 


— since z~ 2p. It follows by 
comparison with the expression (55) for @, (1), that 


12 23.2.0. 2211 _- 1 art 
SS eee) = : =e 
Qn (i) = Bom ay TOE (Go + lint 5s) (60) 


dominant term when | y | is large, 


where z = p + Vp? — 1, and p is not real and between + 1. 
The expression for w, gives the formula (17), 
1.3.5... (2n—1) 1 Jl =i 
P, (u) 2.4.6...2n oF (5, m9 ms) 
which is an expression in finite terms. 


EXPRESSION FOR Q,, (4) AS COEFFICIENT IN AN EXPANSION 


37. Let « and u be real and such that p> u, where p> 1, and |u| <1; 


we have then 
1 1 1 u 4 1 un 1 
Fea eo 
On substituting for w, u?, ... wv, ... their expressions, as given in § 28, 
in terms of Legendre’s coefficients, namely 


n! 2n+1 
ur 305 nl {en +1) P, (u) + (2n — 8) 5 Pre (@) 
+ On — 7) Ce wis aN 
2.4 
we have — expressed as an absolutely convergent series, which can, 
without affecting the sum, be re-arranged in terms which are multiples of 
Py (u), Py (u), ... Pn (u), --+ 2 
We thus find that 
1 oO 
Baan EOF Wane) seve (62), 


where 
= nt. See te 1) ea) 
Q. (H) = 53a *+ 9. @nray ae 
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d 0, (») is the expression in (55). The theorem (62) was first obtained * 
Heine, to whom the introduction of the function is due. 


‘It will, however, be shewn in § 38 that (62) is valid for all values _of 
u, real or complex, such that 


[wt (ut— 1b] <| wt (2 1], 

It is easy to verify that, if Q,, (1) be defined as the coefficient of 
(2n + 1) P, (u) 

= 7? it satisfies Legendre’s equation. 


‘in the expansion of z 


1— w= (1— p?) + 2p (u — u) —(n — u)?, 


40 that (— a) @ (l 1) 52 + Dy 1: 


a a 2, 0w) 2 2 Ou) 

hence we have = fa u?) oat ap fap )a ah 

on substituting in this identical equation the series (62) for w, and using 
endre’s equation for P,, (uw), we have 


3, (2n 4 1)P, Olea {a H) = eee so o) - 


his can hold only if the ne of each term P,, (uw) vanishes, and so 


d 2) Wa (w) 
rae du ft + 1) Qn (H) = 0 


38. The validity of the are of (u — u)- will now be proved subject 
‘to less restrictive conditions than in § 37. 


Let p = x + wz = cosh (+ m); then x = cosh € cos 7, y = sinh é sin n, 
= a (SS 2 = 
and cosh? + anh? é = 1. Thus € has a constant value on an ellipse with 


ci at the points 1, — 1 on the real axis, the semi-major axis of the ellipse 
ing cosh €; and this ellipse passes through the point (cosh €, 0) on the 
teal axis, at which point 7 = 0. For points on the real axis between the 
points +: 1, the value of € is zero, and | 7 | has values between 0 andz. All 
‘points in the plane of 2, not on the line joining the foci, are uniquely 
presented if ¢ is in the interval (0, co), and 7 in the interval (— 7z, 7); 
_ onan ellipse for which £ is constant, 7 is the eccentric angle for the point 
(én). When é = 0, on the part of the real axis joining the foci of the 
Ae ellipses, there is a double representation of a point according as 
_ » is taken to be positive or negative. 


* Crelle’s Journal, vol. x1 (1851), pp. 70-82. 
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Since (see § 42) 
(27 + 1) #Q, (H) — @ + 1) Oris (1) — 70,4 (1) = 9, 


(2r + 1) uP, (u) — (r + 1) Pray (w) — 7P,_4 (u) = 0, 
we have 


(27 + 1) (w= &) Q, (4) P, (u) = (7 + 1) {Qria (#4) P, (w) — Pra (W) Q, ()} 
— 7{Q, (t) Pra (u) — P, (4) Qra (4) 


Hence, by giving r the values n, n — 1, n — 2, ... and summing, we have 


(nu) S (r+ 1) Qe (u) Pe (u) 


= (+ 1) {Qasr (H) Pra (u) — Qn (#4) Psa (w)} + 13 
and thus 


== sa () Qu (12) — Pp (1) Qnas (1)}- 


This mode of summation was given* by Christoffel. 


We proceed to estimate the value of the second term on the right-hand 
side. 


= "3 (2n+1)P, (u)Q, 


Since P,, (u) Tan yy? “F (5, aS 135); 


where 2=u+Va— 1, by (17), we have, when u = 1, z= 1, 


1=P,() = aye) Fd 0 F-25 D. 
We thus have, for all values of u, 
TI (x (<n) 1 
[P6001 Soren ple + tem rapt} 


Tl (n— { 4( 
=< @ ae 1 a 
Sle ramen tte 
S[z|*. 
It has thus been shewn that, for all values of u, 
| P, (w) | S|utva—1 123 
where n is a positive integer. 
This is an extension of the property | P,, (w) | < 1, which holds for real 
values of w in the interval (— 1, 1) (see § 15). 
This result can also be deduced from the theorem 


P, (u) = =[. (u + Vu® — 1 cos $)" db, 


which holds for all values of u, where n is a positive integer. For it can 
easily be seen that | wu + Vu? — 1 cos | has, as its maximum value, for 
0 a¢Sr, the number | uw +Vu?—1]. 

* Crelle’s Journal, vol. uv (1858), pp. 61-82. 
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We have also, by (61), 


here z denotes p+ Vi 1. : this holds ae over the plane of p, with 
1e exception of the interval on the real axis of » joining the points — 1, + 1. 
We thus find that 


[Qatui<(F , Jaron fed 


<hr) 

[@(wi<(7) EE, 

(-Tp) 
provided that |z|> 1, which is the case for all points p outside the line joining 
the points + 1on the real axis of 2; z denoting » +V py? — 1. 
From these two estimates for P,, (uw), Qn (4), we have 
(a+ 1) | Pr) Qn+s (#) | 
ne a) 1 

FV pI) | wt Ve 1/2] 1—|e—V et —1 PP 

From this inequality it is seen that 
(n+ 1) | P,, (u) Qnia (n) | 
‘converges to zero as n > 00, if 
jutvVa—1|<|[ptvVe?—1I. 
‘Similarly, it can be seen that 
(n+ 1) | Praia) Qn (u) | 
converges to zero, as n > 00, subject to the same condition. 


If » is a fixed point, and wu is a variable point on, or interior to, an 
ellipse with foci at 1 and — 1, interior to the ellipse on which yp lies, it is 


1 
lu-4| 


<7? (n+ 


clear that has a finite minimum for all such positions of uw, and 


thus since 
as Vie J jn 
= V 1 


* J sg: : 
converges to zero, as n > 00, uniformly for all such positions of w, it follows 


that the series 2 
Er + 1) Py (a) Qn (H) 


(n+ 18} 
LB 


converges uniformly to = 
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It has thus been shewn that: 
If u is a point in the interior of the ellipse which passes through the point 
py, and has the points +1 for foci, that is, if 


[utvwt—1T|<|w+Ve?—1], 
the expansion A 
saan %, Or + Pr (u) @ (w) 


is valid. Moreover, the convergence of the series is uniform for all points p 
on a fixed ellipse with the points + 1 for foci, and u is any point on, or in- 
terior to, an ellipse with the same foci, interior to the ellipse on which pw lies. 

A particular case of an ellipse on which w may lie consists of the points 
of the real axis joining the points + 1. 


The first part of the theorem was given* by Heine. 


39. If f (u) be a function which is analytic on and inside an ellipse with 
- foci at the points + 1 on the real axis, it will be shewn that f (u) can be 
expanded in a series, the terms of which are multiples of the Legendre’s 
functions P, (u), P, (uv), ... P, (uw), ..., and which is valid for all points w, 
on, or in the ee of an ellipse interior to that on which p lies, and that 
the convergence is uniform for all such points. 


Let » be any point on the ellipse, then since 
Or +1) Pp (u) Qn (W) 


, we have 
_iy fm 
se) Sele ut 


where (c) is the ellipse on which yp lies. It follows, since } (2r + 1) P,.(u) Q, (1) 
converges uniformly, for all such positions of wu and p, 


converges to 


f(u)= 5 3 | Cr+ 1) P, (w) (HLH) dy 
r=0 
or [w= 4 a,P, (u), 
where a= | Qe (ul fH) de. 
Tt J} (ce) 


This is the required expansion; it was given} by C. Neumann. 


* Orelle’s Journal, vol. xuit (1851), p. 72; see also Kugelfunctionen, vol. 1, p. 198. The estimate 
there given of the limit of P,, (x) x Q, (y) appears to be in need of amendment. 

+ Ueber die Entwickelung einer Funktion nach den Kugelfunktionen (Halle, 1862). See also 
Thomae, Crelle’s Journal, vol. LX v1 (1866), p. 337. 
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EXAMPLE* 


B- ue Via 1- 
Beoee thst (1 — 2uh + 12)E (1 — Qph Tp 2, (2m +1) Pr, (4) Qn (u), 


fu—Vnt=1 dh 
| (1 — Quh + h2)8 (1 — Qh + h2)E 


Ju tv 2—1|[>|ut+ve—T]. 


=: P,, (U) Qn ()» 
n=0 


F d 20 
KF (ty) = |" ary =e + D(H HE PAW) QW) 


eu and « are both real and > 1, and u < p, by = sin AS 


EXPRESSIONS FOR Q,, AS DEFINITE INTEGRALS 


40. On multiplying the series (62) by P,, (u) and integrating for u 
etween the limits + 1, we have, assuming that term by term integration 
jvalidt, 


Ee 1 
2m +1)Q,(u) |) Pa (uyrdu=f* Pa ay 
-1pb—4U 
virtue of the theorem (38); thus we obtain for Q, (2) the expression as 
definite integral, on substituting the value of the integral on the left- 
and side, 


1 P, (u) 
= (fn) | ee ee 63). 
) Qn(w—= af du (63) 
This expression, which is duet to F. E. Neumann, holds not only for 


al values of » greater than unity but for all values of which are not 
aland between + 1. .It may be taken as a definition of the function Q,, (1). 


Let z= »+ Vy? — 1, u = cos 8, then since z + 2-1 = 2u, we have from 


lo) 2) = de 


_11— 22 cos 6+ 22 


for real values of which are greater than unity, or in all cases provided 
lat mod z > 1. We have, by expanding the expression under the integral 
powers of z, and observing that the integration can be taken term by 


Qn (nu) =< 2 |, P, (cos 6) sin m8. 


m=1 
* See Baer, Die Kugelfunktion als Lésung einer Differenzengleichung, Kiel, = 


{ This is seen to be the case from the results in Chap. vir, observing chal — 8 a monotone 


function of wu in the interval (— 1, 1) of u. 
£ Crelle’s Journal, vol. xxxvm (1848), p. 24; also Beitrige zur Theorie der Kugelfunctionen 
(Leipzig, 1878). 
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Hence, on using the value of Ee. (cos 6) sin m@d@ given by (45), we have 
0 


2.4...2n 
Qn (H) = 2. eee PE nt lint 332%) --(61). 
This series may be summed by means of the formula 
ie Tl (e— 1) et ait =e 
F (a,b; ¢; x) 1 ae (1 — v)e-8-1 (1 — ve)-4 dv, 


we thus find that_ 
E 
Qn (wu) = OD | oF (Lv)? (1 — ve-2)-"-1 dv, 
0 


In this integral change the variable from v to w, where v = Pat , we have — 


then w 


Qn (u) = 264 ({e Daw(e Dees 


or, writing w = cosh ¢, 


o ds 
Qn (4) [, Cais (64). 


This definite integral expression holds for all values of 4 which are not 
real and between — 1 and + 1, provided the value of V1? — 1 is properly 
chosen; when pis > 1, Vu has its positive value; for complex values of 
BV? — 1=Ve— 1V zp + 1, where 


Vu—l=piel?, Vut1l=p'te, 


p and p’ being real quantities, and ¢, ¢’ lying between + 7. The definite 
integral corresponds to the formula (25) for P,, (wu). This formula is due* to 
Heine. 


By means of the substitution 


(uw + Vn2 — 1 cosh #) (uw — V2 — 1 cosh x) = 1, 


the formula becomes 


Xo 
Qn(w) =|" (w= Vet Tosh x) dy sane (65), 
=a w+1 
where Xo log, =o 


This corresponds to Laplace’s integral (24) for P,, (2). 


This substitution requires justification for complex values of p; we 
shall, however, not discuss this fully, since these integrals will be treated 
more completely in Chap. v. 


* Crelle’s Journal, vol. xu (1851), pp. 73, 75. 
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_ 41. The form (65) aves a simple means of calculating the values of 
Ms (14), 1 (14) Qo (u), --.3 thus 


Q,(u) = |" dye = Hog. ES, 


ec ! 

Qs (4) = wx — VP = 1 ie -#log T- EB 1, 
: oe men 

Qs (nu) = e lo =I — 3h. 


We have Q, (cos0+ 0.1) = 


fr df 
(cos 6+ esin 6 cosh )"*!” 


00 db : © dbs 
)=3 tI, (cos 6 + sin 0 cosh xf)" * {, (cos @ — esin 8 cosh oR 


db | 2 df 

“Jo (cos@+ vsin cosh f)"*1 J (cos 8 —csin@coshp)" 
The formula (66)’ may also be obtained as follows. 
We have 


— wP,, (cos 6) 


: 1 2 du 
V1 — 2h + h2 1— 2h + h? + u? 
‘ : ae) dv 
& 2h ra A+ (= po} — Bp t+ V 


where w= hoV1— 1. Let v = sinh d, then \ 
7 + (1 — p2) sinh? f} — 2hy + 1 = (hy — 1)?+ 22 (1 — p2) cosh?y 
= (hy — 1+ hesin 6 cosh #) (hy — 1 — Avsin 6 cosh #), 


therefore 
Oa 
V1— 2hcos 6 + h? 


Js 1 1 db: 
7 See ems Gao 45 


Bending both sides in powers of Ss where h > 1, and equating the co- 


- efficients of aa we have the formula (66)’. 


On using the formula (61) for Q, (u), we have, writing 
E hB=cos6+0.14, z=cosd+ sind, 
_ the two formulae 
sg l(m+1 
z Q,, (cos 0) = 2. TL iene 5 
_ 1.3(n+ 1) (n+ 2) 
"1.2 (2n + 8) (2n + 5) 


HH 5 


2.4...2n 
35. cos (x + 3) 6 


gy 1008 (nt 10+ 


cos (n + 5) 6 4 ae 


which was obtained in § 19. 


66 Solutions in Polar Coordinates (CH. 11 


= 8.4 Bn Tee) 
Peg rar 1. Qn +3) 


Bed OD ee a 5) 0+ ou} (67); 


{sin n+ 1)0+ sin (n + 3) 0 


"7.2. (Qn + 3). (2n +5) 


the last formula has been obtained otherwise in § 29. 


If we change the variable y in (65) to h, where 
h = —Vp? —1 cosh x, we have dh = —V1— 2uh + fh. dy, 
and the expression becomes 


Qn) =| 
where z denotes p + Vp? —1. 


This is the companion expression to 


P a ae 
00) =| cau 


1 
S a hee dh 
0 (1— Qph + 12/2 


z 


Writing (68) in the form 
1 


Qn (4) = { ; (1 —hz)-3 (1 — het 4 dh, 


and changing to v instead of h, as the variable of integration, where 
h=z14(1-— »), we find that 
1 | 1 vy \-# 
nN ae -t — <a 
Q: (u) Aaa,” q oye (2 ia) dv. 
; yo \4 
On expansion of Qa ~~) , we obtain, when | 1—2*|>1, by 


evaluation of the terms, the formula 


a ae 


8 (69), 
which holds good when | z#—1|>1, and in particular, if » is real and 
> 3/28. 


Oe TI (n) I (— 3) 1 G 1 3. SI ) 


T(n+3) (2-12 \2’ 2’ 
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RECURRENT RELATIONS BETWEEN THE FUNCTIONS Q,, 
42. Neumann’s formula 


Qu) = 4) oO au 


may be applied to obtain relations ee the functions @Q, (4) for 
different values of n corresponding to the relations of § 20, for P,, (1). 


The formula may be written 
Qn(u) = 4P au) | 


du if’ Py (u) = Pa (@) ay, 
1p—u -1 Bou 


we thus see that W,_,(u) = af Pal) — Pa) gy, 
j 1 


R-U 
itis clear that the expression under the integral is a homogeneous function 
of » and uw of degree n — 1, and W,,, is thus, as we have found in § 31, 
apolynomial in y, of degree n — 1. 
_ We have | 
nQ, — (2n — 1) wQn1 + (n— 1) Qn 


3 | 1 mP, (U) + (m= 1) Pye (Ww) = (20 = 1) pP as (¥) 4), 
=I pu 


= tf (2n — 1) Py-4 (u) du, 
“on using (29), hence 
Qn (wu) — (22 — 1) HQna (u) + (% — 1) Qn-2 (H) = 0 ...(70); 


_ thus the functions @,, («) for three consecutive values of 7 satisfy a relation 
of the same form as (29). 


Again 


Moto) _ _ 4 [* Pa) ay 
du 1(n— 4)? 
GC = 4{? 1 4P, \) 
B hee du 
_ therefore 


AQnir(t)  FQn—1 (wu) Pe Pais) _ dPy_a (u) 
dp. Tu. i] af die ales | a 


=4(2n +1) [2 a, 


by (34), hence “oo = = (2n +1) Q, 
_ from this can be deduced 
= Ft = (2+ 3) Ors + N47) Onset (24M) Ques tone onl). 


5-2 
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EXAMPLES 
1*. Prove that 


(2n +1) Ee Q,2du — (2n —1) ie Ota 


ne? 
where » >1, and 


- 1 oS 
(2n+1) | Qntdu — @n—a) fj Onatdu=—, 
where p <1. = 

Deduce that, in the two cases, 


E 1 


/ Qn+1) |? Q.tdu= Gap t Goats 


2*, Prove that 
(1 = 2?) (Py Qn’ — P’n as noi) = (0 + 1)? (Pai Qns1 — PnQn)s 
and that 2 = 
i n+) [* Pret Qnaadu— (20 + 1) [* P.Qndu - 


= 1 (Pn419n41 + Pn Qn) — (PnQns1 + PnarQn)> 


where » > 1. When » < 1 and the limits of integration are from 0 to y, the sign on the right- 
hand side must be changed. 


‘ Deduce that, when » < 1, 


Qn +1) [*P,Qndu—@n—1) [P,Q sda =", 


and that 


f 5 1 1 
(n+) [PP Qqdy = (—1) “leanesptarnaret} 


_ 2nt+1 
“n(n i) 
(Math. Tripos, 1894.) 


3. Prove that Pysi(#) Qn—a(#) — Pn_a(#) Qn 4a (H) 


AN EXPRESSION FOR Q,, () 
43. In order to find the generating function of the series 
Qo (1H) + RQ: (H) + AQ: (MH) + oe. + Qn (M) + oes 


where 0< i < p— Vp?—1, and > 1, we see, by employing Neumann’s 
expression (63), for Q,, (4), that the series is equivalent to 


* The examples 1 and 2 were given by Hargreaves, Proc. Lond. Math. Soc. (1), vol. xxrx 
(1897), p. 115. 
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Since z h*P,, (uw) converges uniformly to alee we see that the 
A=) V1 — 2hu +h? 
sum of the series is 
4 4 | ieeek: du 
1h — UV1— Shu + h® 


_ where V1— 2hu + h? has its positive value. This expression may be 
written in the form 


1 f° du _ 
2V2h)-1(p—u)\Vp—u 
_ where p=i(h+3). 
is = / P— the expression becomes 
pu 
ee 
V2h «Vp—pVer— 1’ 


; Ta fe 
Eee. B Jt and « Ee 


the value of which is found to be, in the case h < p — Vp? — 1, so that 


p> bs = Via hut he 
i jog, (73) 
V1i— Qh +h Vpz—1 


: The coefficient of ” in the expansion of this function is then Q, (u), 
where p>, and h<p—Vyp?—1. The convergence of the series can 
be verified by shewing that Seu (e) <p— V2— 1, by means of (64). 
He 
Referring to the convention in § 32 as to the meaning of Q, (») when 
pis real and between + 1, we see that, in that case, Q,, (1) is the coefficient 
of 4” in the expansion of 
1 i= pee 
—————$—,, 08 
V1 — 2hp +h? V1— pt 
Using (66), it can ae shewn that the series series for 0<@<7, A hj. 


ag h=—, » = 6088, (r’ < 7), we see that Q, (1) is the coefficient 


of oa in the expansion of 


2 1 z2+Vr?— 2rr’ cos @ +r? — 


lo: 
Vr2— Qrr’ cos 8 + 7”? 3 Vx? + y? 


us z+V22+ y+ e—ry—r’, 
_________— log, —_ 3 
2 Vert yt (e—r)? Vert x 


4 = — 1)7rtl dn 
3 this coefficient is Eee Eames : 
= n! dz" |r Vxe+ y? 
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we thus obtain the formula 


Qn (0) = Fog, /T Se B— (18, 


—2 
which is the analogue of the formula (13) for P, (x). 


If we carry out the differentiation in (74), by using Leibniz’s theorem, 
we find that 


(— 1ernt2 woe dn 1 1 dr-1 1 
Q, (¥) n! iss poe dr 7 dar 


n(n—1) d 1 dr? 1 at 71 : 
+ 1 


20 drr drv?r' * " drm=ir ri’ 
which gives us 


Qn (4) = Px (u) log a wt = Po (js) Pua (4) — BPs (1) Pra (u) — 
— 2 Py (u) Pol) 


hence we have the expression for W,,_, (), 


Wha (ve) = 0 (H) Pp 1(H) + o> ye (4) Pra (H) + e+ Pra (#) Po (#)- 


44. Another expression for Q,, (4) may be obtained, which is analogous 
to Rodrigues’ expression for P,, (u); the process being similar in the two 
cases. 


Let y= pt th(y?— Dd, 
1 V1i=2hp+h? dy 1 
th a : 
= ES) h dp V1 tha ti 


by Lagrange’s theorem, we have, if / is sufficiently small, 
he do = 
10-25 (ES) rw, 


hence rg=ak FES) rol. 
Let f’w)= ae : 

hence — = 
vicmeres otaa/ T= 2% rae 2 ) Totsn/ HH. 
Now a yt iyle ra ao. 


yt) (u—1)+y(u—1) 


is equal to 


y-1 —(h+1)+y(u+1)’ 
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yt] +p) y-Y)-2—-H) 
y-1 —G=p)yt+)t+2(y—p)’ 


2 = 
that is to 35 j 
, ae =F 
(l= p)+ eel 
l+p-hty+1) 
or to pale 


p-ht+V1— 2h +h? 
—VI— 2p ++ (w—h) 
{u— ea 


“pel 


which is 


or 
we see therefore that 
1 y+1 1 
F log,, /? —— 
Vi= 2hp +h oN 1 V1— 2hp +h? 
i h+V1— Qhy + h2 
i = MENS 4 og, B= ip 1; 
x fh og, —j + glog EE 
on referring to the series given above for the expression on the left-hand 
side, and to (73), we see that 


1 +1 +1 
Qn (!) = seat dun ral 1)" log, — it log, J Pale 
When p is real and lies between + 1, this formula must be replaced by 


1 @& aE 1+ 
Qn 1) = ar do {et — vr tog +4 — tog /T EHP, (). 


RELATIONS CONNECTING FUNCTIONS OF THE FIRST AND SECOND KINDS 
45. If we combine the two relations (70) and (29), 
Qn (#4) + (0 — 1) Qn-s (wm) = (22 — 1) pQn (v), 
nP,, (w) + (2% — 1) Pag (uw) = (20 — 1) wPra (u), 
we obtain the two relations 
Qn (1) Pat (2) — Qn—a (#) Pn (1)} = (= 1) Qua (#) Poa (us) 
— Qn2 (H) Pa (H)}> 
Qn (H) Pas (4) — Qn—2 (Me) Pr (u)} = (22 — 1) 2 {Qna (H) Pre (u) 
— Qu» (H) Pa (u)}s 
from the first of these equations, we see at once that 
Qn (H) Pra (H) = Qua (H) Pa (4)} = Q1 (4) Po (H) — 


Qo (#) Pr (#); 
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zi 1 +1 
and since Q,() = log * 7, Q(u) =F log 5-1, 


we have Pr (Ht) Ona (H) — Pai (H) Qn (H) = - seven (76). 
The second of our deduced equations becomes now 
Py (1!) Qn-a(t) = Pao (H) Qn (4) = RANE ....(77). 


From the relation (76), we have 
Qn (He) Qn—1 (H) 1 
Pi(w) Pra(w) Pa (H) Pas (1)’ 
and from this, by changing 7 into n — 1, n — 2,... 1, successively and 
adding, we have 


Qn (#) 1 1 
P,(u) 7 2) (aPstay Ps 3) tT @—-N Pa @) Pas OF 


SEAGATE 
i accordingly follows that we obtain the expression for W,,_, (u) 
1 
Wr— i + 
alls is) [Pw Paw OTP w Paw 


as 
= 
46. Since P,, (1), Qn (u) both satisfy Legendre’s equation, we have 


TO — #) (Pa le) GO — 0, ys me l-® 


and thus (I= p?) [P n (#) 0, 9 Qn (u ) n 5 == 


where A is independent of 2. This holds good for unrestricted values of 7, 
but if we take n to be a positive integer, we find on substitution of 


1.3.5...2n—1 a p 
fis eh] 


dO ae: 
for P,, (uw), and of 


1.2.8..% 1 a pr 
3.5...2n41 ar} rae! eon 


in the above expression that 
1 
A=(— Y[-@+1)—|"lles 


or A = 1; thus, when n is a positive integer, 


(1— 22) [P. (ee Qn (uw ee al ee (79). 
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EXAMPLES 
d* (sin 8) 


P,, (cos @) = ey cosec™ +1 9 ——~___ 
z nt d (cot 6)*" 
(Math. Tripos, 1893.) 


1. Prove that 
2. The equation of a nearly spherical surface of revolution is 
r= 1+ €{P, (cos 0) + Ps; (cos 8) +... + Pon_y (cos 4)}, 
where is small; shew that, if a2 be neglected, the radius of curvature of the meridian is 


1+ 3) {n (4m + 8) — (am + 1) (8m + 3)} Poms (C08 0)» 
us (Ibid. 1894.) 


@P,, 


3. Prove that, if 
Q@n+U)@n+3)-.Qn+2%—-1) a ys es, 


Ye na? — 1)? — 2)... fe? — (8 1} +8) 
2(2n+1 2n+3 
f= Prag 5 Ps Ps : 
3(2n+5), _(2n+3)(2n+5) 5 
m-1~ (Qn—1)(2n—3) "-*” 


3 (2n +3) 
Ys =Pnis— on 1 Payit ig 
(Ibid. 1896.) 


then 


and find the general formula. 
4, Prove that, when n is a positive integer, 
{1 —)? +(-1)" (1+ #)"}- 


a osm (=1)2(n+p)! 
3 Pal) = 2, (a —p)ip ip! 2? (Wid, 1898.) 
1 aP,,(u) dP (u) : 
5. Prove that a) ee 
ve [ra Hw) dis dia 
(Ibid. 1896.) 


is zero unless m — m = + 1, and determine its value in these cases. _ 
6. Shew, by induction or otherwise, that, when n is a positive integer, 


(n+) [1 Pye) d= 1— AP (u) — 2 (PH) + PH) + on + Pha lo 
$+ 2 (P, (1) Pa(u) + Pa) Pou) + oo + Pa (1) Py (ws 
(Ibid. 1899.) 


7. Shew that 
r= 
wP,” (u) =n (n—1)P,, (u) + 2 (2n — 4r +1) {r (2m — 27 +1) — 2} Py _or (u)s 
(Ibid. 1904.) 


where p = 4n or $(n — 1). 


8. Shew that 
! 
7 cost OP, (cos 8). 


Ap) 


sin” 6, (sin@)= > (—1)" 
= =0 

Z (Ibid. 1907.) 
2 © P,(cos 8) . 
eile 

© P,, (cos 8) 

and Q, (cos 6) == era (n+m-+1)8, 

0<6<4. 


9*. Prove that P,, (cos 8) = 


2 1 
rea © 1) PH) Pra)? 


where 
10*. By means of (76) prove that 
Lésung einer Differenzengleichung, Kiel, 1898. 


Qn (#) = Pn (u) 


where p > 1. 
* See Baer, Die Kugelfunktion als 
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d® 
11. Prove that Pe, (n) = s Tap (2 DY 
Panaa (H)= oy goon (Ht (ut — 1)"). 
+1 nid ( pyr : 
12. Prove that (Wengen) 
yr 
[SE ald El pray 0, or gle, 
=f =r)! 
according as m and n are unequal or equal. (Math. Tripos, 1893.) 


iE: 
13. Prove that the value of + Py (uv) Py (u) du, when m is even and n is odd, is 
0 > 


n(—1jhertrm—) 1. 
(n — m)(n +m +1)° 


(Ibid. 1901.) 
14. Prove that 
. PP, r=}n 
ae =n(n—1)P,+ = (2n — 4r + 1) {r (2n — 2r —1)— 2} P, o,, 
when n is even, and that when n is odd the summation is to be taken to r = $ (n — 1). 


(Ibid. 1904.) 
15. Prove that 


2 rT 
‘a — 2) tie) dp =—8n(n+1) ie sin? 6P,, (cos 6) dé. 


16. If $(u) increases suddenly by ¢, ¢o,...¢, a8 ™ increases through the values 
ys Has ++» Hy, and if 
$ (H) = AgPo (#) + Ar Py (u) + ApPo(u) + «+> 


then Ge = ByPo(u) + B,Py (1) + ByPa (1) + ns 
where By = (t+ 8) {6 (1) Py (1) ~ $ (= 1) Py (= 1) ~ 3 GPa i} 
—(2n~1) A, y — (2n — 5) Ay — 22 — 9) Ay g- 
d 
Also Ge [0-0 GE |= oP) + BP (u) + oy 
where 


E,, =(n +4) e (1 = 19°) 65’ (4s) — 2 (1 — 1,2) Cp Pn’ (14r)} — 0 (m + 1) An, 
and ¢,’ is a sudden change in x as » passes through the value »,. Shew that the effect of 


leaving out the terms involving ¢, c’ would be to introduce an infinity as well as a 
discontinuity at each critical value of pu. (Ibid. 1890.) 


1 
17. Find the values of [ Py (Be) Py (pw) dp and [eco ae, and shew that, 
0 cu 


when m is even and n is odd, the value of the former is 


n(—1EO" DY) -1.3.5...(m—1) 1.3.5 
(n—m)(n+m+1)"  2.4.6...m °2.4.6...(n—1) 


(Ibid. 1900.) 
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w+ 
T AS A CONTINUED FRACTION 
i 


47. Let us consider a continued fraction of the form 


EXPRESSION FOR 3 log 


eee 
Ba pw po 
_where a,, a), ... are numerical constants. We assume p to be real and >1. 


cory 


ett a denote the nth convergent of the continued fraction, we have 
In 

Pn = UPn-1 — %-aPn-2> 

eed In = Hn1 — Ana In-2- 


The first three convergents are : 

: 1 # pe oe 
Bw? way” we — (a, + ay) p 

We employ the relations 


MP, (u) — (2n — 1) wP, 4 (#) + (m — 1) Pao (ue) = 0, 
Qn (m) — (2 — 1) Ona (H) + (2 — 1) Qn-z (4) = 9. 


5 = : and subtracting the second, 


Multiplying the first equation by $log, 
we have : 
mP, (u) — (2m — 1) wP,4 (uw) + (m — 1) Pro (u) = 9, 
E Wr (u) — (20 — 1) pW,-5 (w) + (2 — 1) Wag (un) = 0. 
et 


n! n! z 
1.3... (Qn — 1 Pa (4) = Nn (1), 1.3... (2n—1) W-1() = Zn (p)5 


_ we have then : 
Ny, (uw) = pN ya (H) — @naNn-2 (h), 
Zn (pb) = pZy1 (M) — Ona Zn-2 (z); 
2 
aw = LD thus, assuming a, to have this value, NV, (u) 
and Z,, (u) satisfy the difference equations satisfied by the numerator and 
_ the denominator of the convergent of the continued fraction 


where a, denotes 


1% & Gr 
We find that 
Z(uwy=1, Z(u)=p, 25 (vu) =F 6Po (w+ Y= wa, 


3 
N(u)=2, N,(n)=-3, No=p— F. 
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Z(p) Z(u) 2(u) 
N,(u)’ N2(p)’ Ny (u) 


agree with the values of the first three convergents of the continued 


Thus the fractions 


fraction; hence me : is the nth convergent. 
Zn (w) _ Wns (#) B+1)_ Qn (u) 
Also 5 41 g 
ane ee G =a)" Pew) 
and lim Qn (4) =0, 
eee (#) 


since is 1 On (#4) = 0, when p is real and > 1. 


Tt has thus been shewn that the continued See = = ae = 


1 
where a,, denotes _.—— , converges to the value 4 log oS , where wis > 1. 


4n?— 1 
The fact that the convergents of the continued fraction are related to 


the’ Legendre’s functions was discovered substantially by Gauss*, who 
obtained the result by transforming the series 

1 1 3.1 

Lp(a; Pe 


which represents the function 4 log # 


. The explicit identification of 
the functions which occur in the ae of the convergents of the 
continued fraction is due to Jacobi. 


APPROXIMATE QUADRATURES 


48. Let f (x) be a function of x which is continuous in the interval 
(— 1, + 1) of x; the problem of obtaining an approximate value of 


[fea 


is spoken of as that of approximate quadrature. Various methods of solving 
the problem have been given which depend upon substituting for f (x) 


1 
another function ¢ (~) such that | ¢ (x) dx can be expressed in a simple 
“1 ; 


manner, and such that its integral is an approximation to that of f (x) 
We shall here give an account of one of these methods in which use is 
made of the Legendre’s coefficients P,, @). This method was devised by 
Gausst. 


* See Heine’s Kugelfunctionen, vol. 1, pp. 270 et seq. 

+ Crelle’s Journal, vol. 11 (1827), p. 226. 

} “Methodus nova integralium valores per approx. inveniendi,” Gott. Comm. vol. um (1814), 
or Werke, vol. 1, p. 163. 
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Let @,, a, ... d, be a set of numbers in the interval (= 1, 1), and let 
_ the product (« — a) (& — a,) ... (v — a) be denoted by F (a). 

The function 


F(a) ; FACA) ; f(a) > 
$e)- Flere) ena Pett aaa Pe 
is a polynomial in x, of degree n — 1, which at the points a, a,, ... d, has 
the values f (a,), f (a2), ... f (an), of the given function f (aw). If we denote 


1 7 F@ 
Fae) erat ye we have 
[sea Ay f (a;) + Aof (ds) +... + Anf (dn): 


The numbers A,, Ap, ... A, are all independent of the function f (x), 
and can be calculated once for all, when the values of aj, do, ... Gy, are 
_ prescribed. In the earlier method of Newton and Cotes, the numbers 

1 
@,, Ms, ... @, are taken to be in arithmetic progression, and | d (x) dx is 
St 
: “fl 
then taken as an approximate value of | i (x) dz. But Gauss shewed 
=n 


that it is advantageous to choose @,,4@2,...d,, not in arithmetic pro- 
gression, but as the n zeros of the function P,, (w), the nth Legendre’s 
coefficient. 


ct: 
The error made in the value of | f (x) dz by taking the above ex- 
Jal 
1 
pression for | ¢ («) dx as the approximate value of the integral is 
= 
a T=n 
[ f@ae— 5" 4,f(a). 
-1 r=1 
If f (x) is a polynomial, of degree < n — 1, this error vanishes, and thus 
the formula 2 A, f (a,) is the exact value of the integral. It was however 
r=1 
shewn by Gauss that, if a,, a, ... a, are the zeros of P,, (2), = A, f (a,) 
r=1 


1 

is the exact value of | f (x) dx, provided f (x) is a polynomial of degree 
=1 

not exceeding 2n — 1. The function f (x) — ¢ (2) is divisible by F (a); 

f(x) —¢$ (2) 


assuming that Te 


Ss ee em 


we have f (x) = ¢$ (2) Soy (&) (Cy + OU + ... + Cy a"). 


1 HE 
Tn order that [_f@ da — [¢ (x) dx 
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may vanish, whatever values ¢), ¢,, ... C,, may have, it is necessary and 
sufficient that the integrals 


i afF («)de, (r=0,1,...n—1) 
Sil 


should all have the value zero In § 21 it has been shewn that, for this 
to be the case, it is necessary and sufficient that F (x) should be a multiple 
of P,, (w). Since the coefficient of 2” in F (x) is unity it follows that 
n! 
EOS a nay 

The numbers @,, @,, ... @, being taken to be the zeros of P,, (x), we have 
d, = — G_ri4; When n is odd, one of these numbers is zero. We have 
therefore 

F(—2)=(—1 F(a), | F(—2) =(— 1" F’ (a), 

and hence EY (p74) = (= 1)8=1 F” (a,). 
Hence we have 


1 (1 F(z) 1 pf! F(x) 
. n—1 
Anes (UW grgy| ean @ = Pe) eee a 


It has thus been shewn that, if f (w) be a polynomial of degree < 2n — 1, 
i § r= 

the value of | f (x) da is = A, f (a,), where a,, Qo, ... Gm are the zeros of 
: =i r=1 


1 
P,, («), and A, denotes | ND i Also As = A 


1 
P,/ (a@,)J-1 & — a, 
If we let f (x) have the constant value 1, we see that 
Agee Ai 
and this holds generally, since A,, Ay, ... are independent of f (x). 
49. Let f (x) be representable by a series 


Co + GU +... + Cn 2" +... 
which converges when 
-lsez<l, 


so that* the series converges uniformly in the interval (— 1, 1), and let 
Dx’ denote the error 


1 s 
| wtde — Aya — Asef ~ ... — Anae,’, 
-1 


3 1 
which arises when we take, instead of | x'dx, the corresponding integral 
A. 


in which for x" we take the function obtained by interpolation. 
If r has an odd value, the error vanishes, since 


1 
{ ee UA A Oe”, As=A. 7, Oe =—G,....- 
=1 


* See Hobson, Functions of a real variable, vol. 11 (1926), p. 174. 
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‘The value of 4Da", when r is even, is 


a : rae — Aya," — Azan? — + = Aya, 
where p has the value 4n or 4 (n — 1), whichever is integral. 
Let us consider the series = ee ) , of which the generating function is 


log? tt — 2 z An 


ae 
m=1 2° — Om? 


Bel 1 f Pr (©) ap 


1P! (Gm) 2 — Gm | -1 & — Om 


-1laesi lf! P(e) 
3nd, Paitin 


In virtue of the relation ¢, = nmi, this is equivalent to 


Ze 1 (1 P,(z) 
log 2 eel” 
pi 
Let wu (z) denote | SAG EE ie 
: -1 Lz 


~ then w (z) is a polynomial in z, of degree n — 1. Also 
U (Gm) =) = Pn —- eee 
‘since P,, (@m) = 0. In accordance with ss 48, we have 


=P.) 2 preyemay 


u (2) Zl 1! £,@) 
TE) oe P’ (Gn) 2 — Zl MG 


and thus 
E 1% —Qm 


: _ The generating function of the series z — 
4 r=0 
z+1 uz) 
bee 1 P,@ 
1 
But u@=| os nae 4 Ls @)log2 +5, 


hence the generating function is 


l(t Pyle) 20 (2) 
P@ligee™ ® P, (2)? 
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by (63). It has thus been shewn that— 


The series = De, is generated S 2 = on or log wy = 2W- (L), 
2 = 
where Wana (t) = 7S Ppa) + 3G gy Poca le) + oe 


We know that = 2 , when expanded in powers of Be commences with 


P, (2) 
this is consonant with the fact that D (a) = 0, when 


the power gaa} 
r < 2n, or when r has any odd value. 
When f (x) is given by the convergent series ¢ + ¢,% + ..., the error 


1 
in the value of J f (&) da, as given by Gauss’s method, is 
-1 : 
Con DU" + Cons Dut? + 0.4 
50. By taking the first term in the expansion of Q, (z), in powers of 


= and the coefficients of 2” and z"-? in P,, (2), the approximate value of 


Dz is easily seen to be 


2 n! 2 
2n + Hs 0 : 


The continued fraction for log = + may be applied to determine the 


values of A,, Az, ... An. 

The following numerical table was given by Gauss for n = 1, 2, 3, ... 7 
for the zeros of P,, (x), and for the values of A,, A,, .... The form of the 
table is that adopted* by Heine; the interval is taken as (— 1, 1) instead 
of the interval employed by Gauss himself, which was (0, 1). 


n=1 @=0, 44,=1, D(x)=%. 
n= 2 @ = — a = 0-5773502691 896258, 
34, = 34,=}3, D(@e)=8. 
n=3 @, = — ds = 0-7745966692 414834, a = 0, 
34,=34,=%5, $42.=§, D(2) =. 
n=4 Q@, = — &, = 0-8611363115 940492, 


Gy = — az = 0-3399810435 848646, 
4A, = 44, = 0-1739274225 687284, log = 9-2403680612, 
A, = 4A, = 0-3260725774 312716, log = 9-5133142764, 
D (a8) = 4885. 
* Kugelfunctionen, vol. 1 (1881), p. 15. 
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 1=5 - = — a; = 0-9061798459 386640, 


Gy = — & = 0-5384693101 056830, 
a = 0, 


4A, = $4, = 0-1184634425 280945, log = 9-0735843490, 
4A, = $A, = 0-2393143352 496832, log = 9-3789687142, 
4A, = fA, = 0-2844444444 444444, log = 9-4539974559, 
D(a) = ats. 
n=6 : @, = — G, = 0°9324695142 031520, 
a, = — a, = 0-6612093864 662644, 
@3 = — @, = 0-2386191860 831970, 
4A, = $A, = 0-0856622461 895852, log = 8-9327894580, 
4A, = $4, = 0-1803807865 240693, ‘log = 9-2561902763, 
4A, = 4A, = 0-2339569672 863455, log = 9-3691359831, 
D (@) = giles. 
n=7 @ = — a, = 0-9491079123 427596, 
Gy = — Gg = 0°7415311855 993944, 
a3 = — a, = 0:4058451513 773970, 
: a = 0, 
$4,=144,= 0-0647424830 844348, log = 8-8111893529. 
$A, = $A, = 0-1398526957 446384, log = 9-1456708421, 
$A, = $A; = 0-1909150252 525595, log = 9-2808401093, 
4A, = 235 = 0-2089795918 367347, log = 9-3201038766, 
D (a) = a73t3as- 


? 


51. Let us consider the value of 


Ss” F(a) 
eee 
for a given function f (x) which is represented by a power series for all 
values of « such that | # | < 1 + 4, where 7 is a positive number. Asn co, 
where F’ (x) = (x — a,) ... ( — an), so that the function F (2) is a multiple 
of P,, (w), and the values of a,, da, ... d, accordingly depend only upon n, 
_ it will be proved that the expression converges to zero. 


By Cauchy’s theorem, the expression considered is equivalent to 
Fe) f@) 

Qa = =— &) IEG) te 
taken along a circle with centre at z = 0, and radius R greater than 1, so 
that all the points x, a, a, ... @, are within the contour. The circle can be 
so chosen that f (z) is holomorphic throughout its area. 


HH E 6 
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This is equivalent to 


P,, (@) | f@ _- 
( 


Qn | (@—2)P,@)” 

and its modulus is not greater than 
| Pa (2) | | |dz| 
2a EPE@: ae 
Since | f (z) | is less than-some fixed number, for all points z on the 

circumference of the circle, and | z — | is greater than some fixed number, 
for all points x in the interval (— 1, 1) and for all points z on the circum- 
ference of the circle, and since | P, (x) | < 1, it is seen that 


£@) 


2-2 


= a 1) | fe) | dz | 
jz—2/fP.@] 
is less than some fixed — of 
[tin 

-1P.@I" 
where z= Re*, 

~ We have 

Pyle = Ba COD (ee a,2) (22 — 48) --. (= i) [2 


1.2.3.7 


where the factor z only occurs when n is odd, and m = 3m, or } (n — 1), 
according as n is even or odd; also 


| 2 — a? | = (B+ at — 2e?R? cos 2¢)8, 
and this has its minimum value when cos 2¢ = 1, or ¢ = 0. 
It is thus seen that | P,, (z) | = P,, (R); it then follows that 
1 1 
See 
| P,()|~ Pr (B) 
and thus the value of the Pee which is being investigated is less 


than a fixed multiple of =—>, Pe. P.(R)’ 


P,Q) (1 = a?) (1 = 4°)... (1 = Gn?) 


Now p(B) ~ (R?— a3) (B® —a,4) ... (ay) [BI] 
ZS ee — 
SSS = eae 
1 
<p 


since 1—-a@2<1—-< thes R>1. 


R? 
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It has now been shewn that the expression is less than a fixed multiple 
of R-, and it therefore converges to zero as n + 00, uniformly for all values 
of win the interval (—1, 1). The following theorem, which affords a theoretical 
justification of the method of approximation, has now been established: 

If f (z) be represented by a power-series which converges for all values of 
« that are numerically less than some positive number greater than 1, an 


1 
approximation to | f (x) dx is given by. 
=F 


A, f (G) + Agf (a) +. + Anf (Qn); 
SS Se) 
Pre ae na © 
and a, 45, ».. Gy, are the zeros of P,, (2). This expression converges to the value 
of the integral as n> 00. 


where 5 


THE PRODUCT OF TWO LEGENDRE’S COEFFICIENTS 


52. A method of forming the differential equation which is satisfied by 
the product P, (1) P, (u) of two Legendre’s functions of degrees p and q 
was given by F. E. Neumann*. 


Let w, v be solutions of the two differential equations 
UP) | gu=0, UP), Br=o, 
du g dp 


where f denotes = p?, and A = p(p+ 1), B=q (q+ 1); thus the equa- 
tions are Legendre’s equations of orders p and g respectively. Let y denote 
the product uv; we have then 


fy =u.fe'+v.fu', 


or AU) _ _ (4 + Byy + 22 


where z denotes fu'v’. fae since fz = fu’ . fo’, we have 
oP) — fu’. Bu— fo’ . Au 
or, on again ee 
iE of - = 2ABy—(A4+B)z 
Tf we eliminate z oe ae equations (a) and (8), we find 
ia mtg (Jy) SLI) $ (44 BO of Y) 4 (A B)ty=0 ...(y), 


_ * Beitrige zur ae der Kugelfunctionen ee 1878), Partum, p. 91. The method of 
formation of the differential equation satisfied by the product of the solutions of two given 
linear differential equations was given by Clausen in Crelle’s Journal, vol. mr (1828), p. 89. 

6-2 
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which = be written in the form 
d(fy’) d We PY) =a) 
qe ae +244 B) +(A—B)2y=0 ...(y’). 


on writing 2 [pW] sap) oy (Sy) 
pe dy? 
for the first term in (y’), we obtain the differential equation in the form 


i | fae , 1 2(K— GY) 5 By 2 {Ky eee). 8); 
where f denotes 1 — p?, 
K=A+B=p(p+1)+¢@+)), 
H=(A— B)?—2(A+ B)=[p(p+ 1)—9 + 1)P 
= = 2 ee 1) 
The complete primitive of this equation of the fourth order is 
= OP, (1) Py (u) + C2Qr (Ht) Qa (4) + CoP (14) Qa (Ht) + CaQn (ue) Pa (1t)- 


In case p = q, the equation (a) becomes = se ra fy’) = — 2Ay + 2z, and the 
ad Up - 


equation (8) becomes — Afy’; and ee we have, by elimination 


of z, the differential xn of the third order, 


d | 
= ae AW 4A (fy' = ny) =0 ae (8), 
Le 
of which the complete primitive is 


y = Cy {Py (uP + Cy {Qo (uP + CaPo (H) Qn (us): 
It can easily be seen that z, which denotes fu’v’, satisfies the differential 


equation 
§ PAs + 9 BA aspen 


This is obtained by eliminating y between (a) and (8). The differential 
equation has the complete primitive 


Py (uw) aPa(H) c, We» (4) €Qo (#4). aP, (p) dQ, (u) 
Ql we) {0 PB dp du dp. +O, du dp 


¢, 220 (vw) & et 
+ 0,7 Sere 


53. Assuming that p and q are positive integers, the differential 
equation (8) has been employed (loc. cit.) by F. E. Neumann to express the 
four products P, (u) Py (#), Q» (H) Qe (H), Po (#) Qa (H), Qn (ue) Po (wu) a8 
sums of P or Q functions; he has expressed the results in ee form. 
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As the most important of the results, attention will be here confined. 
to the case of the product P, (u) P, (u), which, since the expression is a 
polynomial in » of order p + q, containing only the powers p + 9, p + q— 2, 
p+q-—4,..., can clearly be expressed as a sum 


Gy. qP pq (HM) + Gps q—2Pprq—2 (M) + +++ + App q—2sPo1¢—28 (M) + ns 


the last term in the sum involving P, (u) or P, («) according as p + g is 
even or odd. If we substitute this expression in the diferent) equation 
(8), and remember that 


EP rr Pe, [FE] ae EP, 
@ (fP, , 
Em — rir DP, 
we find that 2N,a,P, + 2u2L,a,P,’ = 0, 


where + has the values pt+gp+q-—2,...p+q-— 2s, ... and N, denotes 
(r+ 1)?— 2(K —1)r(r+ 1) 4+ H, and L, denotes r (r + 1) — K. Since 
= (lee = rP, 52 ea 
wenowhave 2% (N,a,+ 2U,a,r)P,+ 22 L,a,P’,. = 0; 
and since - : : 
P',_y = (27 — 8) P+ (27 — 7) P,_g + (27 — 11) P,_g + «5 
this becomes 
Wore t 2 (D+ 9) Lysq] QrraP vig + ++ 
+ [Nopc-2s + 2(p + 9 — 28) Lys g-25| Gn+0—2eP o4q-28 + ++ 
: Ht ys qLipsg [(2p + 29 — 3) Porq2 + (29 + 29 — 7) Porgat +] 
3 H+ 2p .q-2-Ly 9-2 [(2p + 29 — 7) Posa—a t+ (2p + 29 — 11) Poigg t ---] 
= 2-000 
+ 2p p¢-25 Lp 14-25 [(2p + 2q — 48 — 3) Poi aae-2 + «--] 
oon = 
On equating to zero the coefficients of P,,,, Py, ¢-2, ..., we have 
Nosqg + 2 (p + ) Logg = 9, 
[Nysa-2 + 2 (p+ 9 — 2) Loy oo] Gp 4-2 + 2p eg Linq (2p + 29 — 3) = 0, 
[Nopc-at 2(p + 9— 4) Lys aa] Api 0-4 
+2 (Ay sqlipsg + Uy 1¢-2Ly+40-2) (2p + 2g — 7), 
[N5q-29 + 2 (p+ 9— 28) Ly. g 25] Uy +q—25 + 2 (Gagling + yy q—2Liyyg-a t ++ 
“+ Uys q2022-Lp4q-28+2) (2p + 2g — 48+ 1). 
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Let Noy +q-25 + 2Lp 4 q~25 (P + 9 — 28) 
2p + 2g—4s+1 


be denoted by a, we have then 


a5Apq—a5 + 2 (Apeglipng + Up+q—2lipsg—a + +++ + Ups e202 Lp +q-25+2) = 9; 


and from this we see that 


Gy5Qnsg—2s — Ons—24p+q—o912 + 2Ay1q-2542Lipiq—osr2 = 9; 


or Gy5Mp4.q-25 = Bos—2%p+q—29425 
where f,, denotes Qo, — 2D g—o8> 
ae Noy+q-22 — 2Lip 49-25 (Pp + q — 28 + 1) : 


2p + 29-48 +1 
On reducing the value of N, + 2rL; by substituting the values of NV, 
and L,, we find that 
WN, + 2rh,=(r—~p—Q (r+p+q+2)7—p+at)rt+p—qr)), 
Ne-2(7+)L,=("—p—gq-lNr+p+q+Y)0—-ptgrtp—9. 
Thus we have Z : 
— 2s (2p + 2g — 2s + 2) (2q — 28 + 1) (2p — 28 + 1) 
of 2p +29q—4s+1 2 
B (— 2s — 1) (2p + 2g — 2s + 1) (2g — 2s) (2p — 28) 
ss 2p + 2g— 48+ 1 
If, in the expression Y @y1¢~25Py+¢-25 (), for P, (u) P,(u), we equate 
s=0 


on the two sides the coefficients of »®+%, we find that 


a, (e+ O" 2p)! Ca)! 
eee (2p + 2g) fp! a lp 
We now obtain, from the expression for P, (uw) P, (4), 


pg [Potet BPrsea + ile Poet ee . te Pte : aL 


_the required formula; the values of G25, Bos, Urq having been determined. 
It will be observed that 8, = 0 when sis the smaller of the numbers p and q. 
If p> q, the last term of the series is a multiple of P,_,. : 


We may apply this expression to determine the value of 


| = Py (u) Po (uw) Py (u) dp. 


It is clear from the known theorem (37) of § 21, that the integral vanishes 
if the sum of any two of the integers p, q, r is less than the third. Let us 
assume that p+ q =r, p = q, and that p + q +71 is even. 
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We have then, by applying the integral theorem (39) of § 22, the value 


2 (p+ 9)33? (2p)! (20)! BoBe +++ Bora-r—2 
1B EsE Ea 2r+ 1 (2p+ 29)! {p!q!}?  aety .. Op sa—r 


which reduces to 
2 13... (ptq—7-1) 1.3...p+r—¢-) 
Prgtry1 2.4. (p+q—7) 2.4...(p+7r—q) 
1.3...@¢+q—p—1)  2.4...(p+q+") 
2.4...(7+q—p) 1.3...(p+q4+r—1) 
This expression was stated* by Ferrers without proof; and a proof 
was also given} by J. C. Adams. : 


1 
| P,P,P.du 
=: 


EXAMPLES 
1. Ifwis real and between 1 and —1, and 7, (x) = 1, T,, (%) = ser oos (n cos 2), prove 
1 1 
that 2 | T,,(0e) Py: de =0, 6 fe 
= in(®) wa ah orn #n 
‘Also shew that =? _ $$ pa en. 
1—M% +l 2) BI 


EB_n41 (v) — 2T,, (@) + 47 ,_, (x) = 0, 
and that 7’, (x) satisfies the differential equation 
(a2) FY oH neu =o. 
The functions 7',, (x) are Tschebyscheff’s polynomials t. 


e-U(1—a)t-? gn 


Cee ee = ee 


2.Tf§ Gi, (pg, 0) = 
prove that 
(L—a)'-4 (1+ 2)? @—14V (1 — de + PY ft +1-VO— Wet PP 
PV] — in +P 
© fg+n—1 1-2 
as (@ = ) on (0 Ver. 


For p=q=1, P, (x) @, (11,454) P(n+1, mili* 5"); 


2 


1 11-— 1 T 1-2 
for p=0,¢9=t, T(x) gran (Os5- 5°) = ge F (m—migs 3"), 


where 1’, () is Tschebyscheff’s polynomial, and F denotes the hypergeometric function. 
Shew also that 
«(1 — 2) G,” (x) + [¢ —(p + 1) 2] Gy’ (x) + (p + 2) 0G, (x) = 0. 
* See Spherical Harmonics (London, 1877), p. 156. The factor 2 is there omitted. 
+ Proc. Roy. Soc. vol. xxvit (1878), p. 63; also Collected Scientific Papers, vol. 1, p. 487. 
Mem. Acad. Petersburg (6), vol. vit (1859), p. 199. 
§ This is Jacobi’s polynomial, Crelle’s Journal, vol. Lyi (1859), p. 149; also Werke, vol. v1 
(1891), p. 184. 
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3. Tf : eft tia =o 4-0-2), § An(®) jn 
n=0 ™! 
prove that H,,(z) =(—1)" ae em, 


H,! (a) = 2nH,,_4 (), 
F,,,3 (#) — 22H, (x) + 2nH,,_, (x) = 0, 
H,,” (x) — 2aH,,’ (x) + 2nH,, (x) = 0; 
also shew that 28 a0) a) 
2} . 2 fs) dad” 2 
[PB Hy layetde =(— 1 [Hy (a) B® de 
0 a) 
and, for n > m, by repeated integration by parts, prove that 
| = H,2 (2) e-" de = 2% abn! 


These are* Hermite’s polynomials. 2 
4. Tf = : 


2 3 = 2 
Tg (2) = 2" 2 (arent) = ( yp {an — Farts Ets + (-Irntp, 
1 at \ _ © In (2) m 
shew that pe ( i=) ao mre? 


Dry 43 (#) — (2n + 1 — 2) L,, (x) + w®L,,_y (2) = 0, 
aL, (x) + (1 — 2) L,’ (x) + ny = 0, 


and ; : = "Ly, (2) Ly (0) daz = 0, for n#n’. 
These are + the polynomials of Laguerre. 


* Comptes Rendus, vol. Lvut, pp. 93 and 266; also Huvres, vol. 1 (1908), p. 293; also Comptes 
Rendus, vol. LX (1865), pp. 370, 432, 461. 

+ See Bull. Soc. Math. de France, vol. vit (1879), p. 72, and Guvres, vol. 1 (1898), p. 428. 
Hermite’s polynomials are expressible in terms of limits of Laguerre’s polynomials. 


CHAPTER IIT 
THE LEGENDRE’S ASSOCIATED FUNCTIONS 
54. It has been shewn in § 6 that Laplace’s equation is satisfied by 


cos 
at ae am, 


where wu,” satisfies the differential equation 


i ‘a we) + inn } 1-7 hu (= (1). 


_ The arbitrary numbers n, m are subject to no restriction, but the most 
important case which we shall for the present chiefly consider is when n 
_ and m are positive integers such that n = m. Some attention will, however, 
be paid to the case in which m and n are integers such that m> n, and 
also to that in which m is a negative integer. 


Let u = (u? — 1)” »v, then it will be found that » satisfies the equation 


= nF 2 m+ Neg ee m)(n+m-+1)v=0 ...(2). 


Tf, in Legendre’s equation, 


a di 
(= 8) Fa eg tm (n+ 1)u=0 


we differentiate m times, we find that 


qmt2y, : dmtly d™y 
(l—p = t Ye mea t (n— m) Ee a= 0; 


it follows ane ae ” satisfies the equation (2); the complete integral of that 


equation is therefore 


ae iz aA) 5. BE Os) 
dur 


where A, Bare arbitrary constants. The complete solution of (1) is con- 
sequently 


v 


= oa 


a= A (p21) Po), Bye ye POM) ae (3). 


When p has any value on the =e plane of 1, which is not real and 
between — 1 and 1, the functions 


m 2” - ee ; m OQ, (4) 
(u— 1)? aE a 
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where the arguments of ». — 1, 4 + 1 are taken to be zero when yp is real 
and greater than 1, and otherwise lie between + 7 and — 7, are called the 
associated Legendre’s functions of the first and second kinds respectively, 
and are denoted by P,,” (u), Q,™ (x). 

If » is a point which moves from a position on the real axis at a distance 
greater than 1 from the origin to a point on the real axis between the 
points (+1), the path being such that the argument of , — 1 increases 
from 0 to z, the argument of » + 1 attaining the value 0 at the end of the 
path, P,,” (u) ends with a limiting value P,, (cos 6 + 0.1), which denotes 

ioe P.” (cos 8 + e). 


If the path be such that the modulus of » — 1 changes from 0 to — 7, 
P,” (4) ends with a limiting value IPRD * (cos 6 — Onn). 


We see that 


a lime ern Cen (COS 8) 
P,y" (cos 6 + 0.1) = e2"* sin’ Ceca i= (cos Oy" ° 

4 : Be Emm mm dm. ‘n (COS 9) 
and that (cos 0 — 0.1) =€ sin race (cos By" 


If » moves along any path above the real axis from a value which is 
real and > 1 to the value — yz where it is real and < — 1, the argument of 
(uw? — 1)” changes from 0 to mz, and thus the value of (22 — 1)?” be- 
comes (— 1)” (u2 — 1)!”; this is seen also to be the value to which it attains 
at the end of the path when the path is taken below the real axis (m being 
integral). Thus we may regard the function P,” (yu) as aeeriiiel 
uniquely when yp is negative and < — 1. The only points of discontinuity 
of P,” (u) are on the straight line (— 1, + 1). 


TESSERAL AND SECTORIAL HARMONICS 
55. It is convenient to define P,.™ (cos 0) by means of the relation 
n™™ (cos 8) = a" P, ™ (cos 0+ 0.1) =e me Dm (cos 8 — 0.1), 


d”P., (cos 6) 


or P,” (cos @) = (— 1)" sin 6 CE (4). 


If we write » for cos 0, where p is between 1 and — 1, P,” (uw) is ac- 
cordingly defined as 
a"P, (vw) 
— 1)" (1 — y2)3” n 
(1 a- nye, 


where (1 — 22)?” has its positive value when m is odd. 


This definition is convenient because it has the advantage that P,” () 
is real when p is real and in the interval (— 1, 1). The factor (— 1)” is 
sometimes omitted, and in that case 7',”(cos@) is written instead of 
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P,,” (cos 6), but it is retained here because the definition is then in agree- 
ment with the more general definition given in Chap. v for the case in 


_ which m and are not restricted to be integral or real. 


When p is real and between 1 and — 1 the expressions a md. P,™ (u) 


are called tesseral surface harmonics, except that when m=, they are 
"called the sectorial surface harmonics (of the first kind). 

In physical applications the most important functions employed are 
in P,™ (u), where 1 = » = — 1, but the functions ae md . Qn” (h), 


yin Qn (uw) dm ee (H) 


eos 


OF in Of nd « (eS , where » > 1, occur also in potential 


problems connected with ae 


“THE ASSOCIATED FUNCTION OF THE FIRST KIND 


56. Since P(e) = = i (py? — 1), 


it ig seen that P,,” (1), when , is not real and between 1 and — 1, is repre- 
sented by 


San (w— 1)" iar we 1", 
_which is equivalent to 
2n)! = = —m—1 
PW) sate —myi — Pe 
fe OS Se m — 2) (n—m — 3) yrm—4 
2.4 (2n — 1) (2n— 8) at 
—- (5), 


as is seen by difforontinting the expression 


; n(n—1 
= poe = nN. pn? + me pen-4 — Saas 


which is equal to (42 — 1)". This expression in (5) is the value of P,” (u) 
-for all values of » which are not on the real line (— 1, + 1). 
Denoting the series in the brackets by f (n, m, »), we thus have 


Pym (n)= oo (ut — 1" F (n,m, p). 


The expression f (n, m, .) can be exhibited in the form 
Dy pr—™ +B, wr—™2p?2 + byt +o. 


where v? denotes 1 — y?. In order to determine the coefficients bo, 6, , b:, ..., 
let f (n, m, 2) be denoted by 


ieee a= pe + Cs Sees 
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This is equivalent to 

pr 1 + a, (14+ #2) +a, (1+ #2)? + ...}, 
where #2 = v?/u?; if we equate the coefficients of ¢?" in the two expressions 
for f (n, m, ), we have 


1 2 
b= a, + (rt 1a, + EEE ®) 


Anta + o- 


2 (2n — 2r— 1) 
_ (~—m — 2r)... (a — m — 2r — 3) = 
: "2.4. (2n — 2r — 1) (2n — 27 — 3) Z 
and thus we have 6, =a,f(n—1r,m+7, 1). 


Tn order to find the value of f (n, m, 1), since P,, (2) is the coefficient of h” 
a™P, (u) 
dum 


fi-& m — 2r) (n—m— 2r — 1) 


in the expansion of (1 — 2uh + h?)-#, it follows that is the 
coefficient of h” in: the a of 
os 
5750 
and when p = 1, this is 
2m —1 . (2m +1) (2m + 2)... (m+n) 
-2” , 
2 n—m)! 


* (2hym (1 = 2h + hay"; 


13 
Do 

! 
or my! 


(n— m)!2™m!" 
We then have 


(n+m)! 
(n — m)!2"™m!? 
Qn—mn!(n +m)! 
mi (2n)!  ” << 


Qn)! 
a ay OE 


or f (n,m, 1)= 
and hence we have 


2r—™n | (n +m)! pf ma—lLm+l, 1) 


bo mi (2n)! ES f(m,m,Il”’ 
or b, by (n ee at ae 1) 


ie m) (n— m — 1) (n— m— 2) (n— m — 3) 
#(m +1) (m+ 2)2! 
We have now obtained for f (n, m, 4) the expression 
an-mnl(ntm)!( |,  (~—m)(n—m-— 1) 
m!(2n)! { 4(m+1)1! 
4. @=m) (n= m= 1) (n= m — 2)(n— m— 8) Pe ac 


, etc. 


by 


[a yp 


(m+ 1) (m+ 2)2! 
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Tt follows that 


m +m)! m{ nom _ (@—m)(n—m— 1) — 
a yt OP ea 
_ (aM) on. (= M=3) gg 
+ Om+2)Qmpo2.40"°™ ss ee (6), 


where p» is not real and such that —1 Sp <1. 
When m = 0, this reduces to 


n(n—1) 


P, (p) = pt — ED pray 4 BO OO) rte 


ag Sas 
which is in agreement with the formula (21) of Chap. 11. 

In case pz (= cos 6) is between 1 and — 1, we have, owing to the con- 
vention as to the meaning of P,” (H), 


(2n)! 


P,” (cos 8) = (— 1)” Dama Ges ieae @ 
: x feos = moe cos™—™—2 6 
\ | @=m)... @=M=3) nme 
\ + o4@n—1) Gn = 3) cos 46 a OS (7), 


and also 


(n= m) (n — m— 1) 
= (7 
_(m—m)... (n—m— 8) 
') @m + 2) (2m + 4) 2.4 


x feos 6— cos"—”~29sin?@ 


cos*—"-4 sin? § — = BSS (8). 


57. There is considerable variation in the notation employed by writers 
on the subject with reference to the associated Legendre’s functions. By 
Ferrers *, who deals only with the case » = cos 0, T,,” (u) is used to denote 


(2n)! 3 {nm _ (@ =m) (n—m— 1) pnom-2 4 
nl (a — my) H) {ue ; 2 (2n — 1) oe 
which is equivalent to qa- pan 5 ale) : 
Thus 7,” (cos 6) is identical with the function here denoted by 
= (= 1)" P,” (cos @). 
By Thomson and Tait} the expression 
yim { nm _ (2 — m) (n—m— 1) = 
(1 — p?) fu Sa Pe 


* See Spherical Harmonics (1877), p. 76. 
+ Natural Philosophy, vol. t (1879), pp. 187, 205. 
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is denoted by @,, and the expression 


(l= a)" Ce = a YD yrm-2 (1 — p) + = 


is denoted by 3,. Thus we have 


! 
(= WMP (008 0) = seam On (u) = pa 95! (u). 


By Heine, the symbols P,,,™ («), Bm” (1), Qm™ (1); Qm™ (wu) are em- 
ployed for general values of 4. These are connected with the symbols 
P,” (u), Qu (4) used here, by the relations 


Pr’) (12) = Pag (1) = (w= YP Bu) (1) = (v2 — 1)" B_mi (1) 


_ 2n!(n—m)! 5, ,, 
= (Qn)! P,™ (1); 


Qn (1) = Qn (1) = (H2 = 1) Og () = (U2 — 1) D_n (wu) 


1.3.5...2n+1 
= See 


(ea Qn™ (14). 
THE TESSERAL SURFACE HARMONICS OF THE FIRST KIND 


58. Let us consider the function 
P,P (1), 


or (apa =a SFe), Gen2-2. 


The function may be written in the form 


— 1)" im aren 
Pa (u) = Gor a= wy oe (= 1) 


This function has, besides the zeros at the poles » = + 1, » — m zeros 
all lying between + 1, which consist of pairs of values with equal magnitude 
and opposite signs, » = 0 being a zero when n — m is odd. 

If on a sphere with its centre at the origin, we construct the locus 


P,™ (cos 6) eee md = 0, 


it consists of m — m parallels of latitude symmetrical about the equator 
cos 9 = 0, and of m great circles through the pole, two consecutive ones 
being inclined at an angle z/m to one another; the locus therefore divides 
the surface of the sphere into tessera or quadrilaterals, thus accounting 
for the term tesseral surface harmonic. When m = n, there are no parallels 
of latitude, so that the spherical surface is divided into sectors, in which 
case the harmonics are called sectorial harmonics. 
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Tf, in the above expression for P,,” (u), the differentiation be carried out 
after expanding (u? — 1)" by the Binomial Theorem, we find that 


(2n) ! (—-1)” (x — m) (n — m— 1) 


“ES ee al = = p= 
_ mam) (n — 1) (n—m-— 2) (n—m-— 3) prom 
2. oa 1) @n— 3) = 
AGED 9), 
in accordance with (5); and when m = n, ® 
= n 
Pym (y) = CE 1 uh, . 


Tf («2 — 1)” be written in the form 
= ho 
27 (ue — u(1+ 5) 5 
and this ST pSsON be expanded in powers of 4 — 1, we find 


P,” (u) = (- \ 1)" ae yyy i ié oe (ge Ve 


} a 2 (ES Sis e 


= (— 1)" 2-” (2n)! a wy {(e Zs ee n(n — m) (5 eS 


n!(n— my)! 2 2n 


_n(n—1)(n—m) (n—m SS = 


a I (10), 


which may also be written in the form 
ney (Dent m)! ym, , (@—m) (w+ m-+1) p—1 
Pn) = amt Ht Tat 
= ieee 
1.2(m +1) (m+ 2) 2 ) teal, 
or 
Py (e086) = mea sin {1 — C= OO sin 30 
_m—m)(n—m—1)(n+m+1)(n+m+ 2). ) 
+ "1,2 (m+ 1) (m +2) ain 3! = 
iS (11), 


which is an extension of Murphy’s formula (18), Chap. 1. 


If we take the expression 


Faun ety), 


96 The Legendre's Associated Functions [cH. 1 


which may be written 
qn — ])2—- 
arom [e—aren fpe eS, 
or : 
edz (el 1 2 
ano fem 1) + acca (0 m) (4 — 


1 n—m)(n—m—1 
a t Qn—m—2 : J e ) (wu — 19"? + a 
: we obtain : 
; nn (20)! (/u— 1” n(n — mM) (pe — 1\"-1 
Sal {( 2 ) bee eae 
; _ 2 (n— 1) (n—m) (n— m—1) /p— 1)? 
: T.2 (2n) (2n — 1) ( 3 ) cle 
: Comparing this with the expression (10), we find that 
4 ¢ i 1l+p #” dn = 
; P= cay (ian) ee DE) 2), 
which is an extension of Rodrigues’ formula, to which it reduces when 
m= 0. 
Since P,™ (u) = (— 1)"-™ P,.™ (— p), as is seen from (4), we have 
i (= (l= wi & aes 
a PW) = eo (Ft) gales GI) 03), 


which is the companion formula to (12). 
We have also from (10), changing p into — p, 
(-1"(a+m)! tan (n—m)(n+m+1) +1 
PP") = ommiin— my) tw 1 (t=) 2 
= (n—m) (n—m—1)(n+m+1) (n+ m+ 2) (wt as 
1.2 (m + 1) (m+ 2) ( zg)? 


or 


! 2s = 
P,™ (w) = (— 1)” meri x Pe costs 
(n—m)(n—m—1)(n+m+1)(n+m+ 2) 6 

1.2 (m+ 1) (m+ 2) 2 


1 
T 


In the formulae (12), (13), » is supposed to be real and in the interval 
(— 1, + 1). The corresponding formulae for the case of general values of u 
not in that interval are seen at once to be 


am dn 

PW =a@cayl and) qale— Dt YH (5), 
— 13" qa 

Pe) = say (Aa) gale tM GI (06). 
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EXPRESSIONS FOR Pf (w) AS A DEFINITE INTEGRAL 
59. The functions P,™ (u) may be otherwise obtained from a considera- 
tion of the fact that, since (z + ex)", or 7” (4 + V2? — 1 cos 9)”, is a solution 
of Laplace’s equations, solutions of the form 7” cos m¢.u,’” will be obtained 
if (u + Vp? — 1 cos 4)” is arranged as a sum of cosines of multiples of ¢. 
Tt is not necessary to restrict 4. to be real and in the interval (— 1, + 1). 


We have 
(u+V 2? — Loos 6)” 


Cee 
an (u2— 1 
“expanding the expression on the right-hand side in powers of Vu? — let 
by Taylor’s Giese we have 


enn ran | ae dr 


al(u + Vu? — 1e*)?— 13"; 


Vut— i cos$yr = 2 1)¥ ers 21)" 
(u+Vp s$) ype ne ti \H ) du? (u- ) 
1 a? ; ] man (ems (42 — 1)” grim = 
Pal qe — + oe { (etm)! qm 1) 
erms (ue? ez, 1)" qz-m z = 
Pag ra 


On writing for e?, e~-™? their values cos m/ + usin md, since the 
resulting series cannot contain terms involving sin m¢, we have the identity 


(w= 1)" dnem (epee 
(tm)! dunre = my dae 


and making use of this identity, we then obtain the expansion 


Pe Tee ge aay) ht cos (ut —1)™ 


Fal qa "+ pa Gem)! 
qdrim ze 
<a (nw? — 1)", 


which is the expression for (u + V2 — 1 cos ¢)" in a series of surface 
harmonics; we may write the result, as is seen by substitution of 7+ ¢ 
for ¢, in the form 


(V2 = 1 00s $9" = Py (u) +2" (4 1, cos mp. Py (1) 


where p is not real and between + 1. 


If is real and between 1 and — 1, we have 


(wt Vn?—1cos4)"=P,, (u4 re = EDP G cosmd.P,™(u+0.0), 


n!} 
n+m)! 
and since, by (4), Pf (uw + 0.1) = e-¥™™ P,™ (pn), 


HE Ti 
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we have 
Vu — Leos $)" = P. AS eo ee 
(w= V pe cos $)" = P,, (u) + ae ym en# (oe eee (1) 


where p=cos0, Vp? —1=csind. 
Tf we compare the series (19) with the expansion by Fourier’s series of 
the expression (u + V2 — 1 cos 4)", we'see that 
ter a 
ea (uw: Vp? — 1 cos ¢)" cos mhdd = (+ 1)" e-3"™ P,™ (uu) ...(20), 


nin Jo 


where . denotes cos 0. 
When p is not real and between -+- 1 we have from (18), 
1 i 
Pm (uw) =(£ 1)" ee) : iF {u £VP— Leos} cosmdhdd ...... (21). 
From (20) it is seen, by changing ¢ into ¢ — w, that 


ie (2+ weosu + wesin wu)” 08 mud 

a 3 sin 

-are solutions of Laplace’s equation. These are particular cases of the 
general form of solution 


[ f(@+ weosu+ ysin uw, u) du 


which is due* to Whittaker. 
DEFINITION OF P,,-™ (1) 
60. The equation (1) is unaltered if m is changed into — m; it is con- 
sequently satisfied by (1? — 1)~3” v, where v satisfies the equation 


av dv 
(1 ") TB 2(1 TOG 7h en m+1)v=0 


obtained by writing — m for m in the differential equation (2). 
If this equation be differentiated m times with respect to u, we find 
that v satisfies the equation 


dnt2y dmtty d™y 


a 1) am game + (m4 am 0, 


and thus the most general value of in is AP,, (uw) + BQ, (1). 
Tt follows that 
—1m ae fed a 
(uw? — 1)” i i Be [ P,, (wu) dudp ... dp, 
and a similar expression with Q,, () for P,, (u), the integrals being m-fold, 
satisfy the differential equation (1). In Q, () the limits should be » and co. 
* Math. Annalen, vol. tym (1902), p. 333. 
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The two particular integrals so obtained, we shall denote by P,,~” (y), 
Q,-” (u) when p is not real and between + 1. 
By employing the formula (17) it follows that we have the relation 
(n—m)! 


P,-™ (u) = (wm)! TEA) ae (22) 


where it is supposed that » = m = 0; otherwise the formula becomes 
nugatory, as P,.” (u) is zero when m > n, and (n — m)! becomes infinite. 

When p = cos 0, we define P,,-” (cos @) by e2”" P,.-™ (cos 6+ 0.1) in 
accordance with the definition of P,” (cos #) by é”™™ P.™ (cos 0 + 0.1), 
given in § 55, thus we have 


P,-™ (cos 6) = (— 1)" rm = me jPat (2086) nen (23). 


Also, we have 
—dma —im [* [* 
P,-™ (cos 8) = e#"™ (u? — 1) | | Py (1) (py, 
Jidi 
ipl 
or P,-™ (cos 6) = sin" 0| } «Py (1) (dp). 
Bie 
It will be observed that the expression 
Amn fe ee 
(ay | [Pa (u) (dy 
Bo 


is still a finite solution of the equation (1), when m > n, whereas the form 
am a”. = oe ) 
(w= 1)" 


=. to the primitive of the equation 


w= (t= HEY" (APs (u) + BQ, (0) 


we have the form 


becomes nugatory. 


w= (ty (qr) AP. (u) + BQ, ()}5 


obtained by changing m into — m; the operator (Ge) acting on f (x), 
being interpreted as | Z [ Ces LE f (#) (du); and thus there is complete 
symmetry in the form of the complete primitive. 


EXPRESSIONS FOR P,,” (1), AND P,.-™(u) 


61. The function P,,” (~) was defined in § 54, for values of 4 which are 
not both real and in the real interval (— 1, 1), as given by 


(2 yes an Pn (H)- 


| 
| 
: 
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We have then 
(aye yn 1 dem a 
Pm (u) = (Ww — 1) Fal gave —Y) 3 
if we express (u2— 1)” by 2”(u— 1)" {1+4(u— 1)}", and expand this ex- 
pression by the binomial theorem in powers of 3(1—p), and then carry 
out the differentiation, we find that 
(n+m)! 
2™m!(n—m)! 


P,” (u) (ta yn (m n,mt+n+1;m+1; +H) 


The hypergeometric series in this formula is a finite polynomial of degree 
n—M, since m <n. 

Again, if (u2— 1)" be written as (u — 1)” (w+ 1)”, and the differentiation 
be carried out by employing Leibniz’s theorem, we find that 


Peru) = 2 EMD HED (MEN (— 0, m—ms me 1 S3) 


m!(n—m)!\p+1 2 +1 
ee ee = (25) 
Using the known transformation 
F(a, B; y; #) =(1—2)** F(y—a, y—B; 7; @); 
this formula is equivalent to 
P,™ (u) 
! —]\2" : = 
(n+ my)! =) a ea ae 7) 
m!(n—m)! 25 etl 
oe (26). 
It has been shewn that 
6 (n—m)! 
Pau) = my Pa (Hs 
thus we have in case n =m = 0, from (24), 
P,-m(y) = sei 2 Din F (m — epabia Jams le 5°) 
ae (27) 


If we transform the hypergeometric series by means of the known 
formula 
F (a, 8; y; #) =(1—a)** F (y—a, y—B; 73 2), 
we find that 


Pom = a (eZy) F (m+ + 1,—2;m+1; +5“) . ..(28). 


Similarly, from (26), we have 


= we— Wem 2 \nt : pol 
Wa ailiea) Gai) Pe tm+Letiims its) 
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The series in thisexpression converges when p, or itsreal part, is positive, 
except that » is assumed not to be a point in the real interval (0, 1). 

The formulae (27), (28) and (29) have been obtained on the assumption 
that m < n, but they can be shewn to hold when m>. By the definition 
in § 60 we may find an expression for P,,-™(«) by substituting the value 


iy-y. 5H 
F(-n,n4+1; 1;—5*) 


of P,, (u) in the expression 
woe 
waaay ("| Pay au, 

and performing the successive integrations term by term; in this manner 
we must obtain a value equivalent to (28) or (27) when m <n. But, when 
m > n, the formula will be unaltered, and consequently the formulae (28) 
and (27) will hold for all positive integral values of m. It will be observed 
that (28) is a finite expression, but in (27) the series is infinite when m>n. 
The formula (29) can be obtained from (27) by transforming homo- 
graphically the hypergeometric series, so that it is expressed in terms of a 


hypergeometric series in which i = : is the fourth element. The form of 


this transformation will be the same whether m > n or m <n; consequently 
the formula (29) is valid for the case m >n. 


AN EXPRESSION IN A SERIES OF ASSOCIATED FUNCTIONS 


62. Since (z + w)-"-1, or r-"-1 (uw + Vu? — 1 cos d)-*-1 is a solution 
of Laplace’s equation, we shall, by expanding (u + Vu? — 1 cos ¢)-""1 in 
cosines of multiples of 4, obtain solutions of equation (1) of the tesseral 
type. We shall first assume that y is not real and in the interval (— 1, 1). 


Writing w = (u2 — 1)? e'*, we have, as in § 59, 
(w+ VF = 1 cos $)-"-2 = (20) {(q + 28)? — Yom, 
Let us assume that the real part of is positive; then | Bes | < l,and 
| w | lies between | » — 1| and| w+ 1]. 
Of the factors (uw + w— 1)-"-4, (w+ w+ 1)-*-4, the first can be ex- 


Sam Sols 2 
panded as a convergent series in powers of ue re and the second in powers 
w 
f ——. 
© 1 
We have 
—]\—"-1 —n-1 
Ce pee eee 
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Let us assume that, n being a positive integer, the binomial series for 


Tyee | Nee 
(1+4#=) is @) + @,+ a+ ...; and let that for 


1 w —n-1 
( # B+ ‘. 


be 6) + 6, + 6, +...; these series are absolutely convergent for each value 
of ¢. 
—n-1 
Let a + a + a + ... be the binomial expansion of Qa - = 8) ; 


and thus we have | a,| = «,, | b, | = a,, for all values of r. 

The Cauchy square of the series a + @ + a+ ... which is absolutely 
convergent, is 0? + 2a + ... + (Gy + Oy Gyp4 +... + OO) +... and is 
convergent; its sum is (a - en soe 

3 eal 


Thus the double series 2S a,c, is absolutely convergent, and it may 
r=0s=0 


therefore be rearranged in a series a any type without alteration of its 
sum; thus the series 

(ig? + 4? + Gg? +...) + 2 (Gye + Og + ..2) +... $2 (Cp@p + Op yy +...) +... 
is convergent. 


Since | a,b,|=e,e,, the double series z E a,b, is absolutely con- 
r=08s= 


vergent, and it may therefore be arranged in a series of any type which 
is convergent, and of which the sum is independent of the type. It follows 
that the series 
(Gybp + 10, + Agby + ...) + (Goby + aby + ...) + (A109 + Agby +...) + oe 
+ (gb, + Oy Bpay + +++) + (Gp by + Op) + +--+) + oe 
converges to the same sum as the Cauchy product of the two series 
My + Gy + Az + ooo by + 6, + by + 

eS ze! WD. \\=OS! 
which is Qa + —)\" “(1 + rae i) : 
since the two series are ee convergent. It is seen, by applying 
Weierstrass’ test, that the series of which the general term is 

(Goby + Oy Bp ay + +++) + (p09 + Or srby + «--) 

converges uniformly for all values of ¢; for this general term is, in absolute 
value, not greater than 2 (a,c, + 0 ¢@,4,+...) which is the general term of 
a series that is absolutely convergent. We can therefore multiply out the 


5 pol ned. w \—n-1 
product of the series for Qa = b—) - Q + aa and arrange the 


result in powers of w without alteration of the sum. 
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Tf we do this, we find for the coefficients of w™ and w~” in the product 


— yi w \-nd 
+1 at (same Siete 
seer y (14 BS ) (14554) : 
the expressions 
(+m)! 
atm? I 


Qn+t (y+ 1)--m (n+ latm+ m+ 1;2=4), 


pl 
and 


241 (y+ 1)-*2 (we, ye EEN (-1)"F (n+1, n+m+1;m+1; aS - 


It is known [see (29)] that 


=m 1 (p= Wi" (pt ly"* ( 1 Be na); 
Pee (i) me) ( <) Fin+1,n+m+i1;m+1; et 


hence the coefficients of ¢* and e-™ are - - 
+m)! 
(aye EN Pm (yom, 
and the same expression with e~™ instead of e””. We have now shewn 
that 
ut Vi—Te0sg}t =P, (uy) +2 E (- ya tm P,-™ () cos mp 


If we change ¢ into ¢ + 7, we have 


{u—Vp2— 1cosg} "+ = P,, (pu) + 25 een P,,-™ (1) cos m¢ ...(31). 


It has been assumed that the real part of » is positive; the case in 
which the real part of » is negative may be considered by changing p into 
— pb. 

Tf » is real and between 0 and 1, we have 


(wt Vp? — 1cosd)-"1 = P, (u + 0.0) 


+28 (= 12)! pm y + 0.1) c08 mg, 


and since P,-™ (w+ 0.0) = &™™ P,,™ (pu), 
we have 
(cos 0: isin 6 cos 4)" = P,, (cos 6) + 23 (F 1)" 8” P, (cos 8) cos mob 
Boe (32). 
FORMULAE FOR P,,” (41) AS A DEFINITE INTEGRAL 
63. From (30) it appears that, » having general values, 
Wi ie cos md ae 
PR 1 | , : 
(u) = (— 1)" mt m)in)o (eee gen? (m positive) 
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The equality of the expression for P,,” (4) given by (21) 


oe iu +V yu? — locos ¢)" cos m¢ dd, 


with Beene } ¥ eonTIEp dé, 

! 0 (+ Vu? — 1 cos 6)" 
where n =m, may be verified by a process due to Jacobi. It will be 
observed that when m > n, the equality becomes nugatory ; the first integral 
vanishes in that case, and the second expression is also zero. 


Using the formula 


(- 1)" Qn (m)! d™ = — ese 
(2m)! BEE 
where z denotes cos ¢, we have 
[+ Vit 7 008 4)" cosmp di 
0 


—])\r — 22)" 
ef (ut evel Se 


cos mb 


on picnmate m times by parts, the right-hand side becomes 
anm! 
(Qm)! 
hence by (21), 


_— 1)3” 
Pa) = ne | (nV 1008 gem int pd 


n(n 1) n(n m+ 2) (ut WEY ut eV pe Td a Aa, 


On using the transformation 
re poosd +V p2— 
pe +Vp?— 1cos 7 


we have é 
= 2m! (n+m)! jm sin?” 
gongs (2m)! (n — my) = i: (w+ Vn? — 1 cos p)yntrtt 


We can now as before shew that 
Ji +V 2 — Icos h)-*-1 cos mis debs 


TE (n+ 1) (0-2) (+m) (— 1m | (ue V = Leos) ee tsintmas 


= (omy) 
hence the equality is verified. It has been assumed throughout that the 
real part of is positive, and that n =m = 0. 
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GENERATING FUNCTION OF THE POWER-SERIES WHOSE COEFFICIENT 
1s P," (cos 0) 
64, Suppose p to be real and between + 1; then if h< 1, 
1 
Vi— thy + he 
on differentiating both sides m times with respect to 4, we have 
1.3.5... (2m—1)h™ dm, (H)_ 
= > he 
(1—2hp + hy" nam ™ 


This term by term differentiation is justifiable because, in any interval 


= =P, (u) hr; 
n=0 


interior to (— 1, 1), the series is uniformly convergent for m = 1, 2, 3, .... 


Hence the coefficient of h”-” in the expansion of 
1 
(L— 2h + h2y"** 
2” m!(— 1)" 


Cyr i wat P ot (). 


in powers of h is 


Writing h = r'/r, ». = cos 0, where r’ <r, this becomes 
1 3 Bmmi(— 1m ram oy 
< (Vr2-- 72 — 2rr’ cos 0)"*2 n=m (2m)! aa 
= | 
(7? + 1/2 — 2rr’ cos O)"*# {a2 + v2 + (@— ry" 


p2) *” P, (1). 


Since 


gn onan 1 


(m — m)! dgr—m p2mii? 


s ( iD 
n=™m 
we have the formula 
(2m!) sin” @ ae Ota 
27 m!(n — my)! Oger TaTEED 


which is a generalization of the formula (13) of Chap. m, for P,, (cos @). 


P, J" (cos @) = (— 1)" 


If the expression be integrated m times with respect to 


1 
Wik Zhu + h® 
p» between the limits 1 and p, we have 


2>m! 1 
Sy oe 


Shp + Wy", 


together with a rational expression which involves only powers of h, 
the highest negative power of which is h—”; this expression must be 
equal to Zh"P,,-” (uw) (—1)" (l— ey oe sin” @ P,,—™ (cos 8) is the co- 


efficient of h"+” in the expansion me 2h + h?)"-2. Writing h = . , 


eae 
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we see that the coefficient of r’"+ in the expansion of 
(r? + 1’? — 2rr’ cos 0)" 
(Ie oe 
(n + m)! dgntm 
we thus obtain the formula 


P,,~” (cos 8) = (— 1)"*™" sin-™ 6 


yond. 


is 


27m! onde 


(2m)! (n+ m) trea age (87). 


65. If, in the theorem 


£ cos mb aE 2 
o0a@+beosd Vaz — b2 


we put a= »—h, b=+V py? — 1, we have 
f cos md ds 7 _ poeta 
ou—h+Vp2—1eosd eee Vel i 


ae not a positive real quantity less 


7 pee 
b > 


which holds provided that 


ga = 
than unity. Suppose that h < 1, ay expand the integral on the left-hand 
side in powers of h; we see then from (33) that 


+m) Pu) 


is equal to the coefficient of h” in the expansion of 
1 fant Vineet ie 
V1 — 2uh +h? Vu2—1 : 


in powers of h. In this result, » is not real and between + 1. 


Cae 


In the case of » real and between + 1, leth = = ; in this case P,,-” (uw) must 


be replaced by ee P,,~” (u), and we have for eee =. oe P,™ (u), the 
coefficient of G i in the expansion of 
r f —r VP pre — 
Vr? — Qurr’ + 7? rV1= pe : 
ae (<n 1 & r— zm 
which is il sin-” 6 SS eo 
=5 (— 1)" sin-”@ 0” (r— ar 
hence P,,-™ (cos @) Gola ee 
: (= 1)"™ sin-m@ On (x — 2) 
or, by (23), P,.” (cos 8) = (ue ai) Famenet GA 
(— 1) amd 


= AO pmtnti ginn 
=a at Onn Oz" r (r + 2)™ 
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2 (— 1 an r—2 S 
Therefore P,, (cos 6) Fy yet ea z( = ) a Seu (38); 
if z be changed into — z, the formula becomes 
= (= 1)" 343 8" (L(r-+2\ 
Hee (6088) = ot ae =( a ) a (39). 


These formulae may also & deduced from (13) by means of Lagrange’s 
“theorem. Let y = e+ i =—, and let f’ (y) = a sts uty". Then 


rong! ohm os) Ea) 


or ty pe 2" (n mite paup 
es 


On substituting the value o je 


“as in § 44 and equating coefficients 
of h” we obtain the same generating function as above. 

RECURRENT RELATIONS BETWEEN SUCCESSIVE FUNCTIONS 
66. It has been shewn in § 54 that us = anP'n (u) 


qmt2 @ Me 
(2? = 1) Fea Pn (H) + 2 (ma + yo 


satisfies the equation 


¥ — (n—m) (n+m-+ 1) ora 0. 


On writing (= yn See) =P,” (z), 


we thus obtain the relation 


Pip? (w) + 2 (m + 


Pg (yu) — (wm — m) (n + m + 1) Pil (uw) = 


which is the recurrent relation between the three functions P,+? (), 
P,7+ (u), P,?" (w), when p is not real and < 1. In the case p = cos 0, we 
write 


(ayn — pin Fo) — Pm (n); 
we have therefore, in that case, 
pate eo) 6) + 2 (m + 1) cot 6P,"*1 (cos 6) 
+ (n—m) (n+ m+ 1) P,™ (cos 8) =0 ...(41). 


In order to obtain a recurrent relation between P’”, , (1), = 1 (Hs 
P,” (4), we may make use of the relations ; 
(20 + 1) pPp (w) — (w+ 1) Pass (H) — Pra (u) = 0, 
AP nss (ue) EP na (w) _ 
Gis =a = (2n + 1) P, (), 
which were obtained in § 20. 
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Differentiating the first relation m times with respect to 4 and multi- 
plying, we have 


n+ 1) p27 + n+ mE Fae) 
ne pPPen Pratt) o 


dp™ 
On differentiating the second relation m — 2 times with respect to p, 
we have 


a" Pea (w) OP na (uw) dP, (u), 
aa Fae = Ons We, 
by eliminating ee we find 
ah 8 aPnsa() op, op O"Padus) 
n+ 1) pF — (n—m +1) a (n+ m) ae = 0, 
or <i Sg 
(2m + 1) wPz” (u) — (mn — m + 1) PR, (u) — (w+ m) Pr, (uw) = 0 
ee ee ee (42), 
or ; 
| (w= m + 2) Pi, (uw) — (2 + 8) WP, (w) + (2 + m + 1) Py” (n) = 0 
see (42), 


the required recurrent relation. 


RELATION BETWEEN Q,,.—” (4) AND Q,,™ (1) 
67. Using the expression for Q,, (j) in a series of ascending powers of 


> which holds when | »| > 1, 

2°-n!n! { th at 1)\(~+2) 1 = 
1 
pe 


Qn (te) (Qn + 1)! pret "2 (2n + 3) pa 
2enint 1 M+2n+1 | 3. 
(2n + 1)! pt is : a 
we find by differentiating m times with respect to p, 
2-n!(n+ my)! 


Ooze! po. 
= <{ 1 (n+m+1)(n+ m+ 2) 1 : } 
(ae 2 (Qn ab 3) jee i 


monn! (n+ m)! 


oe rarer yee ae ak 


1 n+m+2 n+m+1, 3.1 
see 2 ? 5) 5m+ ae 


This defines Q,” () when | «| > 1, not only for values of m which are 
equal to or less than , but for all positive integral values of m, and it 
may be extended to define Q,/” () for negative integral values of m which 
are such that n + m is positive. 
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Using the known relation 


F (a, Bs y; 2) = (L— a)1-*-8 F (y— a, y — B; 3 2), 
we see that 


Tee moni(n+tm)!, » aay ak 
ee oy een 
— 2n—-— 1 1 
xF(® me we 7 sn+ 35) +-(48)'; 
we thus have the relation 
Ryo ee ee a 


(ntm)! (n—™m)! 
where n = m. 
ae 
THE DEFINITION OF THE FUNCTION @Q,,” (cos 6) 
68. When y has the value cos 8, it is convenient to define @,,” (cos 6) 
by means of the relation 3 
_(— 1)"Q, (cos 0) = 4 {e-2"™ Q,.™ (cos 6 + 0.1) + e™ Q,,” (cos 0 — 0.1)} 
= SS (45) 
(see § 54), which agrees with the definition of Q,, (cos @), given in § 32, for 
the case m = 0. It is clear that this function Q,,” (cos @), so defined, satisfies 
the differential equation for real values of py. 
The only part of the expression (59) of Chap. m1, for general values of 
#, which is not algebraical yields the term in Q,” (u) 
22m! | am [dnt n| (°° a 
Oe ee ee 
which involves log (u — 1) and log (u + 1). This term has the values 
ees tm owen CE os m 
Ca aaet o-oo 0 
oe og | 
- if, (Gate CB a (w+ Ta 
for cos @+ 0.1 = p, since the parts of the integral from 0 to oo must be 
taken along the imaginary axis in the positive or the negative direction 
according as the point cos @ + 0.1 is above or below the real axis. 
Tt follows that 
e 3”" Q.™ (cos 0 + 0.1) — 2” Q,,” (cos 6 — 0.1) 
has the value 
2 dw 


arn! dvim A 
(20) Gat — Pew (DP a ape 
or — un (— 1)” P,” (u); thus we have the relation 
oe Qi (w+ 0.0) — BQ,” (u — 0.1) = — or (— 1)" Pz (nu)... (46). 
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From the definition (45) and the relation (46) we have 


Q.m (w+ 0.0) = 2" 0," (ux) — F Pm wh, 


1" (4 — 0.0) = 8 LO, (u) + F Pam (uh, 
where p= cos 6. 


It has been assumed that m < n, otherwise the term considered would 
vanish. But the relation (46) is not subject to this condition because 
P," (uw) is zero when m > n, and we then have 


etme Qa (w+ 0.0) = HQ, (u — 0.0), 
both expressions having the same algebraical value. 


THE FUNCTIONS Q,” (u), Q,” (cos 6) 
69. When y is not real and between 1 and — 1, the function Q,” (#) 
has been defined in § 54 as (42 — ayn 280), which by Chap. 1 (59) is 


equivalent to 


ann! qntm © d 
Qu” (1) = (— 1)" Gn) 1 (u? ie ae {us yr (u2 Sash 


where is not real and < 1. 


In order to obtain an expression for Q,,” (1) analogous to the expression 
(13) for P,” (u), let u = (uw — 1)"-™ (uw + 1)"; we then find by differentia- 
tion that 


du 
(1~ 8) 5 + 2 (an —m)u=0, 
Pu d 
and (1= p4) gaat Bln — 1) w= 2m} T+ Pn = 0. 
In order to find the complete primitive of this differential equation of 


the second order, we put u = (uw — 1)" (w+ 1)"*™ w; we then find that 
w satisfies the equation 


Bw d ae ; = 

aut ay it UPS (ate ye } 2(m—1)n—2m_ 
dw (w= 1)r-™ (w+ 1pm NT eae 
du 


hence 
Fe (= DB (+ LYM A — 1)" b= 1 = 


d 


ae : 
2 00 GG 
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Thus 
: = d 
u= (p— eo (n+ 1)m {4 t B| (@— ar aE oat 


represents the complete primitive of the differential equation 


eu, du , 
(l= p?) dua {2(n—1)p 20a + 2nu = 0. 


On differentiating this equation n times with respect to yu, we find that 
d » tHe dntty, | a 
TG fa & Smt 2m dun" n(n + 1) du" 0; 


this last equation is easily reducible to the equation satisfied by P,,” (u), 


5 eo in 
Q,7" (u). In the equation (1) put w= eae U; we then find that U 
satisfies the equation : <= 


d dU dU 
Aen e) at Pee eats 1)0=0., 


We thus see that the complete solution of (1) is of the form 
— 1 de 
w=("Sa) gal @— Dee et 


pti) dun 5 
a 


The first part of this solution leads to the formula (13), which expresses 
P," («); the second part, which is infinite when » = + 1 and tends to 0 as 
| #| becomes indefinitely great, gives us 
_1i” d® ot d 
the na) a _yyrom aren | ctr ence yam 
Oro) KTS) ge Det) 

The whole of this expression is algebraic with the exception of a part 
etl 
ftp a 

To determine the constant K we may suppose | | to be large; then 
the leading term is 


in the integral. 


arising from a term log 


Ge (en. ail 1 
KO me pap 
K nit(—1)". 
ot Dae ip 
in accordance with the expression (43) this leading term is 
pn 22 (a +m)! 1 
CP Gat Dl ee 
and it thus follows that 
K=(-1" 


2" (n+m)!_ 
(2n)! ” 
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hence we obtain the formula 
tm) (be 1 


ne (2) (= 1) tam Ont \p+ 


Pee —r a y 


| 
2 Spe 
which is the analogue of the expression (13), for P,,” (1). 


70. If has either of the values » + 0.1 or «4 — 0.1, where p = cos 6, 
we see that 


— p\i” 
Q,.™ (cos 8+ 0.1) = Zs ‘a “ ! G = S eam (= lyre 


de (2 d, 
zs dyn fa pe (14 Das (= py (1+ ama 
The integral from yz to 0 is taken along a path which is above or below 
the real axis, according as the upper or lower sign is taken in + 0.1. 
The integration from pz to co may be divided into two parts, the first 


along the real axis to 0, and the second along the imaginary axis from 
0 to + 4; the integral becomes 


"00 


_— 
=p tape), pepe 
ae ca dé 
Tenteea | ERSTE 
becomes, when € is replaced by tan ¢, 


i cos*” zs (cos 2m — ce sin 2m) dis; 


and by expanding cos*"% in cosines of multiples of %, it is easily found 
that 


hn 
| cos” & sin 2mpbdyb = 0, 
0 


1 (2n)! a 
2-1 (n —m)!(n +m)!" 


hr 
and i cos?” ob cos. 2m dis 3 
i} 


Employing the formula (45) for Q, (cos 6), we have 


(54) get at m 


.” (cos 0) = (— 1)” a 


1 dp 
pee 
0 (= py (+ pyr 
for p = cos#,n=>m=0. 


When m = 0, this is in agreement with the expression (60) in Chap. m1. 
The relation (46), 
oO.” (w+ 0.0) — BQ, (4 — 0.1) = — um (~ 1)" P,™ (yu), 
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may be easily verified by employing the above values of Q,,” (u + 0.1) and 
the expression (13) for P,,” (). 

Tt is easy to extend the formula (48) to the case of any integral value 
of m. 


EXPANSION OF Q,,” (u) AND P,,.” (1) IN POWERS OF p, — Vu?—1 


71. If, in the equation (2), we make (u — V2 — 1)2, for which we shall 
write €, the independent variable, we find that the equation takes the 
form 


A Bv _ ae. s 
é (l= 8) ea +&{Z—m— (m+ 2) 8) ge £(n—m) (n+ m+1)(1—£)v=0; 
if now we put v = <2" >’, we find for v’ the differential equation 

, =p : : 

£(1— £) Ga tm + 8)— (m+ 2m 4+ NOT (+m + 1) (m+ BH o'=0. 

Comparing this with the differential equation 
Che dv’ 4 
£1. — 8) + hy— (+ B+1)8 Ge — a’ =0, 


which is satisfied by v’ = F (a, B; y; €), we see that if a=n+m+1, 
p=m+4, y=n-+ , the equations are identical. It follows that the 
fundamental equation (1) is satisfied by 


a = Gm (2 DP bt mnt mt iat $b, 
orby m= 2” (2-1) F (f+ m, m — 27; 3 — ; &). 
By changing m into — m, we see that the equation (1) is also satisfied by 
ly = GM (2 — 1) FG — m,n — m+ 1; w+ 9 8, 
and by w= £2” (2 — 1)2” F (4 — m, —m—n;4—7;8). 
The series 7, and u, are convergent for all values of 4 which are not 
real and between + 1; ws, wu, are convergent for all values of , since the 


real part of V2 — 1 has the same sign as the real part of ». In order to 
obtain the expression for Q,,” (u), it is sufficient to suppose p very great and 
to compare these solutions with (43), the principal part of which is 
m 270! (n+ m)! 
Ci Senay 
we thus see that Q,,” () is expressible in terms of u,, the principal part of 


4 1 
Pea) prem? 


1 1 
which is 3am yee (uw? — 12", and we obtain the formula 
metmtin! (n+ m)! 
(Qn +1)! 
xF(f4m,ntm+1jn4%55) esas (49), 


Fae) (w= 1)" 


Q,” (12) = (= 1) 


where z= +Vp?—1. 


HH 8 
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Using the relation 
F (@, B; y; 2) =(1— 2)? F (y — a, y— B33 2), 
we have also 


Q2n—m+1%! (n+ m)! 


SOE yr 


x F(}-mn-m+1jn+ $55) aes (50), 


where z=p+Vp?— 1. 

It will be observed that the series (46) converges when | z| = 1, m> 0, 
or » = cos 6, and, by Abel’s theorem, the sum of the series is continuous 
with its sum when |z|>1. This is seen from the known result that 
F (a, B; y; 1) is convergent when y — a — f is positive. 

When | | is large, the dominant term in u, is (2u)"—™ (j.2— 1)#"; 
by comparison with the formula (5) it is seen that the dominant term in 
P,” (1) is 

3 (2n)! 


ym 
2°n!(n—m)! ee 


Eee (uw? 
Hence we obtain the expression 


Qm—2n (In)! a m—n 
Pa (1) = rg hy GO (ut EF 4m, m— 95 F158) (BY), 


where € = (uw — Vy? — 1)?= = This expression is a finite polynomial in €, 
since n =m. 
This expression may be transformed into 


Q-m—an (In) | 


alee mi NE (mm, 4 — mb 036) 


Pim (u) = 


From (49) and (51) expressions for Q,,;” (cos 6), P,,” (cos @) in cosines 
of multiples of 6 may be obtained by employing the definitions in §§ 55, 68. 


DEFINITE INTEGRAL EXPRESSIONS FOR Q,,” (j) 


72. The expression (49) may be summed by means of the formula 
F(a, B; y; 2) eS) [ ust (1 — u)¥-*-1 (1 — wu) du; 
EES I@-—1Wl(y-e@—-1)Jo Z 

we thus find, when n = m, 


es momimtin' (n+ m)! TI (n + 4) nts) 9 Lop 
CGC pyr tmopnaem 


it 
x | uF (1 — y)p—m (1i— éu)-2--1 du; 
0 


1, 72] Definite Integral Expressions for Q,” (1) 
on writing u = vise this becomes 
; o+1 
ym 2082" (n+ m)! (m— 1)! 
(a G-len=ain 


x IE (v2 — 1)" Qu, + 20 Vp? — 41 do, 
di 


1)" 


or, writing v = cosh #, 


re men(n+m)!(m)!, , le sinh?” & 
Qn" (1) 1) (n — m)! (2m)! (u ae | (2 + Vu? — 1 cosh x)ntmtt 


where n — m = 0, and yp is not real and between + 1. 
In the case 4 = cos 0, we have from the definition in § 68, 
4 2m-4(n+m)im! . i sinh?” & 
@, (cos 8) (n—m)! (2m)! ate | o (cos @ + csin 6 cosh y)r+1 
| m sinh?” | 
a> 


sl o. (cos 6 — csin 6 cosh ps)" 


and also 


BREE (e030) — 7 +m) 1m! {r iD 


(n — m)! (2m)! ae o (cos 6 — csin 6 cosh f)rt™+1 
‘fs sinh?” y 
o (cos @ + esin 6 cosh x) tr +t) * 


Writing the expression 
co (v2 — 1)""4 o 
|, Gere Var 1p 


in the form 


ye d™ (v2 — Hiya dv 
i du™ (ute Vp? yet? 


n! 
(n+m)! (we 
we have, on using the formula 
dm-1(1 — Cae 
dyn-1 
where cos § = v, the expression 
n! (2m)! z ae cosh mis 
1 ———— db, 
3m (w+ m) tm ) 0 (w+ Vu2— 1 cosh y)"+4 u 
where 0 = uf; we thus obtain the formula 
n! 2 cosh my 
i 1)" } ee ...(54), 
gy) (n—m)!}o (u+Vp?— Teosh yn be 


where n = m, and p is not real and between + 1. 


(2m)! sin m@ 
2-m! Mm 


Ci 


2 
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If we make in (49) the substitution 
hp tVp2—1 
CO pe a EN 
: pB+Vp?— leoshy 


the formula becomes 


Qn (2) = ( ee eae ve 
loge = 
x| (u—Ve2— Teosh yp’ yp-™ sinh?” yf" dif’, 
0 


where n =m. 
If this expression be transformed by means of Jacobi’s theorem, we 


obtain the formula 
oN 
pl 


Q,2" (4) = (= 1)" i + Ee fe (w —V 22 — Lcosh $)" cosh mpd 


which formula holds for all values of m : it is a convenient one for calculating 
values of @Q,’" () since the only integrals which have to be found are of the 


form 
i v/ eel 
logeN/ Ti 


: cosh? cosh mis dip. 


A FORM OF SOLUTION OF THE EQUATION FOR ASSOCIATED FUNCTIONS 


73. It has been shewn in § 40 that for all values of » which are not real 
and between + 1 


1p! P, (u) 
Qn (KH) = 5 a ost 


by differentiating both sides of this equation m times with respect to we 
find 


du; 


P, (u) 
1(e— uy LB 


This formula suggests that the equation (2) is satisfied by definite 
integrals of the form 


2 (i) = (= yr dra! (ut — 


f’ P, (t) 
o(e— ira 
where, in the path of integration, the point » is avoided. 
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If v denotes this expression, we find that 


dv dv 
iy — a a 
(1 B) Te A(m+ ug + (n—m)(n+m+1)v 


= [om + 1) m2) (1 = 28) +2 (m+ YEU 
P,, (t) 


ores 


dt. 


+ (n—m)(n+m+1) (pe Je 
Now 
d 1-# SE 2b 
dt (uw — tyr? ee) fe GES (Se 

(m + 2) = p?) + 2p (w= 1) = (w= 87} 2{(u =) = 

iC pms (uw — t)m+t 

2 (m +4) p m 
(a0 (yer 


(m+ 2) 2 = foe 


hence the integral becomes 


B TST wos 1) 
I, ae Vg @airet Gaara Pa Od 


ot | (m+ 1) ase Pe On 
(uw ee 
yy 1-8 dP, (tf) n(w+1) 
[oom + 0 gape See — Gergen Po Oh a 


which, as P,, (¢) satisfies ogee equation, becomes 


1-# @P, (7) 
[m+ gaa? O- page de |, 


Tn order that this may vanish, we may in all cases take 6b = 1, a = — SL: 
Also, since P,, (t) is of degree » in ¢, when m> n, we may eke b= 0, 
a=1,orb=o,a=—1. Further, when m is negative and numerically 
greater than 2, we may take b = 1, a= pw, or b 1,a= yp. We thus 
obtain integrals of the equation (1) of the following forms: 

(a) (w- 1)" ie qian du, where p is not real and between + 1; 


this has already been considered. 
Pi (u z 
) (pe — ge wen where m> n. 


(c) (uw? — yey wae where m > n. 


(@) (w2-— ye (u — p)™- P,, (u) du, where m > 2. 


© (= ee (u — wy" P,, (u) du, where m > 2. 
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The forms (6) and (c) represent two independent integrals of the equa- 
tion (1) for the case m > n; the integration must be taken along a path 
which does not pass through the point wu = p. 


The forms (c) and (d) both represent the integral P,” (u) when m < n. 
An elaborate discussion of these integrals and the series into which they 
can be expanded is given* by F. E. Neumann. 


It will be observed that the above solutions of the differential equation 
(2) hold good when n and m are not restricted to be integers or to be real, 
although Neumann’s investigation is confined to the case when » and m 
are real integers. 


* Beitrage zur Theorie der Kugelfumctionen (Leipzig, 1878), pp. 25-40. 


CHAPTER IV 
SPHERICAL HARMONICS 


74, We proceed to the consideration of solutions of the equation of 
Laplace in its original form 
2 202 02V 
tat | Bye! Oe 
Such solutions will be obtained in the form of homogeneous functions 
of x, y, z, and will include the solutions we have obtained in Chaps. 1 and 
im as particular cases. Much of the theory given in Chaps. m and mm will 
be here developed from another point of view. 
A function which is homogeneous in z, y, z, of degree n, and satisfies the 
equation (1) is called a solid spherical harmonic or simply a spherical 


harmonic; the degree n may be a positive or negative integer, or fractional _ 


or complex. 

In the present chapter we shall consider the forms of harmonics of 
positive or negative integral degree only, reserving the consideration of 
harmonics of fractional or complex degree for subsequent treatment in 
Chap. v. 

If x, y, z be replaced by their values in terms of polar oe the 
solid spherical harmonic of degree n will take the form 7”. f, (0, ¢); the 
factor f, (0, #) is then called a spherical surface harmonic of degree n. 

The advantages of the use of spherical harmonics expressed in Cartesian 
coordinates were recognised almost simultaneously by Thomson (Lord 
Kelvin) in England, and by Clebsch in Germany. The most complete 
development of the subject is contained in the well-known Appendix B of 
- Thomson and Tait’s Natural Philosophy. 

The term ‘Spherical Harmonic,’ which was introduced by Lord 
Kelvin, refers to the fact that such functions’may be used to represent 
potential functions which satisfy prescribed conditions over the surface 
of a given sphere. 


75. If V,, denote any spherical harmonic of degree n, we have ~ 


me = 8 + {mr"-? + m (m — 2) 2?r™-4 V,; 


ae 2 nV) = = 


writing down the es equations for my (rV,,) and eS (Es 


we have by addition 


C) 
zoe, ee +z £2) 4 mm 4 yt Vee 


V2 ("V,) = 2mrn-* ( 
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or V2 (0"V,,) =m (2n+m+1)r™2V, 2 wae (2), 
= OA Vn Ove 
since Og gee 
The equation (2) gives on putting m = — (2n + 1) 
V2 tet an ee es (3). 


We have thus the fundamental theorem that, if V,, is any spherical har- 
monic, of degree n, a spherical harmonic of degree — n — 1 is obtained by 
dividing V,, by 72"+1, 

The theorems (2) and (3) hold for values of n which are unrestricted. 
In the case in which n is a positive integer, we see that, to every harmonic 
of positive integral degree n, there corresponds a harmonic of negative 
integral degree — n — 1. The result may also be stated thus: corresponding 
to any surface harmonic f, (6,4), there correspond two solid harmonics 
 f, (0, 6) and r-* f, (8, 6). 

The theorem (3) is a particular case of the more general theorem that 
if F (a, y,z) is any function which satisfies the equation V?F = 0, the 


function ff (je 4 eS) also satisfies the same differential equation. This 


proposition, which may be verified by differentiation, is essentially con- 
nected with Thomson’s theory of inversion; in fact, if x’, y’, 2’ be the inverse 
point of x, y, z with respect to a sphere of radius unity, with its centre at 
the origin, then if F (x, y, z) be any potential function, the corresponding 
potential function at the inverse point (z’, y’, 2’) is 
1 
(a2 + y+ 2/2) 
1 iste eae ee 

or 7 F Ga ye ai) 
This last function is a potential function, where x’, y’, z’ are the independent 
variables. 


F (x, Y, 2); 4 


In case f, is a homogeneous function of degree n, not necessarily a 
spherical harmonic, we find, instead of (2), the more general formula 


V2 (r™f,,) =m (2n +m +1)r"™2f, +7 V2f, eae (4) 
which coincides with (2) when f,, is a spherical harmonic. 
In case m = — (2n + 1), we have 
eel ne 
ve (aa Se (5). 


ORDINARY SPHERICAL HARMONICS 


76. The most important spherical harmonics of degree n, a positive 
integer, are those which are polynomials of degree n in (2, y, z). This kind 
of spherical harmonic, which together with the corresponding harmonics 
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of negative degree — n — 1, obtained by multiplication by r-"-1, may be 
spoken of as ordinary, or complete spherical harmonics, will be considered. 
here; the treatment of other types of spherical harmonics being post- 
poned. The most general homogeneous polynomial of degree » contains 
4 (n+ 1) (n+ 2) arbitrary coefficients; and if the expression be substituted 
in Laplace’s equation there arises an expression of degree n — 2 equated 
to zero. Since the coefficient of each term, involving xyz, where 
Pr + Py + Ps = n— 2, must be zero, 4n (n — 1) relations must be satisfied 
between the coefficients of the original polynomial, $(n+ 1) (m+ 2) in 
number, in order that it may be a solution of Laplace’s equation. If all these 
relations are independent of one another, $n (n — 1) of the coefficients can 
be determined in terms of the remainder, and thus the most general 
harmonic of the prescribed type contains $ (n + 1) (n + 2)— 4n(m— 1), or 
2n + 1, independent constants. Thus there would then exist 2n + 1 inde- 
pendent spherical harmonics of the prescribed type; any other harmonic 
of the type would be a linear function of these. For example, three inde- 
pendent harmonics of degree 1 are x, y, z; and of degree 2, the expressions 
y? — 2, 22 — x, yz, eu, xy are five independent harmonics. 


It is, however, conceivable that* the 4n (x — 1) relations between the 
constants may not be all independent of one another, and in that case a 
number, less than 4n (n — 1) of the constants, would be determined in 
terms of the remainder; thus there would exist more than 2n + 1 inde- 
pendent harmonics of degree n. This would be the case if homogeneous 
polynomials of degree n — 2 can exist which are not obtainable by per- 
forming the operation V2 on homogeneous polynomials of degree n; and 
thus, if the most general polynomial of degree n — 2 is not obtained by 
operating with V? on the most general polynomial of degree n. A direct 
proof will be given in § 80, that this cannot be the case; but that every 
homogeneous polynomial can be obtained by operation with V? on a 
properly chosen polynomial of degree higher by 2. If this be assumed, the 
proof is complete that the number of independent functions is precisely 
2n +1. In the meantime an indirect proof of this assertion will be given, 
by utilizing the results of Chapter m1. 


By substitution of 7 sin @cos¢, rsin @sin¢, rcos 0, for x, y, z re- 
spectively, in the most general homogeneous polynomial of degree m in 
(2, y, 2), and by expressing the terms in cos? ¢ sin’¢ in cosines and sines 
of multiples of 6, and rearranging the result in terms each involving only 
one such multiple, it is seen that, if P,, (x, y, z) is the most general homo- 
geneous polynomial of degree », for V?P,, (x, y, z), an expression is obtained 


* Tt has been tacitly assumed by Thomson and Tait and various other writers who have given 
this proof of the existence of exactly 2n + 1 independent harmonics that the $n (7 — 1) relations 
are independent of one another. 
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which, by employing the transformation of V2 given in (1) of Chap. 0, 
takes the form 


BO 1 1 2? cot A a 5 _ BEE 
(oa t op aes ae * sin? 6 Op? * 7a xa) [r {Anup + Ante cos mp 


+ BrUm Sin més | 5 


where Uo, U, Ua, ---, 2%, V2, --- are functions of 6 only, and A), A,,..., 
B,, By, ... are 2n + 1 arbitrary constants. 


This reduces to 


[flood coer ami Se ool 
+n (n+ Y-; ——S = (An Um Cos mh + By Vm Sin mp). 


This will have the value zero, if all the constants vanish except one, 
say A,,, and if 


ra 1) eh +n 1) | 0. 


This equation has been shewn to have only one solution a,,P,” (u) 
which does not involve logarithmic infinities. It thus oe that 


there exist the 2n +1 harmonics 7°P, (u), 7™P,™ (2) © 28 nd, where 


sin 
m = 1, 2, 3, ... n; and these are independent of one another, as no 
linear relation 


Ble) + 3 (lm cos mp + By sin md) P,?” (1) = 


can subsist between them. This is seen by multiplying by cos md¢ or by 
sin mf and integrating for 4 over the interval (0, 7), which would prove 
that a, = 0, B» = 0; and this for every value of m. 


To shew that there cannot be more than 2n + 1 harmonies of the type; 
if we assume that P,, (x, y, z) is a harmonic, we have 


AyUp+ = (UmAm cos md + VnBy sin md) = 0 
m=1 


where U,, denotes 


d radon m* 
[a {@ Be ra He 
and J, a similar expression with v,, instead of w,. 
From this equation, as before, we see that AnUm=0, BnVm = 0, 
since the equation holds good for all values of ¢. Hence, if A,, or B,, is 
not zero, we must have U,, = 0 or V,, = 0, and therefore» ,,, v, have the 
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values Om’ P,.” (2), Bm’ P,”™ (uw), and therefore the harmonic is a linear 
function of the 2n + 1 independent harmonics already found. It has now 
been proved that: 


The number of independent ordinary harmonics of degree n is 2n + 1. 


77. Another mode of actually finding the 2n + 1 independent or- 
- dinary harmonics of degree n is the following. It will be observed that, 
if a, b, ¢ be constants such that a? + b? + c? = 0, any function 
f (au + by + cz) 
which is differentiable twice, satisfies Laplace’s equation; this is obvious 
on substitution. In particular, we see that 
(2+ weosa+ wsing)", - 


where @ is an arbitrary constant, satisfies Laplace’s equation; if for any 
value of a we expand this expression in powers of z, y, z, the real and the 
imaginary parts will each be a harmonic of degree n. We have 


(2 + wx cosa + vy sin a)" = 7” {cos 6 + usin 6 cos (¢ — a}; 
the expansion of the expression {cos 6 + usin 0 cos(¢ — a)}" in cosines of 
multiples of 6 — a has been already obtained in § 59. Writing cos 0 = p, 
we have 
(+ weosa + wsina)" 


pen ape cos m (b a). 


ae M=N tne 1! 
i {Pa (u) + 27S" e @+mi" 


Since the right-hand side of this equation is an expression which, for every 


value of «, satisfies Laplace’s equation, the coefficients of cos ma, sin ma, 
are each separately harmonics; we thus obtain the 2n + 1 harmonics 


rP,, (1), 
rP,” (w) cosmd, 1”°P,.” (w) sin md, 
where m = 1, 2, 3, ... n. These harmonics are obviously independent, and 


they therefore form a system of the required kind. The general solid 
harmonic of degree n is then 


1 [dyPp (1) + "3 (dm 008 mp + by sin md) P,? (u)], 


WHETE My, Im, Om are 2n + 1 arbitrary constants; this expression, when the 
values of r, », d in terms of 2, y, z are substituted, is the most general 
spherical harmonic of the prescribed type. 

Tf Y,, (w, y, z) be a solid spherical harmonic, of degree n, ae is also 
a solid harmonic; this follows at once from the last expression. Since 
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a é 0 oY, oY, 


a= lay —Y¥a> it follows that fae = Ye is a solid harmonic. 
Clearly yx 2 2 and ae 2 0 * are also solid harmonics. 


Further, the negative harmonic — Y,,_, has the corresponding property. 


78. We have shewn in § 76 that the most general spherical harmonic 
which is a polynomial in (x, y, z) of degree x is a linear function of the 
system of zonal, tesseral and sectorial solid harmonics, which correspond 
to the system of surface harmonics investigated in Chaps. m and m1. We 
proceed to obtain this result by another method, which as developed by 
Thomson and Tait and by Maxwell, is of great value not only on account 
of its elegance and simplicity, but also because it throws much light upon 
the nature and properties of the functions. The principle of the method is 
that, having given any solution of Laplace’s equation, other solutions may 
be obtained by differentiating the given solution any number of times with 
respect to x, y, and z, or more generally that, if V is a solution of Laplace’s 


equation, so also is ee is oS denotes any rational integral 
v dan? Oy’ de 8 


function. From the simple solution V = : , by applying this method, all 


the zonal, tesseral and sectorial harmonics of any integral degree may be 
obtained. In order to develop this method most simply, it is convenient 
first to investigate a general theorem in differentiation. 


A GENERAL THEOREM IN DIFFERENTIATION © 


79. Suppose that it : required to express the result of the operation 


In (Geo 5 Oa,” wg) FOG (tas tas tay 5) 


where F and ¢ are any functions, and f,, is a rational algebraical homo- 
geneous function of degree in the differential operators; it is clear that 
the expression can be exhibited in the form 
id ee ies d’*F 
Xo age 1 % pa +t iE Xe Tae Fo reap 

where Xo, X1, --» Xn-1 denote functions of the p variables, the forms of which 
are independent of the form of F, and depend only on f, and ¢. To deter- 
mine the functions y, we may take F to be of any form which is convenient; 
let F {6} = 4", the nth power of ¢, we have then 


Sn (= i =) {P (21, Xp, ... p)}" 


1 1 
ml at abt ot a et eae eae (A); 
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a) @ (aa 5)" 
= tu (apee agen Bag) (eat Pasta + Bay on ty + Bl) 


a Sore, on the right-hand side, h,, hy, ..., are all put equal to zero after 


the operation is performed. 
Using the Binomial Theorem, we have 
[6 (a 2 hy, oa) - fa, -- 11 Up oe hy)\" 


T=n 


-2 oor 1B (ae Bas on IAB (a+ Isa + Igy on iy + I) 
= $ (0045 gy 0 Bp) PF} 


operating on both sides of this equation with fh ie ae 9 ae we 


obtain an equation which must be equivalent to (A) be h, = 0, 
h, = 0, ... hy = 0; comparing the coefficients of 4", we have 


1 a 620 a 
= anit Ge Oy? = 
{¢ (a, ay hy, Uy hy, ie By i) —¢ (@, %, Ss: Zp)}", 
where h,, hz, ... hy are all put equal to zero after the operation is per- 


_ formed. 


We have thus obtained the following theorem: © 


fa(gees ss ge) FO Carts )) 
age to (args ae ond ees 
nr 
aera We 3 oof ees ase 

where P=¢(%4+h, ee 
and hy, hy, ... hy are all put equal to zero in the result. : 

The particular case of theorem (B) in which p = 1, f, = (f)'was given 
by Schlémilch *. 

in the case ¢ (2, 23, ... %)) = 27 + 2 +... 4+ ©," = p*, the theorem 
ak OA 
ages or d (p)"* is 


(B) takes a simple form; the coefficient of 


7) 0 
moni Ge Oh? a) 
hy + hae + one + Meg? + 2 (hy + lig hy + --. + hy ty)}", 
* See Compendium der héheren Analysis, vol. 11. 
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where h, = 0, hz = 0, ... hy = 0; the only term in this expression which 
does not vanish is 


1 oo 8 ea = 
anit Gi Oy? “7° m7 tase at ee + --) 
x hd + th? 08 


It is easily seen that if f,, y,, are two functions, of the same degree n, 
a @ é 
nl aps aes «+ ae} Un (My, hg, -.. hy, 
fe a> Bags apg) Ho Mas Bas =>) oe 
=n toa Oly? tee ie) (hy, he, »-- hy); 


it follows that the coefficient of ———— = a ao is equal to 


1 Qn-2r a 1 : pee ONE 
rl ay! (25, fagy t= tgp) 
202 h 
(aia ans taps 3) Fn (la, EES UD 
now let 
o2 2 02 \r * 
(spat sage tm + pes) Fo Casa Tig) = Dace (Pan Diy -n Ty) 
then the above expression is equal to 
1 tae ee a 
Gals (a5, ba ore 
and this is easily shewn to be equal to 


Qn—-2r 


ar nar =o +++ Xp). 


Q \n-2r 
= om.) Noon aol beol 


We find then as the coefficient of ——,—— , the expression 


d (r2)n— ¢ ao 


Qn—-2r 2 o2 
r! (Gn Z ane t + =a) So (ar “+ &p)- 

We have thus obtained the following theorem * of which we shall make 
frequent use: 
ae a 2) (at + 28+... + 2,8) 
"\0a,? Ot,’ "Ot oe 2 

op apr | on der yen et ae Via. 
d(rje El d@)r4 2 dr) 

Qn-28 qu+e 
Spe d (r?)"* 


Very ae (Cig ap son (a) cones (6), 


* This theorem was given by Hobson in a paper “On a theorem in Differentiation, etc.” in 
the Proceedings of the London Mathematical Society (1), vol. xxtv, p. 55. The above proof was 
given by him in the Messenger of Mathematics, vol. xx1m (1894), p. 115. 
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5 Re 92 92 92 
where one am? =F... aa,2? 
and 1 BP Et eg 


The particular case p = 3, of the theorem (6), is the one which we at 
present require; it may be written 


fa(e mg) Paty+e) 


Ox? dy? Oz 
der Qr-2 qr-lFf Qnr-2r dr+F 
{ ” TP m7 Z@pa + aod eae se (a, y, 2) 
Sens (7), 
where pe ae oe 
dx2 " By? * 022° 


80. Ifin the theorem (7), we put F (r?) = - , we have 
@ Osi (2m)! 1 
AC oy? fel (on pe 
V2 rv 
x1 = eee a Gr 1. 
In the case in which f, (x, y,z) is a spherical harmonic Y,, (x, y, 2) 
we obtain the important theorem 
a0 1 2n)! 1 
ee By rm (— 1 AY ia Falta) vol). 
This theorem (8) we shall make the basis of the method of determining 
the forms of the ordinary spherical harmonics of integral degree. The 
expression on the right-hand side is an harmonic of degree — n — 1; on 
multiplication by r2"+1, we obtain the corresponding harmonic of positive 
degree. It follows that if f, (x, y, z) is any polynomial homogeneous func- 
tion of degree n, the expression 
rey? rN 
( 2(Qn—1) | 2.4@n—1) @n—3) --) Ju (0452) oe (10) 
is a spherical harmonic of degree 7, or else is zero, in which case f, (x, y, 2) 
is a multiple of 22+ y?+ 2. 
This theorem (10), which was first given by Clebsch*, is capable of a 
simple direct’ proof as follows. 
Assume that 
Tn + 17 fna + 1 fna + oe + fina + os 
is a spherical harmonic, f, 5, f,4, ... being homogeneous functions to be 
determined when f, is given, their degrees being indicated by the suffixes; 
we find 


V2fn = V2fu> V? (fn) = 1? V*fn-a + 2 (20 — 1) fra, 
V2 (r4fya) = 14V2 fg + 4 (20 — 8) 7fy-a, 
* See Crelle’s Journal, vol. Lx, p. 344. 
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and in general 
V? (7?* fas) = TV? fos + 28 (2n — 25 + 1) 7*-*f, 963 
hence, in order that the assumed expression may satisfy Laplace’s equation, 
we must have Vf, +2 n — Df,.=0, 
V?fa-2 + 4 (2n — 3) fra = 0, 


V?fn—ocrg + 28 (2n — 2s + 1) fro, = 0, 


therefore 
= El 2 = 1 4 
tra=— 2@n—1) Vhs Ina = 3 4(@n—1) (@n—3) V4f,. ete. 

Thus the expression (10) satisfies Laplace’s equation. In one respect we 
have proved a theorem which is more general than (8). 

The theorem (10) was proved on the assumption that n is a positive 
integer, whereas in the second proof x is not so restricted; when 7 is not 
a positive integer the series is no longer terminating, but provided that 
it be convergent, it will still represent a . spherical harmonic, if certain 
conditions are satisfied (see § 102). 

It will now be proved that every homogeneous polynomial f, (a, y, 2) 18 
capable of being expressed as Vfn12 (x, y, 2), Where fro (x, y, z) is some 
polynomial of degree n + 2, which is of course not unique, as any spherical 
harmonic of degree n + 2 can be added to it without affecting the result 
of the operation. The form f,,., is obtainable as a multiple of 2? + y? + 2%. 


It can in fact be shewn that 


See Vf, 
In (@9.2)=V tp @n +3) 2.4(2n +3) Qn 41) 
it rV4f,, 
2.4.6 Gn + 3)(@n +) Qn] } 


In case f, is a spherical harmonic, this equality is obtained at once 
from (10). To prove it in the general case, we use the formula (4) to express 
the terms of the series on the right-hand side; we have 


Tf 1 = 
V5 Gn 5) ~ Fn pa) Ont hat VY} 
aon : 4 2) 4 
VEE (Qn +3) Qn+1) 2.4(2n+ 3) (20+ nt (2n + 1) V3, + rtV4f}, 
ve 7 V "fn 


2.4.6 (2n + 3) (2n+1)(2n—1) 2.4.6 (2n + 3) (2n + 1) (2n — 1) F 
x {6 — 1)r'V7f, + 18V4fnt, 
Substituting these expressions for the terms on the right-hand side, 
the result reduces to f,,, which is the value on the right-hand side. There- 


yi 
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fore f, (x, y, 2) is always equivalent to an expression V?/,,,. This proof 
was given by Elliott*. 


MAXWELL’S THEORY OF POLES 


81. Before proceeding to obtain from the formula (8) the expressions 
for the zonal, tesseral and sectorial harmonics, it will be convenient to 
introduce the conception, developed by Maxwell, of the poles of a spherical 
harmonic. 

Suppose a sphere of any radius constructed with its centre at the origin; 
any line whose direction cosines are 1, m, » drawn from the origin, is called 
an amis, and the point where this axis cuts the sphere is called the pole of 
the axis. Different axes will be denoted by suffixes attached to the direction 
cosines ; the cosine of the angle which the radius vector r to a point (a, y, 2) 
makes with the axis (J,, m., n,.) will be denoted by 2,; thus 
Lat my + nz 

z 


= 

The cosine of the angle between two axes with suffixes . and j is denoted 
s a a a 

by yj; thus p.; = 1.1, + mm; + n,.n;. If the operation J, an +m, 2 +n, 2e 
be performed upon any function ¢ (a, y, z), this operation is spoken of as 
differentiation of the function with respect to the axis, and the operator is 


denoted by = . A function may be differentiated successively with regard 


to any number of axes; thus if the axes be denoted by hy, hy, ... hn, the 
operation is denoted by 


which is equivalent to 


(as my) (ug = = ay ze)f 42). 


82. The potential function V, = — is defined to be the potential due 


to a singular point of degree zero a the origin; & is called the strength 
of the singular point. 

Let a singular point of degree zero and strength e, be on an axis h, at 
a distance , from the origin; we also suppose that the origin is a singular 
point of strength — e; let e, be indefinitely increased and a indefinitely 
diminished, but in such a way that the product ea, is finite and equal to 
@,; the origin is then said to be a singular point of the first degree, of strength 
@, the axis being h,. A singular point of degree unity consists therefore of 

* Quarterly Journal of Math. vol. xtvut (1917-18), p. 373. 
HH 9 
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two singular points of degree zero, of infinite strength, such that the 
product of this strength and the distance between the two points remains 
finite. A singular point of degree unity is frequently called a doublet, 
the axis being the axis of the doublet. 


In a similar manner by placing two singular points of degree unity and 
strengths ¢,, — e, at a distance a, along an axis h, and at the origin re- 
spectively, when e, is indefinitely increased and «, indefinitely diminished 
but so that lim ec, = &, a finite quantity, we obtain a singular point of 
degree 2, strength ¢,, at the origin, the axes being h,, hy . 


By proceeding in this manner we arrive at the conception of a singular 
point of any degree n, and ee é,, at the origin, the singular point 
having any n given axes hy, hy, ... hy. ‘ 


TE €, 1¢n-1 (2%, Y; 2) is the potential due to a singular point at the origin 
of degree n — 1, and strength e,_,, with axes h,, he, ... hy, the potential 
of a singular point of degree n, the new axis being h,, is 


CnaPn—a (© = In, Y — Mn, Z — My@) — Cn sPn—a (#s Ys 2)» 
where « is indefinitely decreased and ¢,_, indefinitely increased, so that 
lim e,_,@ = €,; this expression is, in the limit, equal to 
on (i, 280-8 + my Bet 4 ng b=) 


F My 


Ox oy oz 


CG) 
or = nap, Gn—1- 


We see immediately that, since ¢) = = the potential V,,, due to a 
singular point at the origin of strength e, and axes hy, ho, ... hn, is given by 


= an 1 
Wena mae, (11). 


V,, 


The result of performing the operations in (11) is to express V,, in the 
form 2! see where Y,, is a surface harmonic of degree n, and it will 


appear as a function of the angles which r makes with the n axes, and of 
the angles which these axes make with one another. : 


The poles of the axes are defined to be the poles of the surface 
harmonic, and are also frequently spoken of as the poles of the solid 
harmonic Y,,7” or of Y,7r-*-1. 


By taking the 7 axes in various directions we obtain various harmonics 
of degree n; any such harmonic is completely specified, save for a con- 
stant multiple, by means of its poles. 
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; 83. In order to express Y,, in terms of the positions of its poles, we 
make use of the theorem (8). On putting 


6 #6 an ron 7 9 A. 6 
tal am oy 2s) ne ie (gg + m5 + ae)» 


then 


Y,, 


(2n)! 1 (1 ES rvs ) 
Ininim\ 2(2n—1) ' 2.4(2n— 1) (2n— 3) 
< Tl (2+ MY + pz). 
8 1 
By & (2A"-2s) we shall denote the sum of the products of s of the 
quantities 1, and n — 2s of the quantities A, each suffix occurring once 
only. Remembering that 
Hse = Ul, + mem, + MMs 
Ag? = 1,2 + MyY + NyZ, 
we find at once 
TI (le + my + nz) = & (A") 7", 
V?I (la + my + nz) = 2 (ptA"-*) 12-2, 
V4Il (la + my + nz) = 27.20 (w2A"-4) 27-4, 
and generally 
VT (la + my + nz) = 2m! E (pmdAn-2m) yr—2m ; 
we thus obtain the following expression for Y,,, the surface harmonic which 
has given poles hy, hy, ... hn; 


papa 
* nt 


2n — 2m)! 
as {( Ue ad Tn = 2 Qr-eepmyh 
where S denotes a summation with respect to m from m = 0 to m = $n or 
4 (n — 1) according as n is even or odd. 
This is Maxwell’s general expression for a surface harmonic with given 
poles. He proved it by an inductive process. 
If the poles on a sphere of radius r are A, B, C, ..., the following are 
the harmonics of the first few degrees: 
Y,=cosPA, pole at A; 
Y,=+4(3cos PA cos PB— cos AB), poles at A, B; 
Y, = 4(15cos PA cos PB cos PC — cos PA cos BC — cos PB cos CA 
—cosPOcos AB), poles at A, B, C; 
Y,= 4 (35 cos PA cos PB cos PC cos PD — 52. cos PA cos PB cos CD 
+ cos AB cos CD + cos AC cos BD + cos AD cos BC), 
poles at A, B,C, D. 
9-2 
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84. The idea of determining harmonics by the- position of the poles 
was suggested by Gauss*, but was first developed by Maxwell}. An 
equivalent analytical theory is contained in a memoir by Clebsch{. It is 
interesting to compare the remarks made by Maxwellt and by Sylvester§ 
upon this method. 


Maxwell writes: “In numerical investigations I have often been per- 
plexed on account of the apparent want of definiteness of the idea of a 
Laplace’s Coefficient or spherical harmonic. By conceiving it as derived 


- s oe gears 
by the successive differentiation of = with respect to . axes, and as expressed. 


in terms of the positions of its « poles on a sphere, I have made the con- 
ception of the general spherical harmonic of any integral degree perfectly 
definite to myself, and I hope also to those who may have felt the vague- 
ness of some other forms of the expression.” Commenting on this passage, 
whilst expressing high appreciation of the elegance of the theory of poles, 
Sylvester writes||: ‘‘The method of poles for representing spherico-har- 
monics, devised or developed by Professor Maxwell, really amounts to 
neither more nor less than the choice of an apt canonical form for a ternary 
quantic, subject to the condition that the sum of the squares of its variables 
(here differential operators) is zero, and I am quite at a loss to understand 
how it can at all assist ‘in making the conception of the general spherical 
harmonic of an integral degree perfectly definite’ or what want of definite- 
ness apart from the use of this canonical form can be said to exist in the 
subject.” 


THE SYSTEM OF ZONAL, TESSERAL, AND SECTORIAL HARMONICS 


85. Let the m axes of the harmonic coincide with the axis of z, we 
have then by (11) the harmonic 


applying the theorem (8) to evaluate this expression, we have 


Glee ert Sen) a r2V2 rtVt 5 
n! Oz" 7 Sarai 2(2n—1) t 2.4(Qn—1) Qn—3) ae 
(2n)! f ,_ 2(m—1) 2 2(n—1)(n—2)(n—3) 
maint tt 22n—1)" + 2.4 @n—1 Qn) =. 


* Collected Works, vol: v, p. 631. 

{ Electricity and Magnetism, vol. 1, Chapter 1x. 
t Crelle’s Journal, vol. ux (1862), p. 343. 

§ Phil. Mag. (5), vol. 1 (1876). 

|| Loc. cit. p. 305. 
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The expression on the right-hand side is P,, (1), the zonal surface harmonic; 
we have therefore : 


P, os _ = = (18). 

This formula has been proved in § 10 by expanding the function 
ft yt (e—2/)yt 
in powers of z’ by Taylor’s theorem. 


Next, suppose that » — m axes coincide with the axis of z, and that 
the remaining m axes are distributed symmetrically in the plane of (x, y) 


at intervals of =~. 
m - 


If cosa, sina, 0, are the direction cosines of one of these equatorial 


_ axes, we have 
= rm\ 0 
(e+) ant 


and 


the above product becomes 


ms ers) a, Gs) Zi. 


r=0 


lm -em-8)] 


When a = 0, this is equal to 


eer eg 


it is equal to 


ee [ey eu | : 


which is equal to 


T 


and when « = =, 
2m 
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We have from (8) 
an-m 0 d\"1_(—1)"(2n)!_ 1 
Ge* Gy) 


Cz ENG eee “oy, r 2°n! (eer 
eye rvs — 
zs [2 2@n—1)* 2.4(n— 1) @n—3) S| me ey 
_(-D*(2n)!_1 


le a Ze dt wer 
Bent — pani (@E WY) [2 2(@n—1) dz 2.4(2n—1) 2n—8) det =| 


— 1)" (2n)! = —m-1 
{ ee — (w+ wy” [=~ _ (2) eel) ee 7 ) gr m=a¢2 
_ =m) (n—m—1)(n—m—2)(n—m 3) ere | 
d 2.4 (2n — 1) (2n — 3) Z = 
_ (1 @n)! 1 


Boe ae (cos md + csin md) sin” 6 


nom __ (DM) (n= m= Vpr—m—? 
x {ye E 2 (2n— 1) = aces 
Now 
2 . dP, 1)". drim 
P.” (wu) = (— 1)" sin 6 a — sin” aon (2 — 1)" 
_ (rn)! .. nage = (Is) (te NT emaae, } 
= = Seat my Oe V@n—1) © ag 
therefore 
CLG) o\™1_ (—1)"-*(n—m)! ‘ 
room (Gp By) pt (cos mg & esin md) Py (1). 


We thus obtain the formulae 

on™ (,ON™ o\™) 1 (—1)"-™(n—m)! 

Qgn—m 1) a5 a) i z ‘Qm—Lpnti cos md. P,.” (1) 

on™ (/0\™ (0\™) 1 (—1)™(n—™m)! . = 
‘ogame i(ce) (,) ie Qa Sinmd. P,™(1s) 
In the particular case m = n, we have 


@+@p-eiaerw] 


s (ey (=) : = sinnd.P,.” (#)) 


We thus see that the tesseral harmonics of degree n and order m are 
those which have n — m axes coincident with the axis of z, and the other 
m axes distributed in the equatorial plane, the angle between two con- 


...(14). 


secutive axes being o The sectorial harmonics have all their axes in the 


equatorial planes. The zonal harmonic has all its axes coincident with the 
axis of z. 
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We see further that one axis of the harmonic P,” (1) cos m¢ is the 

axis of z when m is odd, whereas, when m is even, the axis of x bisects the 

_ angle between two consecutive axes; the converse is the case for the other 

harmonic P,;” (2) sin md. We might, of course, have deduced the ex- 

pressions for the tesseral harmonics directly from Maxwell’s general formula 
(12) for a harmonic with given poles. 

Since we have from (13), 

Oe 


22 = (— 1m (nm)! Fact) 


yn—mt1 ? 


we find that 
2 ey” = (=) — a P,1" (pw) cosmo 
: (ae) (5) Peomlt).— ae P,” (uw) sin md 


DETERMINATION OF THE POLES OF A SPHERICAL HARMONIC 


86. The theorem (8) shews that Y, (x,y,z), any ordinary spherical’ 


harmonic, can be generated by means of an operator f, & i =) which 


acts upon = the function f,, being so chosen that 
7 (20)! ANE TN 
¥, (# 952)=(—1)" gant |} 9m —1) + 2.4(@n—1)On—3) Fal(@,9,2)- 
From this relation it appears that, if any function of the form 
(+ ¥? + #) fra (* Y, 2) 
is added to f, (x, y, 2), the value of Y,, (x, y, z) is unaltered; this follows 
from the identity 
= ee ca) f e a o\e 
Ba? | oy? + aga)in—2 Gq? Oy’ Oz 
If we regard Y,, (x, y, z) as given, f, (7, y, 2) is not uniquely determined, 
but its values differ from one another by multiples of 2? + y?+ 2?; in 
order to determine the poles of a given harmonic Y,, (2, y, z), we must so 
choose f, (x, y, 2) that it is resolvable into linear factors; we shall now shew 
that this can be done in one and only one manner when the poles are 
prescribed to be all real. ‘ 
We see that when x, y, z are such as to satisfy the equations 
Y, (a, y, 2) = 0, 
eryt a=, 


the equation f, (x, y, z) = 0 is also satisfied; the problem of determining the 
poles of Y,, («, y, ) is therefore equivalent to the algebraical one of reducing 


<=> TTS 
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the function Y.,, (x, y, 2) to the product of linear factors by means of the relation 
a? + y? + 22 = 0, between the variables. 

Suppose 

s=n 
Y,(@y,2)=A TL (Coe + mgy + a2) + (@ + ¥? + 27) Vana (® Ys 2), 
B= 

we see that the plane /,a + m,y+n,z=0 passes through two of the 
2n generating lines of the imaginary cone x? + y? + z?= 0, in which that 
cone is intersected by the cone Y,, (x, y, z) = 0. 

Thus a pole (/,, m,, ,) is the pole with respect to the cone 

a+ y2+ 2=—0 

of a plane passing through two of the generating lines. The number of 
systems of poles is therefore x (2n — 1), the number of ways of taking the 
2n generating lines in pairs; of these systems of poles, however, only one 
is real, namely, that in which the lines in each pair correspond to conjugate 
complex roots of the equations Y, = 0, x? + y?+ 22=0. 

a y z 
a + oy Oe tB, Os + UB, 
gives one generating line, the conjugate one is given by 


_ Suppose 


Cee ty, @ 
@%— By a — tBp as — Bs” 
and the corresponding factor lz + my + nz is 


x y z 

% + 1B, + tBy a + Bs 

% — By a, — Bp oO — Bs 
which is real. It is obvious that if any other pair of roots were taken 
together, the corresponding factor and therefore the direction-cosines 
(, m, n) of the corresponding pole would be complex. We see therefore 
that there is one and only one system of real poles of a given harmonic, 
and that their determination requires the solution of the equation of 
degree 2n obtained by elimination between 


Y,, (@, y, 2) = Oand 22+ 24+ 22=0. 
This method of proving the existence of a real system of poles of a har- 
monic was given by Sylvester*. A similar investigation has been given by 
Clebsch + who, however, does not use the geometrical conception of poles. 


87. It appears, from the above investigation, that the problem of 
determining normal forms for a spherical harmonic of any degree n is 
equivalent to the algebraical problem of reducing a ternary quantic V,, of 


* See “A note on Spherical Harmonics,” Phil. Mag. vol. 11, ser. 5 (1876). 
+ See Crelle’s Journal, vol. ux (1862), p. 346. 
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degree n to the sum of 2n + 1 normal forms when the variables a, y, z are 
subject to the condition x?+ y?+2?=0. We have already determined one 
set of such normal forms, namely, the system of 2n + 1 zonal, tesseral and 
sectorial harmonics; the existence of this set of normal forms is equivalent 
to the algebraical theorem that any ternary quantic of degree n, in which 
the variables are subject to the relation x? + y? + 2? = 0, is reducible to 
the form 


Ayer +" % (Ape + Bey) 2, 
r=1 


where €=2-+ w, 7 =x — wy. To prove this directly, we observe that if we 
substitute for « and y their values in terms of €, 7, the quantic takes the 
form Xc,,.£?ntz"-*~4, where p, q have all positive integral values includ- 
ing zero. Suppose p = gq, then the relation &= = —2z® reduces the quantic 
to the form 


2 (= Gee oe =D [(— 1% ep 96 + (— 1)? Gon] > 
which is of the required form. 


We have thus a direct algebraical proof of the reduction of any spherical 
harmonic of degree n to the sum of 2 + 1 harmonics of the type specified. 


We shall subsequently, in treating of ellipsoidal harmonics, have occasion 
to obtain a different system of 2n + 1 normal forms for the spherical 
harmonic. 


W. K. Clifford * has remarked that any harmonic is expressible as the 
nm — 10 
2 


sum of a number of sectorial harmonics, the number of which is # 


bn — 9 
r 


according as 7 is even or odd. 


THE DIFFERENTIATION AND TRANSFORMATION OF SOLID HARMONICS 


88. From (8) in Chapter mm we have the following expression for the 
solid tesseral harmonic r”P,,” (4) cos md, where p = cos 6, 


(n+ my)! fei (n—m)(n—m— 1) 
2"(n—m)!m! : 2 (2m + 2) 


7P,()cosme = (— 1)" Pm-2by 


(nam) sa(ta m= 8) gn—m—4 2 1 (ém am 
* 2.4m -+ 2) (m+ 4) (én) -...] 1 +7"). 


This expression may be applied to determine the solid harmonic which 


Kk 
is obtained by performing the operation (&) on 7"P,” (wu) cos md, where 
kan-—m. 


* See the British Association Report for 1871 or W. K. Clifford’s Mathematical Papers, p. 234. 
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We find on performing the differentiation on the expression.on the 
right-hand side, for k < n — m, 


ONE +m)! —m)! 
(&) &Pam (u) cosma} — ( = = a Tm! — —S 


ee Oe en) + B+ 


which, by a further application of (8), in Chapter m1, gives 
0\* ! 
G) {r°P,7" (1) cos md} = we rik P® (1) cos md ...e: (17), 


for k Sn —m. When k> 2 — ™m, the result is zero. 


In particular, we have : = 
(§) wr. (4)} = Gopi Pe (pu) Ses (18). 
_We have also 
(ze) aE (5) | {r"P,.™ (u) cos mp} 


Cu Qe eT [Ge t (5) | & (— 1828s 


(n—m)!m! (GLEE 
Soest gaa 2 ) 


where the greatest value of s is 4 (xn — m) or } (n — m — 1). 
Performing the operation on the right-hand side, we find the expression 


(—1)™(2+m)! a 1 
2 ee a= a a 


lean oe) emi cS | 


First, let 4 < m, then in the second term the smallest value of s is 
for s =. We thus find that 


[(e) = () | {r"P,.™ (2) cos md} 


— 1), ! 
a I PER (u) c05 (m— A) 


gn—m—28 


x 


1 


tee PRX (4) cos (m + A) d......(19), 


where the second term on the right-hand side is zero [if 2A> »—m. In 
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_ ease A> m, the smallest value of s in the first term is A — m, and the ex- - 
pression becomes 

ENS Cs 

[= (G)] re cos ma 


az Se Gael ro Pit (2) cos (A— m) b 


+ ae PP) (1) cos (m+ A) bu-ee--(20), 


when A > m; where the second term on the right-hand side is zero in 
case 2A>n — m. 
_By combining (17) with (18) or (19), we find that 


; a IG) + (2) fr" P,™ (u) cos md} 


i mM earth satn—n4 


=o apie P™A 1, (uw) cos (m +A) d .-..--(21), 


 incaseA< m, k <n —™m; and in case A > m, the expression is 


— ee Eee (4) cos (A— m) 


1 ! 
or we grt P™** | (4) cos (A + m) d.....-(22). 
We have, in particular, 


a Gz) + G,)} () eran 


! 
= FG on! gn-A-k P* _)_», (2) COSAP......(28), 
when k+ASn. 


89. The method of differentiation may be applied to transform 

_ spherical harmonics to the corresponding ones with a different origin. 
Let 0’, the point (0, 0, ¢), be the new origin, and let (r’, 0’, 6) be the polar 
coordinates of the point (r, @,4) with respect to O’ as origin, the axis 
‘of z being unaltered, and the directions of the x and y axes being unchanged. 


We have 


m™P,™ (wu) cos mp = (— 1) el 
(n—m)(n—m-1),, , nme, 
2 (2m + 2) aes of 


x {e + ¢)r—m 


where z= 2’ +c. 
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The expression in the bracket on the right-hand side may be expressed 
in the form 


$@)+ ef 24 SB" @) +. 


where ¢ (z’) denotes 


gm (2’), 


= wT 


(n—m)(n—™—1) m2 
2 @m +2) Zz fesces 


gin—m 


or 
(g’2—™ — ...) + ¢(m — m) (22-1 — ...) +5 (n—m)(n—m— 1) (g's — =): 


We thus find that, employing (7), 


48 P21) COS ie =1'"P,” (uw) cosmd + ¢ (n+ m)7r'*41P™ _, (u’) cosmd 


31 ae +m) (n+ m— 1) ret Pe m .(p’) cos md aS Bega (24), 


and the expression on the Aen ohand side is the sum of solid spherical 
harmonics of degrees n, n — 1, n — 2, ... m; with O’ as origin. 
In particular, we have, when m = 0, 
mP, (uw) =7'°P,™(w') + 6. nr P, (Ww) + 5 57 (n— 1) 7"? Ps (w') 
Serco OP ericee wee (25). 
For the case in which the solid harmonic is of degree — n — 1, we have 
from (14), 
P,," (cos 6) cos mp (-y— 2il aot (2: (Sys 
pees (x — m)! 0z"—™ (OE, On} jr? 
1 1 1 CA ee 


= 7 @ oprah rad et Bh agin F 


” 


where A = e , and c<r’. Thus we have © 


= eee ( im (Ge) 4 > a 


Goa pl Gales sce 02a S 
gam |e * Coe eT Oger to |P 


a hence we find that 


nw" (cos 8@)cosmd _ P,,™(cos8’)cosmd P®., (cos 6’) cos mh 


c(n—m+1) 


grti gy ntl pf Nt2 
eh m + 1)(n— m+ 2) P™., (cos 6’) cos md 26 
aI ns oe ORAS (26), 
and in particular, when m = 0, 
P,,(cos0) _ P,, (cos 6’) 1) Pats (608 6’) 
ae oo : e(n+ 1) Se 
. (Ot We + 2) Prag (0088) a 


+ nis a5 6050s 
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In case c> 1’, we have 


er) gee rent Wo) wrerort 
Be te +e! Be) fen +(e + yh 
Ge Ge 


‘ and thus .—- = 


P= Oe iE IP ae (cos 0’) 


(nm - a [7s 
ontst1 


(ale E ( 1) P, (cos 6’). 


‘The differentiation term by term can easily be cee 
Thus, from (13), we have 


Pi(w)_ (| U" $ (n+)! 1’ 1 
prt n! 2 1s st! anal. (cos 6’). 


Tf we operate on both sides with 


xl) + &)} 


~ and change n into n — m, we obtain, using the formula (16), an expression 
§ P,. (cos 8) cos md . 

= fe come 
Similar formulae with sin m¢ instead of cos m¢ are obtained in the same 
- manner. 


in spherical solid harmonies with the origin at O’. 


Some formulae for the transformation of spherical harmonics have 
been given by Ad. Schmidt*. 


THE ADDITION THEOREM 
_ 90. The zonal surface harmonic of which the pole has direction cosines 
8 ae. = +e +=), or P,, (cos @ cos &’ + sin 6 sin 0’ cos — ¢’). 


7 rer” 
The solid harmonic r77’"P,, (twee 
is symmetrical about the radius vector through (z’, y’, z’) and is also, when 
considered as a function of 2’, y’, 2’, symmetrical about a radius vector 
_ through (a, y, 2); it is consequently called the biaxal harmonic of (2, y, 2), 
(x, y’, 2’) of degree n. 

Let y denote the angular distance between the points (2, y, 2), 
(v’, y’, 2’), then . 


) is a function of 2, y, 2 which 


1 
(PF —2r' cosy +r2)2 {(w— 2’)? + (y—y')? + @- 2! je? 
the expression on the right-hand side may be expanded by Taylor’s 


* Schlémilch’s Zeitschr. vol. xLtv (1889), p. 327. 
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theorem in powers either of x, y, z or of «’, y’, z’, subject to convergency 
conditions ; we thus obtain the following expressions for the biaxal harmonic 
et yeas Oatbte 1 
alb!e! oxtdy?dx (92 + y . 22ye 

Lye ze Qatb+e 

alblcldx’edy’?dz” (g'2 + S + 2/2)8 


(rr’)” P,, (cos y) = r2"#4 YIXIS (— 1)” 


= ATE (— 1)" 


the summation being taken for all integral values of a, b, c which are such 
that a+ b6+c¢=n. Hither of the expressions on the right-hand side is 
symmetrical with respect to x, y,z and x’, y’,z’; this might be verified 
directly, but it will appear otherwise if we find the expression for 


(rrr P,,.(cos y) 
as the sum of 2 + 1 zonal and tesseral harmonics of which the poles are 
along the axis of z and in the plane of zy. 


91. In order to obtain this expression for the biaxal harmonic, we 
proceed, in accordance with the principle laid down in § 87, to transform 
the expression (w’x + yy + 2’z)", where 2, y, z are subject to the condition 

24 y2+ 22 — 0, 
Put €=x“%+y, n=a-yw, &=2 +y', 7 =2'—y/, 


then (oe05' + yy! + z2'\" = (4n'E + FE + 22/)P 
Sao n! SAS a SST eon as 
= (z2’) Sa 3a55 : (z2’) p 


the summation being taken for all values of a and 6 such that a + b <n, 
a = 6, the values a = 0, b = 0 corresponding to the term (zz’)". Using the 
relation &) = — 2?, this becomes 

(war! + yy’ + 22") = (z2')" 


ee ge ee) 


Putting a — b = m, the coefficient of é"z”— on the right-hand side is 


>» (pp 2 n! (é'7')? a/mzin—m—2 
2m+2> 6! (m+ b)!(n— m— 26)! g 
where the summation is taken from b= 0 to b= ~—™ oy > ™— L 


2 2 
according as n — m is even or odd. This coefficient is equal to 


n! (xn — m) (n— m 
2°m!(n—m)! 2 (2m + 2) 


ale m) (n.—m — 1) (n—m— 2) (n—m—8) ma) : 
2.4 (2m + 2) (2m + 4) = ee yee. h, 


which is equal to 


r’™ (— 1)" (cos md’ — csin md’) P,” (cos 6’), (see § 56). 


5 (a —y’) mato me) gin—m—2 (gy/2 4/2) 


n! 
(n+ my)! 
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Similarly the coefficient of y”z"-™ can be shewn to be 


(-1)™n!l , 7 : r " 
+m)! r’™ (cos md’ + csin md’) P,,” (cos 6’). 
Hence 


2 (wa' + yy’ + 22)" = P,, (cos 0’) 2” 


+n! 3 7 Pn (cos 8’) {cos md’ (E* + y™) + esin md’ (4 — &")} 2"—™. 


Voie 
1(n+m)! 

A O00 2 = 
Tn this result change 2, y, z into Oe Gee letting each side operate on 


* we have then in virtue of (14), and since 


e200 ONL i 
a er oy =) pola P, (cosy), 


, (cos y) = P,, (cos 0) P,, (cos 8’) 
25 aes omen ; Pai (cos 0) P,™ (cos 6’) cos m (g — $’)_ ...(28). ve 

This important expression * for P,, (cos 6 cos 6’ + sin 8 sin 6’ cos ¢— 4’) 
in terms of the zonal and tesseral surface harmonics is known as the 
addition theorem for the zonal function P,, (cos y). 

Thus (rr’)" P, (=e) is here exhibited as the sum of ex- 
pressions, each of which is a zonal, tesseral, or sectorial harmonic when 
either (x, y, z) or (a, y’, 2’) are considered as variables. 

92. Another symmetrical form for the biaxal harmonic may be found 
as follows. Since (ax + by + cz)” is a spherical harmonic provided 

?+b?+c=0, 
th ion (« a 2 + ay “ 
e expressio: ag t ¥ ay eau) a 
is a spherical harmonic in @, y, z; it follows from the theorem 


G a e\ ( yy 22)! Ya (ey. 2) 


"\ Ga’ dy’ Oz) r 2 


that 
feo 0520-0 0" 1 (2m)! 1 C0. 0\"1 
(& Oa’ oy ay’ be a) cy) Qn | pemri (2 Oa’ | Vegi + * a) r 
web yy ee) (= ae é Cd) Gee 
Now P, ( = ) nl ag? a agp ee 2a) ws Y 


* This was given first by Legendre in 1782. 


144 Spherical Harmonics (cH. IV 
we thus obtain the theorem 
P a) =o G Coad ae oN 1 
2 rr’ (20)! \eu ex’ * Oy Oy’ * Oz Oz") rr’ 
which was obtained* together with many other results by a different 
method by W. D. Niven. 


7 


THE DEFINITE INTEGRAL PROPERTIES OF SPHERICAL HARMONICS 

93. The fundamental property of circular functions on which the 
possibility of the expansion of functions in series of circular functions 
depends is : ; 

ce nb.” n'940 = 0, 
9 COS “COS 

where m and n’ are any unequal integers; we proceed to investigate the 
corresponding theorem for ordinary spherical harmonics; which theorem 
is of the same fundamental importance in the application of spherical 
harmonics as the above theorem is in the theory of Fourier’s series. 


3 Tf Y,, («, y; 2), Zn (%, y, z) be two spherical harmonics, then 
|| Ved = (29), 


provided n and n’ are unequal, the integration being taken over the whole 
surface of any sphere whose centre is the origin; since V?Y,, = 0, V?Z, = 0, 
at every point within a sphere of radius 7”, we have 


| {| (Y,V°Zq — ZpN2Y,) dedyde = 0, 


the integration being taken throughout the volume of the sphere; this 
volume integral may be written 


(2 OZ ON 0 OL, Ole 
ee Oa Zn leat ey Dn =) 
0 OL, oY, 
ee Be — Few )} dxdydz = 0. 
By a well-known theorem in the Integral Calculus, the volume integral 


may be replaced by a surface integral over the surface of the sphere; we 
thus get 


WECM aco oe 28 


+2 (@ ee Vhs, ao) dS =0. 


On using Euler’s theorem for homogeneous functions, this becomes 


— "ly Y,Z,,dS = 0. 


* See Phil. Trans. vol. cLxx (1879), p. 393. 
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_ Unless n=’ the double integral vanishes, and thus the theorem (29), 
" which is due to Laplace, is proved. 


94. We shall now investigate another theorem of fundamental im- 
_ portance in our subject. If Y,, (x, y, z) is any spherical harmonic of degree 
‘n, and P,, is a solid zonal harmonic of the same degree, the pole of P,, being 
_ at (2’, y’,2’), then, over a sphere of radius a, 


4n Dip seb 
il ee, 7-2) ie, 0 ne yor rn (CRO 5) = seo (30). 


This may also be stated as follows: If V, (0,4) is a surface harmonic 


of degree n and P., (cos 6 cos 6’ + sin @ sin 6’ cos 6 — ¢’) is @ zonal surface 
harmonic with its pole at (6', 4’), then 


(ea j Pauses Ania = Sn aa 
[. is V,,(0,¢)P, (cos@cos6’ + sin Osin 6’ cosé — \dudo= oy V,, (0,6) 


We have shewn in § 77 that V, (6, ¢) is of the form 
Vn (0,4) = aPn (jt) +" (Gy 008 m$ + by sin mf) Py (1), 
fae 


where a, d,, bn, are constants; to determine @ we observe that, when 
w=1, P, (vu) = 1, P,” () =0; hence ap is equal to the values V,, (0) of 
_ J, (6, 4) at the pole 6 = 0 of P,,. Multiply both sides of the equation by 
> P, (u) and integrate over the surface of the sphere of radius unity, we then 
have 

Qn 

0 


ie V,, (8,4) Pn (u) dudd = ay | ee (u)}2dpdd 


2 4a 
oe a er 1 2n+1 


V,, (0), 


Qn Qr 
since J cos mad = | sin md dd = 0. 
0 0 
Tf, instead of taking » = 1 as the pole of P,,(u), we take any other point 
(p’, ¢’), the result takes the form (30). 
The theorem may also be proved without assuming the fact that 
_ V,, (8, ¢) is a linear function of the system of 2n + 1 zonal, tesseral and 
sectorial harmonics with any given axis. Since V,, (@,¢) satisfies the 
equation ; - 
a @Y, 
2 2 nl Ses n 
=n) 37 {0 wy Get + (ne AW) Vn + SE 
_ integrate the expression on the left-hand side of the equation with respect 
_ to¢ from ¢ = 0 to ¢ = 2z, keeping u constant; we have then 
a) A O [2s ar 
wali wg), Mads} +n e+ af Pads—0, 


2; 
0 


=0, 
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ar 
hence | V,dé satisfies Legendre’s equation. Thus, since it is a rational 
0 


integral function of », we must have 


[i Vadb= CP, (H), 


where Cis a constant; to determine C put pu = 1, we then have 27V,, (0) =C, 
thus 


[5° Vad = 20V, (0) Po (. 


On multiplying both sides of this equation by P,, (j.) and integrating from 
p= —1to w= +1 we have the same result as before. 


EXPANSION OF A FUNCTION IN A SERIES OF SPHERICAL HARMONICS 


95. We shall in Chap. vu shew that, under certain restrictions, a 
function F (0; 4), given for all values of 6 and ¢ over a sphere of unit radius, 
_-is expressible in a series of surface harmonics, and that this series is in a 
large class of cases uniformly convergent. 

Assuming for the present the truth of this proposition, we can apply 
the theorems (29) and (30) to obtain the harmonics of each degree in the 
expansion; thus let 


F (8, ) = Vo(8. $) + Vi (6.6) + --. + Vn (8,4) + --> 
where V,, (0,¢) denotes a surface harmonic of degree n; change 0, ¢ into 
0’, ¢’, multiply both sides of the equation by 
P,, (cos @ cos 6’ + sin @ sin 6’ cos ¢ — $’), 


we then have, since, for n 4 n’, and assuming that the series = VJ, (0, ¢) 
t= 


converges uniformly to F (8, 4), 


0 
the formula 


20 fl —— 
| | P,, (cos 6 cos 6’ + sin @ sin 6’ cosh =) Ve: (0',$') du’dd’ = 0, 
il 


Qn pl se 
| | F (6',d') P, (cos 6 cos #’ + sin @ sin &’ cos d — 4’) du'dd’ 
o J-1 
= | 2 te V, (0', 6") P, (cos 8 cos 6” + sin Osin 6’ cosh — $') du'dp" 
0 =f 


4a 
= 5 V0.9) 


by (30); thus 
2Qn+1 Qn fl ar vi ° . rr See TS. Ta 
v= | | F (0’,6’) P,, (cos 0 cos 6’ + sin sin 0’ cos $— $) du'dd’, 
0 -1 


hence the formula for the expansion of a function F (6, 4) in spherical 
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surface harmonics is, on the assumption that the series is uniformly con- 
vergent, 
1 co ih Qn 
FOd)=_ = Qn+n{ | FOe) 
7 n=0 -1/0 
P,, (cos @ cos 6’ + sin @ sin 6’ cos ¢ — $’) dp'dd’ 
It is easily seen that the expression on the right hand of (31) is really 
a series of spherical surface harmonics in @ and ¢, for since 


P,, (cos 6 cos 6’ + sin 6 sin 6’ cos 6 — $’) 
is a harmonic with respect to 0, ¢, it will still be one after any operation 
performed upon 6”, ¢’. 
Tf, in (31), we substitute for P,, its value 


P,(p) Py (uv) +2" = ™)" pm (ny Pm (y") 008 m ($ — $") 


m=1 (n+ m)! 
we obtain the formula 


Sse (32), 
where 


ee , bY) dutdd! 
A= ET | | Pe) O#) au'ag 


- _ 2n+1(m—m)!f) (FW, , TOL TG 
Aum = 9 tae myl| ay Pa” (e) c08md’. F (0,8) du'dg' 
2n+1(n—m)! 
27 (n+m)! 


Bum = 


1 20 2 
[|p Pet sin ma’ IF (8,6) dude’ 
which is the expression for the expansion of a function F (0, 4) as the sum 
of zonal, tesseral and sectorial harmonics with a given axis. 


96. Although we have postponed the proof that a large class of 
functions in general can be expanded in series of harmonics, this can be 
easily proved in the case when the function is a finite polynomial in 
sin @cos¢, sin 0 sing, cos 4; thus let f, (x, y, z) denote a polynomial func- 
tion of x, y, 2 of degree n, assume that 

did CB oar AR ono ada (33), 
where Y,,, Yn», Yn, --. are solid harmonics of degrees indicated by the 
indices, the last being Y, or Y, according as n is even or odd; we shall 
shew that these harmonics can be determined. 

Since V2 (7"V,) = m (2n + m+ 1)7”-*V,,, from (2), 
we have 

V2f,, = 2 (2n — 1) Yn_g + 4 (2n — 3) 7?2Y,_4 + 6 (20 — 5) rt, 5 +..-5 
Vif, = 2.4 (2n — 8) (2n — 5) Yn_g + 4.6 (2n — 5) (2n— 7) 7?Y, 64+ ..., 
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the last equation being 
Vf, = n(n + 1) (n— 2) (n— 1)... 2.3Y5 (n even), 
or Vr-1f, = (n — 1) (n+ 2) (n— 3) n... 2.59, (n odd) 


From the last equation in (34) the value of Y, or Y, is determined; from the 
preceding one the value of Y, or Y, and so on, until the value of Y,, is 
determined from (34); if we divide f, (x, y, z) by 7” in (34) we have the 
expression for an integral algebraical function of sin 0 cos ¢, sin @ sin 4, 
cos @ as the sum of surface harmonics. 

This method, which is due to Gauss*, not only proves the possibility 
of the expansion but also gives a practical method of carrying it out in 
any simple case. 

The expression for f, was given by Dougall} explicitly in the following 
form: 

fn = H (fn) + Cg (V*fn) + Cyt H (V'fn) + ++ 
where H (u,) denotes 
1 2 E 
~ Fn —1) ea Oe 
and Cy.2(2n—1)=1, Cy.2.4(2n — 8) (Qn — 5) = 1, 
and generally 
Coy (2.4... 2p) (2n — 2p + 1)(2n— 2p — 1) 2n— 4p + 8) = 1. 

A somewhat different, but equivalent, form for f, had already been 
given by G. Prasad{. By this formula the value of f, over a sphere r = a 
is expressed as a sum of surface harmonics. 


7?Vu, + 


Un 


CONNECTION WITH THE THEORY OF THE POTENTIAL 


$7. The use of the addition theorem, given in § 91, can be illustrated 
from the theory of the potential function. Let it be assumed that matter 
is distributed over the surface of a sphere of radius r’, the layer of matter 
being so thin that we may regard it as given by a surface density which 
we take to be o = AY, (6’, $’) at the point (r’, 6’,¢’), where Y,, (6’,¢’) isa 
surface harmonic of degree n. 

The potential of the distribution at any point (r, ,¢), not on the 
surface of the sphere (r’), is given by 

y arf |" Y,, (0, ¢’) sin 6 do'ds', 
oJo (r2-+ r'2 — 2rr’ cosy) 


where © cos y = cos 6 cos 6’ + sin @ sin 6’ cos (f — ¢’). 


* See Collected Works, vol. v, p. 630. 
+ Proc. Edin. Math. Soc. vol. xxx1 (1913), p. 30. 
£ Moth. Annalen, vol. txx1 (1912), p. 136. 
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The expression (r? +r’? — 2rr’ cos y)-?, when 7 > 7’, is expressed by the 
absolutely and uniformly convergent series 


ts 


P, (cos y), 


=I pstt 


and, when r < 7’, by the sis and uniformly convergent series 


a 


z P, (cos y). 
s=0 


Since these expressions may be substituted in the integral, and the 
integration taken term by term of the series, on account of its uniform 
convergence, we find that at an external point (r, 0,4) the potential is 
given by 


Vy= Ar’ 2 _— a k P, (cosy) Y,, (0’, 4’) sin 0'd6'd¢', 

and at an internal point by 
. oO a faa 
pe | I P, (cosy) Y,, (0, ¢’) sin 6d0'dg". 
\  s=07 00 
Now, by the fundamental property (29) of the integral of the product 
of complete spherical harmonies of different degrees, 
pe pa 
. | | P, (cosy) ¥,, (0’, $’) sin 6/d6'dd’ = 0, 
oJo 

for sn. Moreover by the theorem (30) 


[75 Pa (cosy) Yn 0", 6") sin 'ab" ap! = 5 5 Vn (0,6): 


hence the values of the potentials are given by 
of N42 


Tar bee YalO8)| 


Vo= 


yn 
and nA Lag F608) 


It can be verified at once from these expressions that 


(Bien (f)- ifn = AvArY,, (0,6) = 4n0, 


por \Or ror \@ 


where the limits of _ an are taken from an internal and an external 
point, as r approaches r’ as its limit. This is the well-known property in 
the theory of the potential, that 47 is the difference of the gradients of 


the potential on the two sides of the surface. 
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98. If f (a, y, z) be the sum-function of a series 
Yo (v, y, 2) + Vy (@, y, 2) +... + Yn (a, y, 2) 4+... 
of spherical harmonics, which is convergent within a prescribed region, 
and which further satisfies conditions sufficient to justify the term by term 
differentiation of the series twice with respect to each of the variables 
#, Y, 2, it is seen that 
OO 
: (Gert aya t ope) ¥ v2) = 0, 
and thus that f (x, y, z) is a solution of Laplace’s equation. 
If the series 
Y, (0,4) + Y¥, (0,¢) +... + Yn (0,6) 4+... 
converges, for each pair of values of (9, 6) such that 0 < @<7,0<¢ S 27, 
to the value of a function f (6, 4),-it follows from a known convergence 
theorem* that, for any fixed value of (0,4), the series UA" Y, (0, ¢) is 
conyergent provided | h |< 1; for the series X | h” — h"**| is then con- 
vergent. This also holds good if the series XY, (6, ¢) is not convergent, but 
oscillates between finite limits. The power-series Zh" Y, (6, 4) is accordingly 
convergent within the interval (— 1, 1), of h, and is therefore, by a known 
property of such series, absolutely convergent for all values of h within 
that interval. 


Thus the series 
oO yp! n oO Tr n 
sx (“\’ vy. @.d' & ee 
n=0 () 2 (89), = (7) EE) 


are absolutely convergent for r’<r, and r’> 1, respectively, for each 
pair of values of (6’, d’). 


Let it now be assumed, either that the series SY, (@’, 6’) is uniformly 


convergent, or more generally that for all values of n, 


s=n 
sin” ¥,(0,4)| 
s=0 


is less than some positive function F (6’, ¢’) which has a Lebesgue integral 


[Jv Pee aray, 


or in particular that 


san 
sing’ & Y,(6',¢’) 
s=0 


is less than some constant K, which is independent of the values of n, 6’, 4’. 
It then follows, by known} theorems, that 
cy we flr z: te 
Z(7| Fn (O34) sin grasp’ 
n=0 J0/0 (724 1’ — 2rr’ cos y)# 


* See Hobson, Theory of functions of a real variable, 2nd ed. vol. 11, p. 35. 
+ Ibid. pp. 289-91. 
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converges to 
wn ere 
| | SS an 
oJo (r?+4+ 7/2 — 2rr’ cos y)? 
pr pon th! 
Now FI —__*n (6) sin 6'db'dg" 
0 (r?+ 72 — 2rr’ cos y)? 
has the value 


re 
pa = mii?) 
or Fan Hy Yn (69) 


according as r > 7’, orr < 7’. Moreover, the potential at any point (7, 6, ¢) 
_ of a distribution ar matter of surface a — di (@’, 6’) over the surface 
of the sphere (7’) is 


Qa et 
mf" £0.89 a: 
010. (r? + 72 — 2rr’ cos y)* 
Hence, it has been shewn that, subject to the assumed conditions, the 
potential of the distribution o = f (6’, ¢’) is, at an external point (r, 6, ¢), 
Ay, lnt2 
a Qn+ 1 ret Y, (0.9), 
and is, at an internal point, 
ey 
a Oe 2n+1 = Y, (6,9). 

The following theorem has been established :— 

If c=f (0', $') is the surface density at the point (r’, 0’, ¢’), of a dastribu- 
tion of matter on the sphere of radius r’, with centre at the origin, and af 
f (0, $’) as represented by a series Dy Y,, (6’, 6’) which converges at each point 

n=0 


(0’, 4’) to the value of f (6’, 4’), then the potential of the distribution at an 
external point (r, 0, b) of the sphere Oe as 


2 4r 
= In + o oa. (0,9), 
and at an internal point is 
OAT 
ay aH Ft a (8.4): 


provided that either (1), the series Y,, (0, 6’) is uniformly convergent with 
0 
respect to (0’, 6’) over the surface of the sphere, or (2), that 
°S? sin 0’Y, (6', 4’) 
s=0 
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is less than some number K, independent of s, 6’, $', or in particular (8), that 


s=n 
= sin 6’Y, (’, d’) 
s=0 
is less than some positive function F (6, 6’) which has a finite Lebesgue 


integral 


| : ee (6',4") do'dd’. 


The theory of the Newtonian potential 


99. For the general theory of the Newtonian potential reference must 
be made to treatises on the subject, especially those of Poincaré and 
Kellogg*. In view however of later applications an important property of 
the potential function will be given here 

Let O be the origin of coordinates, and let a mass m be placed at the 
point (a’, y’, 2’). The potential of m at a point (2, y, z) is 


, , , 

m LL + Be 
Se where coat 
(7? + r!?2 — 2rr’ cos y)? rr 


Assuming that 7’, or (v2 + y’2 + 2'2)8 is greater than r or (a? + y? + 22)2, 
the potential at (a, y, z) is representable by 


oS xa!’ + yy’ + 22" 
™m 2 ntl P,, (cosy), where cos y = aw, 
= 


and this potential is of the form } 
eee Pea , , Te 
ge ee ee 


gee iP rr 


where ¢,,, Cn, -.. are positive constants. We can compare the expression 
in the bracket with 


on lo] + ly lly’ lll ED, fl @'|+Iyllyl+|2| en 


rr rr oe 


which is equivalent to 


oP, (12 [2+ lvl ly + |z| [2] 


: or wP,, (vcos 7), 


[| J@'| + Lat’) + fel fe] 


where cos ¥ BF 

Since P,, (vcos y) = E |, cos ¥ + 1V1 + cos? cos J)" dd, 

by (24) in Chap. m we have |:"P,, (.cos y)| < (1+V2)"; and thus the series 
o yn : 
2 pan wP,, (vcos 7) is convergent if a< V2—1. 


* Poincaré, Théorie du potential Newtonien, Paris (1899), and Kellogg, Foundations of Poten- 
tial Theory, Berlin (1929). Reference may also be made to Harnack’s treatise. 
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Therefore the series 


es (wa! + yy’ + 22!) (w+ P+ 2?)+.. | 


is a power-series in (x, y, z) such that each term does not exceed numerically 
the corresponding term of the absolutely convergent power-series 


ms Cn , , 11\n 
y | ge el La’ + Lal ly’ L+ Let 12’ 
Ca ; 5 ; 
+ aA el la! + Ly ly‘ + lel [2 Dect tat te) +], 


of which all the terms are positive. It has now been shewn that 


ee 
(72 +r’? — 2rr’ cos y)? 
can be represented at all points whose distance from O is less than 


(V2 —1)r’ by a series >) H,, (x, y, 2), where H,, (a, y, 2) is a solid spherical 
n=0 


_ harmonic of degree n. Since the series is an absolutely convergent power- 
series, the terms can be rearranged in any order, without affecting the 
convergence to the potential function. 

The potential at any point (z, y, z) is thus of the form 
De Ay ate fies 
D,a,8 
_. in a neighbourhood of the origin; the series being absolutely convergent. 
If matter of density p’ at the element of volume dv’ be distributed 
throughout a volume to which the origin O is exterior, we consider the 
pd 
(7? + r'? — 2rr' cos y)? 
being taken ees the volume in which the matter is distributed. 
1 
(P- + 72 — 2rr’ cos ye 
4 ica the volume, provided r is less than the minimum distance 
from the origin of all points of the volume, we have 
pdv' oe 
[ 21 pl D 3 = Fa eae 
J (47? — 2rr’ cosy)? n=0/7 


, , \n J! y 4\n—2 yr” 
zr Ile C + — es a toy = \ S| = p'dv’. 


potential | at the point (r, 0, ¢), the integration 


Since S ——,, P, (cos y) converges uniformly to 


oa 


P,, (cos y) p’dv’ 


rr rr 
As before, by replacing the series in the bracket by 


¢ = to’ |+[yl ly'l+ le! lel “Ge 3 |z'|+| yl ly’ |+ Iz! a 
nt i ts n—2 7 
tile Tr 
a= 


we see that the general term is numerically less than the general term of 
the new series of which all the terms are positive, provided 7 is less than 
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V2—1 times the minimum distance of the origin from points of the 
volume in which the matter is distributed. Hence the series & H,, (x, y, 2) 
of solid spherical harmonics which represents the potential at (x, y, 2), of 
the given distribution, is absolutely convergent, and its terms may be 
arranged in any order. 

Since any point (x, Yo, %) exterior to the given volume may be taken 
as origin it has been shewn that: 

The potential of a distribution of matter throughout a given volume ws 
analytic in the space exterior to that volume, and is representable in a 
sufficiently small neighbourhood of any point (a, Yo, %) by an absolutely 
convergent power-series 

ZX By o,s (% — Xp)? (Y — Yo)! (2 — %)*- 


P.d,s z 

In accordance with the Lemma of § 102, this series may be differen- 
tiated term by term to any order, with respect to , y, or z, the differ- 
entiated series converging to the function obtained by differentiating the 
potential at the point (x, y, z). For example, if V be the potential of the 
given mass, we have V?V = 0, since 

V=V,+V,+...., where V?V,= 0, V?V,=0,.... 

The following property of potential functions will be of use in later 
applications; it is substantially due to Harnack: 

Let R be any closed region of space, and let {U,,} be an infinite sequence 
of functions harmonic in R. If the sequence converges uniformly on the 
boundary S of R, it then converges uniformly throughout R, and its limit 
U is harmonic in R. 

For the proof of this theorem reference must be made to Kellogg’s 
work (loc. cit. p. 248). A proof, in which however greater restrictions are 
placed on the properties of the functions U,,, was given by Poincaré 
(loc. cit. p. 211). 


A GENERAL INTEGRAL THEOREM 


100. We proceed to investigate a general integral theorem which 
includes as special cases various integral theorems connected with Spherical 
Harmonics. The results were proved* by Hobson, with a less complete 
investigation of restrictive conditions than is here given. 


We first evaluate the integral 


i} (ax + By + y2)* Y,, (a, y, 2) dS, 


where & is a positive integer, and the integral is taken over the surface of 
a sphere of radius #, with centre at the origin. 


* Proc. Lond. Math. Soc. (2), vol. xx1v (1893), p. 80. 
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We have 
= AyP;, (uw) + AyPx-2 (mH) + ++» + ArPioe (H) + oe 
in which the coefficients Ay, A,, ... A,, ... are given in § 24. 


If we write 

Met: Ye 

R@+ P+ ye 

it is clear that the integral vanishes unless & — n is even and positive, or 
zero. 


We then have, since 
[| Paar) Yo (@ ¥,2) 48 
has the value zero unless & — 2r = n, in which case it has the value 


=e “Yn BR pp’ 


|] eos by +22)" ¥. (9.2) dS = Fan BMA, (8 + B+ PY Yn (0 B7)- 


It is seen at once that 


(8 8 8 ae 
Pa (se ay? pa) + By + = 0! Yn 0, Bo 


and hence we have : 
(ax + By + y2)*. 


1 aa a 
(2 + B+ 7°) Yy (Bs) = Gi V"Yn (Ga ay 5s) 


We thus find that 


|= + By + v2)" Yn @y, 2) 48 


Aq Rnrkt2 
2n+1 &k! 


k(k—1)...(b—1+ 2) 
(kin+l)(k+n—1)...(k—n+8) 


(see § 24); hence we find that 
|ftee+ Pu + v2)* Yn (2) a8 


ann! RxVx 
(n+ 1)! 2.4... 9 (n+ 3) Qn +5)... Qn + 2r +1) 


a.0 0 
ANY al Gaey zs) (ax + By + yz)*. 


Now A, ae 1) 


= 4 R242 


OG @ 
Gea 1g) (ox + By + v2), 


W=k—n. 


Ag R2nt2 
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If we equate the coefficients of a 8?: ys on both sides of this equation, 
where p, + p. + ps = k, we have 
{| xriyr2?s Y, (x,y,z) dS 

2°n! Raye 
(Qn + 1)! 2.4... 2r (Qn + 8) (Qn + 5)... (Qn + Or + 1) 
a0. 0 
nes Ge ay’ 5) Pr y?2Zs, 

where 2r +n = py + pot Dz. 

The result may be stated as follows. 


4p R242 


The value of the integral 
| | ariyrzs, (x,y, 2) dS, 


where py, Po, Ps Ure positive integers, or zero, is 
an! Tey? Rtvs 

= 4 i 
Gut WH +2 (n+ 3)’ 2.4 Qn +3) Qn 45) * = i 
: a8 8 f 

ys, (ae a A =) uP y?2Z?s, \ 
where x,y,z are put equal to zero after the operation is performed; the 
integration is taken over the surface of the sphere of radius R, with its centre 
at the point (0, 0, 0). 
The value of the integral is zero if p, + p, + p;< n, and if 
Pit Pot Porn 


is odd. 


It is clear that the only term on the right-hand side which is not zero 
is that in which the order of the operation is p, + p, + ps. 


Thus the result is equivalent to 


a (M+) 
an( : \! 


("5 ) im #n+1)! 


{| ariyr2sY, (x,y, 2) dS = 4nRmint2 


x Tota 
where Mm = p, + Po+ Ds. 


101. Let f,, (x, y, 2) denote a finite polynomial in (x, y, z) of degree m, ] 
containing, in general, terms of all orders < m. Since ; 


[fm (9,2) Yu (1s ys2) a8 
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is the sum of the integrals which correspond to the terms of orders 
0, 1, 2, ... m, in fm (@, y, 2), we see that 


; [].in (x, y,2) Yn (ey, 2) dS 


eee RV? Revs 
SS eetii (+ 3GeF3)* 2.4 (an + 8) n+ 6) 
a 
ve (Sa) fn (@Y 2) ++---(86), 


where x, y, z are put equal to zero after the operations are performed. 
In the case m = n, we have 


27n! 0-0 0 
[Jfel@s 1p 2) Ya ys 2) dS = be ey RO Ya (Sep 5) dn (Ys?) 


This includes, as a particular case, Maxwell’s theorem, which gives the 
surface integral of the product of two harmonies of the same degree n. If 
Ty» ig, .++ hy are the axes of Y,, (x, y, 2), we have 


a 2 a, (mn)! —— : 
© Gane Th dhg ong lect Vs 


and thus (37). becomes, in the case in which f, (x, y, z) is a spherical har- 
a monic of degree n, Z, (x, y; 2); 


47 R22 1 on 
| a4. 225 @ 9.208 = SET at ot ohy wo, 22 OY) 
ae (38). 
In particular, we have 
47 R+2 1 on 
[J 0 (920 d8 =F oy ator, any Yo 9?) 
ae (39). 


402. It is desirable to extend the theorem (36) to the case in which, 
instead of f,, (x, y, 2), the polynomial of degree m, a polynomial of infinite 
degree is taken. With a view to proceeding to the case m — 00, the 
following Lemma is required. 

Lemma. 
iff @ Ys 2) is aac * in the finite region S and is represented by a power- 


series z > > Ay. mp, 2 Y%22%, which is absolutely convergent at every 
Pi=0 D:=0 D:=0 


point of S, converging to f (x, y, 2), then 


(S) &) () feu | 


158 Spherical Harmonics (cH. Iv 


is represented at every point of a closed region S contained in S by the sum 
of the series obtained by term by term differentiation of the power-series, and 
the sum of the differentiated terms is absolutely convergent. 


We consider first the case in which x, y and z are all positive in S. 
Since the given series is absolutely convergent at any such point, it 
may, without alteration of its sum, be rearranged in a series of the form 


z an Sy 3 Ate yer, 


D=0 p:—0 p—0 
which may be regarded as a power-series in z. By a known theorem*, this 
series may be differentiated NV, times with respect to 2, term by term, and 


the resulting series has for its sum (2 iz) f (x, y, 2). 
Thus ; 


3 PP} (— M+ yam SS Annsyre>} 


D=Ni P2=0 ps—0 
Ox. 

Moreover, this series is absolutely convergent; for if f (7, y, z) denotes 
the sum-function of the convergent series 


converges to G We t («, y, 2) at each point of S. 


x > x | Aopen, | 2Y?22?, 


Pi=0 D2—0 p=0 
we find, as before, that 


ca 


(5) fe ¥,z)= & eM 


D=Ni 


x {p (1—1)...(%1—-N,+1) & 2 | Aarne. | yar 


B:=0 Di= 
then, since 
2 
SE an™ {ps GD Ae = Na) BS Ay maar 
Mm=N, P.=0 p=0 


is accordingly absolutely convergent, by rearrangement of the terms, 
which can be done without alteration of the sum, it is seen that 


O\y, 
(g) ewe) 
is the sum of an absolutely convergent series 


o © © 
De 2 Be ey iat 
Di=0 p.=0 p:=0 


where By, 5.5, = 0, if p< Ny. 


* See Hobson, Theory of functions of a real variable, 2nd ed. vol. 11, p. 197. 


& 
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Proceeding with this series as before, and rearranging it into a power- 


series in y, it is seen that : 
2 Gren 


can be represented as the sum of the series obtained by differentiating the 
terms of the series 
SE oA 
Di=0 p2=0 pi=0 
W, times with respect to x and N, times with respect to y, the resulting 
_ series being absolutely convergent. Proceeding with the same process, it 


is then seen that 
0 \%1 (0 \N2 (0 \Ns 
(ae) (Gq) Ge) 


is the sum of the absolutely convergent series obtained by differentiating 
term by term the original series which represents f («, y, z). This holds 
_ good at each point of S. 


Pi qpP2 zP: 
D1p2p3t 1Y"22"s, 


Tf § is no longer such that x, y, z are all positive at each point we must 
consider separately the parts of S in the eight octants. 


For example, let x be negative and y and z both positive. We should 
then, in the above proof, have to consider the series 


> s = (= 1)! | Ap, v.05 | 2 Y22"8, 
=0 p:=0 p:=0 
and the same Rook would be applicable, with only a trivial change. 


There remains for consideration those points of S at which one, two, 
or all, of the coordinates x, y, z have the value zero. 


Tn case x = 0, and y and z are both different from ZerO, 
es (2, y, 2), 
for x = 0, would be represented by 
My! EE Ax, nosy 


B:=0 ps=0 
and we should then apply the theorem to this series, which converges to 


S pe (@, y, #)- 


The other cases can be treated similarly. Thus the theorem holds good for 
every point of S. 


103. Let it now be assumed that f (x, y, z) is the sum-function of an 
absolutely convergent power-series in (2, y, 2), which converges at every 
point within the sphere, centre at (0, 0, 0), of radius R,, greater than R; 
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and let it further be assumed that, on the surface of the sphere of radius 
R, the series for f (x, y,z) is uniformly convergent, in the sense that 
Im (%, Y, 2) converges uniformly to f (x, y, z), where fm (x, y, z) denotes the 
finite polynomial obtained by taking only that part of the power-series 
for f (x, y,z) which contains the terms of degree not greater than m. 
We may alternatively make the wider assumption, which includes the 
former, that 
; tim {fn (2, 9,2) a8 = [{ f(y, 2) 85 
m>o : 
the integration being taken over the surface of the sphere (2). 
By the Lemma, we have 
@ 0 @ 
2: eS ae ee 
WY a (Se aye alt 2) 

equal to 


0-0-0 
WL a (Sa By? ag) (lo Ye 2) bt (Yo 2) + one + ttm Ys 2) + oars 
where up, %, --. are homogeneous of orders 0, 1, 2, ...; and 
Fra (t, Ys Z) = Uy (8, Y, 2) + Uy (, Y, Z) + +2. + Um (BY, 2). 
Hence, at (0, 0, 0), 
‘ O-- 0-0 a, 0-06 : 
VY n (Ge oy’ ate (a, y, 2) = V*Y_ (ee ay’ i) Unies (a, y, 2); 
and therefore = 
Bev? RtV4 5 0-0-0 
{1 3 (n+ 3)? 2.4(an+3) (Qn 45) * = . ce By? a) @ 9,2) 
is at (0, 0, 0) equal to 
: RY? Z @00 
tim {i oe .--ad int Y, (se a9-ae) fin (t Ys) 
Therefore, at (0, 0, 0), 
2°n! eye i) 
Q@n+1! {1 te 2(8n + 8) ate = Y, (se ay’ =) F (&, y, 2) 
is equivalent to 


: nag 2n! RY? a0 0 
lim 47R2+2_ p + 3m) = Y, lees! Fn (%, Ys 2), 


Ag R2nt2 


m>o (2n +1)! 


or to lim i Sn (@; 932) VY O32) 
by (36). 
Now, since, by hypothesis, 


im |] fo @-4»2)48= |] feey2)€s, 


m—> oO 
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follows, since Y,, (x, y, z) is bounded over the surface of the sphere (R), 
at 


tim [{ Jn (05952) Fn (0,452) dS = [J fea) Ya e,y.2)485 
__ therefore, at (0, 0, 0), 


2 an! Ry? eee 
ae aes wie 22n-43) * wo} Yn (Seo gue fe) Ft?) 


=[Jre 4,2) Yn (4,2) dS. 


It has now been proved that: 


E If f (x, y, 2) be representable by an absolutely convergent power-series, 
__ within a region bounded by a sphere of radius R, (> R), and centre at (0, 0, 10), 
_ and if further, over the sphere of radius R, 


lim 1 | [fn (es 9s 2) aS = | [[re.neas, 


4 where fn (2, Y, 2) 48 ile sum of those terms, in the series representing f (x, y, 2), 
_ which are of order not greater than m, then 


4 | f(x,y, 2) Y, (x, y, 2) dS 


arent (Raye Revs 
2n+2 i 
one Gat iil!* s@73)* Saat eATD \ 


Yn @ i ae (2, y, 2) «.....(40), 


_ where, on the right-hand side, x, y and z are put equal to zero after the operation 

__ ts performed. 

__ An important case of the theorem (40) is that in which St (&, y, 2) is of 

_ the form F (é — x, y — y, £ —z), where (€, », £) denotes a point outside 
_ the sphere (R). In that case we have 


et) a a)Pe-a9-ut-9 


Cro 400-0 
G1): at On? + an) Y, alae 8n? 1) F E- 2, n—y,f—2); 
Band when x = 0, y = 0, z = 0 this a 


0s 08 @ 0a 
( 1)? (je 1 On? t a Veh (& an’ ae , > ¢). 
; We thus obtain the following theorem: 
| [Feo F €-27-yt—aas 


ann! Rv? Revs 
2 +-2 1 
eae Weyl t Fares) * EGR TE } 


Cir) 
Y, (ea aren Gas (41); 


Ir 


HH 
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provided F (¢ — x, n — y, ¢ — 2) satisfies the conditions of theorem (40). 
This theorem will be applied later to the theory of Ellipsoidal Harmonics. 


104. From (38) we can deduce, as a particular case, the value of the 
double integral of the square of a tesseral surface harmonic; if 


echo The (el + GT 


1 (20 Aq R22 Gn—m (n 26 m) 
2 1 
le J, (Fa)ha8 2n+ 1 og—™ (ge) 3 (%) } 22m—2m | “(em a”) 
(n—m)(n-—m—1) on ) 
es ek 2én + = i 
The only term which does not vanish is iat in which the operand is 
(& + 9”) 2"-™, we thus get _ 


x jem = 


1/2 eS (n+m)!(n—m)!. 
[J @ras= pee 
now, by (14), Y,= SS P,,” (4) cos md, 
hence ies {P (u) cos md}? dud = a at £8 (42), 


except when m = 0, in which case 47 must replace 27. 
EXAMPLES 
1. Prove that ii : bP,” (u) Py (u) du =0, provided n’—n#il Vv 
=1 
a 2: (n+m)! 
2. Prove that [ipa (4) P™ 3 (4) dp = Geese 
CONJUGATE SYSTEMS OF HARMONICS 
105. The integral of the product of two harmonics of the same degree 
taken over the surface of a sphere whose centre is the origin is in general 
not zero; if, however, a system of 2n + 1 harmonics of degree n is found 
such that for any pair of them this product vanishes, this system is called 


a conjugate system. One conjugate system is the system of zonal, tesseral 
and sectorial harmonics with any given line as z axis; this is obvious since 


[oJ Pam Samed Par’ (u) Sin mb dgedd = 0, 


where m and m’ are ea We shall see in treating of Lamé’s functions 
that there exists a conjugate system for which the nodal lines are sphero- 
conics. 

The theorem (37) shews that two harmonics Y,, (2, y, z), Z, (%, y, 2) of 
the same degree are conjugate to one another, if 


(8 2 a 
Ya (Ba? dy’ Fe) En Yr2)=0 sere (43). 


cos 


103-106] Conjugate Systems of Harmonies 163 


Lord. Kelvin* has shewn how to express the conditions that 2n + 1 
harmonics, each of which is expressed as the sum of the 2n + 1 harmonics 
of the symmetrical system, may form a conjugate system. Let two such 
harmonics be 


dyPy (12) +2 (am 08mg + by sin-md) Py (1), 


AyPo (1) +" & (An 008 mp + By sin md) Py? (1); 


these} will be conjugate if the 2 (2n + 1) constants satisfy the condition 

: m=n (n+ m)! 

PA + 2 Ge m)l 

With 2n + 1 such harmonics there will be n (2n + 1) conditions such 

as (44) connecting the (2n + 1)? constants; it is thus seen that there is 
considerable latitude in the choice of systems of conjugate harmonics. 


(G@eAceeb cB.) = 02 (44). 


THE MOST GENERAL HARMONICS OF INTEGRAL DEGREE 


106. We have hitherto considered exclusively those spherical har- 
monics which are integral rational functions of 2, y, z, and it is to such 
functions to which the term Spherical Harmonies has usually been con- 
fined; the term has, however, been extended by Thomson and Tait to 
include all solutions of Laplace’s equation which are homogeneous in 
2, y,2. We shall now obtain the most general solution of Laplace’s 
equation which is of degree zero in x, y, z, and shall then proceed by 
differentiation to obtain solutions which are of negative or positive degree 
in the variables. : 

If V, be a function of @ and ¢ only, which satisfies Laplace’s equation, 

- we have 


L055 2 
sind 30 (80 Sp) + sini ape 
put dy =cosec 0d0 or x = log tan 30 = log = ; the equation then 
becomes 
OY, OV, 
oe toe” 
of which the most general solution is known to be 
Vo=fxt+@)+F(x— hb) eee (45), 
where f and F are arbitrary functions. This solution may also be written 
Vp = © (e# tan 30) + Ye? tan 0) see (46). 


* See Maxwell’s Electricity and Magnetism, 2nd ed. vol. 1, p. 186, where the theorem is proved 
by means of the potential theory. 
{ See British Association Report, 1871. 
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This solution was first obtained by Donkin*; the result may be ex- 
pressed by saying that all Spherical Harmonics of degree zero are onan 
ay eu 
r ne a 
From the solution (46) Donkin proceeds to find the ot general surface 


harmonic of degree n, in the form 


by taking conjugate functions of the two functions tan qond log 


(sin 6)-" (sin 6 = sin 8)" [® (e* tan $0) + ¥ (e~* tan $6)]; 


this form, however, is not adapted for the discussion of various types of 
harmonics, and it is better for this purpose to use the method of differentia- 
tion wer Thomson and Tait, and also Maxwell, applied to the particular 


harmonic * =. If, in Donkin’s expression for V,, we replace the quantities 


0, 6 by their values in terms of x, y, z, we obtain the form 


Lr ) = x ) 2 
V o(Gt4 +¥ ( == (41); 
thus values a V, are obtained by taking conjugate functions of the two 
¥y 
quantities ~ = pie 


The most general harmonic of degree —1 is = or is a linear combina- 
=< zi 1, (@+y fod w), yf ) 
tion of functions zh (F 2) an and =h(— (4 , where f,, fr 
denote arbitrary eee ; differentiating these last expressions with 
respect to axes hy, hg, ... h, we find the expression 


on 1 = wy 
OhyOhy ... Oly [F( ree )| ee (48) 
as a harmonic of degree — n— 1. The corresponding harmonic of degree 
nis 
an l./eoty 
1 1,/tx 
= OhyOhg ... On Ei TH+Z )| ees (49). 


Instead of differentiating harmonics of degree — 1, we might have 
differentiated harmonics of degree zero, and thus have obtained the 


expression 
grt ty 
2n- 
ee [74] = (50). 


These two expressions are equivalent ones{. 


It will now be shewn that if, in (49) or (50), all the axes be taken 
coincident with the axis of z, there is no loss of generality, and thus the 


* See Phil. Trans. vol. cxivi (1857), p. 43. 

+ See Hobson on “Systems of Spherical Harmonics,” Proc. Lond. Math. Soc. vol. xxu ( 1891), 
p. 431. It appears from aremark in Pockel’s treatise on the equation V?V + V = 0 that a similar 
expression was given by Klein in his lectures on Lamé’s functions. 
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oz" r+Z 
harmonic of positive or negative degree n, it is possible to choose u, 4 a8 a 
function of x and y of the degree n + 1, so that 


[Vade + Uns 
0 


~ most general harmonic of degree — n — 1 is es ff f = 2. Tf V,is a 


F _ ig a spherical harmonic; we find 
Z : 2/02V, 020, Yn a 92 
ve if, V,dz4 tnsah fe + Sr) det So S i) Unt 


Ou? oy? oy 
(OV n 02 0 
( Gz = = : *), nee 
Putting = 47+ yw,n=2x- wy, we have to choose u,;, so that 
4 ones _ — (Fs 
* Ben 02 Jeno 


The right-hand side of this equation is a function of (€, n) of degree 
_ »— 1; hence the value required of u,,, is 


OV, 
~4 a J Ce oz Bea de dq; 
_ if any value of this expression be taken for u,,,, we have 


Viw= [Vode + Una 
0 


a harmonic of degree x + 1, such that V, = = It follows that corre- 


_ sponding to any harmonic V_(n,,, of degree — (n + 1), there are three 
Vi, Vin?, Vn? of degree n, such that 
é a 

Vain = Fe Vm Vato Val 
_ for example, 
4 eee. ay a uz 
e Oxr dy (a? + 27)r dz (aw? + y*) 7° 

By integrating any harmonic of degree — (n + 1), n times with respect 
to 2, we shall obtain a harmonic of degree — 1; therefore the most general 
harmonic of degree — (n + 1) is 


or yl ./ewt yy 
j mite) ane (61), 
_ which is equivalent to 
ont +u z 0 (tzu ok y 
ma |S), sme’ aS ~if" . 


It has thus been shewn that any harmonic of degree — (n + 1) may 
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i| be obtained by differentiating some harmonic of degree — 1, times with 
respect to z only*. 


107. In the following table, a number of the most interesting harmonics 
of degree zero are given, with the conjugate functions of ¢ and x from which 
they are derived. 


i) 
| Harmonics Values of f (x + ef) 
| 
| 


| A 
| Po? tant i 
| log, ee tan 2 a 
: 
i 2 aa — 
i (tan ¥) = (log. =F FEE 4) , tan-2¥ Jog, = = (to) 
e(r=z)_ &@  y(r—2)_ oy oti 
| w+ y? ree Pay rae, 
| 
i GGetee) =e (TZ) Go 
ety r—2 ey =a 
! (r+ 2)™ cos a GR 
Ce sin mop, Car aii mp etmx+4) : 
2a) aY ar ae 
| =) vos zp oe, 
= 2za y yr ees 
aY 
wd ; tan me e+ pe ee 
wy ay xe r+2 (yt up) entra 
f we 3 ban = = ple 
2ra =7, ye ae 
Gagne at ery es 
ee ay r+z 
| @+ yp 2tan oom — sin m¢ log Ga 
| cet) emis 
(= oan =1 9. Zz (x p) 
| (a? + yy" 2tan sin mp + cos md log ——— 
| ene [2 tan 1% cosmd + sin md log = 
(x & wd) emmix +10) 
| ech [Pensa — oo mpog?=) 


In each case a corresponding harmonic of degree — 1 is obtained by 


multiplying by = 


* The results were given by Hobson in the paper in Proc. Lond. Math. Soc. vol. xxi, previously 
referred to. The harmonics in the table were given by Thomson and Tait without reference to 
the corresponding values of f (x + 1). 


~ 108~108] The System of Line Harmonics 167 


THE SYSTEM OF LINE HARMONICS 
108. We have already considered the system of harmonics derived by 
differentiating 2 with respect to a number of axes; the resulting harmonics 


were considered as being the potential functions due to singular points at 
the origin, such harmonics may therefore be called point harmonics. Let 
_us now consider the harmonics derived in a similar manner from 


Le ae Toiee 
poe poz" 
If matter of line density $ be distributed along the positive part of 


the axis of z, from z= 0 to z= oo, and matter of line density — 4 be 
distributed along the negative half of that axis, the potential at any point 


due to this distribution is [ie = dz, or log, ve = = 
Invert this system with regard to the origin; we see that — * tog fi — 


is the potential of a distribution of matter along the axis of z a line ae 
a3? positive matter on the positive side and negative matter on the negative 


side of the origin. It is proposed to call such a line-distribution a singular 
line of zero degree and unit strength. This line corresponds to Maxwell’s 
singular point of zero degree. 

A singular line of the first degree will consist of two parallel lines of 
zero degree of infinite strength, the line joining corresponding points being 
in any given direction h,, the strengths of the two lines being equal and 
opposite in sign, and the product of the numerical strength into the distance 
between corresponding points being finite and measuring the strength of 
the singular line of the first degree; the direction h, is the axis of the 
corresponding harmonic. In a similar manner a singular line of the second 
degree is formed from two parallel singular lines of the first degree; pro- 
ceeding thus we have the conception of a singular line of any degree n, 
with n axes in arbitrary directions. 

The potential due to such a singular line along the z axis of the degree 
n, we may take to be 

(— 1)" on r+z 
“a! Oh, Oy ... Shy G slog ara), 


Such a harmonic we shall call a line Gane with axes hy, hy, ... Rn. 


When all the poles coincide, we write the harmonic = On (v) , thus 


(0) flog [ER 


mitt ntl Oa" lr r—z)° 
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Since * = 


are ieetiods of 7 rand 6 aie P,, and Q,, are the only surface harmonics of 
degree n which are zonal, in that they are independent of ¢; it thus appears 
that Q, (cos @) is the Legendre’s coefficient of the second kind, and is given 


by ae 
(= 1jert* on (1 r+z 
Qn (1) nl Oz tr log Jt = Ai 


(- 1) yet on (1 hs r+z 
nl ds (no at p 7 
This expression for Q,, (u) corresponds to the expression (12) for P,, (). 
Carrying out the differentiation in (36) by means of Leibniz’s theorem 


and remembering that £ og = —— = we obtain the formula 
1+ : 
Qn = P, log / == — (Peaks + $PaaPi + 4PnsPat + 2 Lp Past 


. which is re . (52). 
The line harmonic with n — m poles coincident with the axis of z, and 
the remaining m poles arranged symmetrically in the equatorial plane, is 


a constant multiple of 
ions (x) * [Pen 73): 


= = 
Dee: ("1") aa Ogee (& )" [Fre : = 


which is equivalent to a constant multiple of 


rom ™#(G) Cr) [ploen/e3]- 


where ap denotes differentiation with respect to r when z is kept constant. 


We thus have, on multiplication by 7”*4, Q," (2) a mo, where 


nom 7d \m Td oe 
Qn (4) = ae a) [Flee sel. 


Formulae for the tesseral harmonics of the first and second kinds 
109. The tesseral harmonics of both kinds, as has been shewn in 
§ 106, can be derived by differentiation of certain harmonics with respect 


to z only. The harmonics of degree — 1 which contain = md as factors, 

and another factor involving ¢, are 
1 +2)" cos 
T (a2 + y2)2" sin 


md (see §107). 
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_ From these, we obtain the harmonics 
cos as 1 oO (riz) 
q sin (a2 + y2)im oz or” 
_ which may be written in the form 
cos 1 
sin? * Gay gain = 
When 7 is less than ws these are the two distinct harmonics of type 


SD ind. Hi, {2,V x? + yh. 


ae Se ae (53). 


cos 
J But if n> m, these harmonics are not distinct, because those terms in 
tz)", which contain even powers of r, vanish when differentiated 
+ L times with respect to z. = = 
When n> m, either of the expressions 
cos ae 1 Oo" (r+z)™ 
sin (a? + yy" oto 
ives the tesseral harmonics of the first kind. 
Those of the second = are 
cos IE eave = r+zZ 
in roam ae | Ott elo 
_ which may also be re in ase form 


cos 1 = a =e 
sin Db (a? + y2)™ a aa |e Pee vee ‘|. 


_ These are obtained, by differentiating, with respect to z, the two harmonics 
3 roe 008 Goh 
—z sin r (a? + y2)™ 
ay (F = @+ry"— @= 7, 
pin az \+ cosmd r(a+ ym}? 
an-1 ¥_ 698 md 
E a sin md 
differentiation times with respect to z. If n< m, the harmonics thus 
_ obtained contain the factor ¢, and in that case both harmonics of the type 


log 


3 for when x > m (m integral), the coefficients of t vanish on 


: a md.H, (2,V x? + y*) are given by (53). 
The formula (53) may be written in the form 


cos Fa on 1 = 
4 sin Lies Ox" ir (r£z)"\’ 
thus P,”” (cos 0) has the form 


Apeems 


e it 
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If we employ Jacobi’s formula 
dm (1. — 2)"4 1.3.5...(2m—1). 
SS See 

where t=cos%, we can deduce that the expressions are equal (dis- 

regarding a constant factor) to 
cos i pee 
md. (a? yy Ogntn* 


gmt, (54). 


This expression is therefore another expression for the tesseral 
harmonics of the first kind. It should be observed that it is obtained by 
changing m into — m in the expression 


co 3 (Ge Ih : 
aa Sing . S oe Bg pin in § 64. 


Thus we have 


P,2 (cos 0) = Br**1 (4? 4 yin 2 u 


Ogham p2mHi? 


_ where B is a constant factor. 


110. It is stated by Thomson and Tait* that 


cos 
nim (p2m—-1) sin mp 
tam (aay yay 


ON Pee eae ie ete na So OOS) 
and (5) [r Een r+*)| ee a, 


are, except when m = 0, the two distinct harmonics of the type 


cos 


A fz, Viet + WY in > and of degree — n — 1. 


This is however not correct, for the second expression is really always 
identical (except for a numerical factor) with the first. Itis, in fact, easily 


seen that, in the second expression, the quantity log = = 7 disappears on 


differentiation, which we know should not be the case. It is easy to 
verify, in simple cases (n = 1, 2, 3), that 


Emo(b) Gud sem 


prm-l CO! 
(a? + yp?) sin 
given by Thomson and Tait (p. 173), are identical. 


is equal to C © md, so that the two harmonics of degree zero, 


* Natural Philosophy, vol. 1, p. 76. See also Hobson, Proc. London Math. Soc. (1), vol. xx11 
(1891), p. 443, where the correction is given. 
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The second harmonic should be 


co CS ao BL r+zZ 
= md am r) E 18 Fe {| 2 
or the equivalent form 


md 


This does not become identical with the first harmonic when m = 0. 


cos 
sin 


1 a = ee T+Z 
rer [@+7r)™ + (2-1) Jog 72. 


Circulatory Harmonics 


111. Ifa sheet of magnetic matter, of constant strength, is distributed 
on the half of the plane of xz, for which x is negative, its potential is 


tan-! - Inverting this system with respect to the origin, we obtain : tan-? u 


for the potential of a sheet of magnetic matter of strength inversely pro- 
portional to the distance from the origin; such a sheet may be called a 
singular sheet of degree zero. A singular sheet of any degree n will then 
be obtained, as in the case of singular points and lines, by displacing the 
sheet in the directions of any n axes, arbitrarily chosen; the potential of 
such a singular sheet is then a multiple of 


on 1 =) 
Thi .«. Oh, f en th. 


_ These harmonics may be called circulatory harmonics*, on account of the 


presence in them of the quantity tan-1 i 


If all the axes coincide with the axis of z, we obtain the harmonic 


P,, (cos @ 
gn a bs 


the zonal circulatory harmonic. 
A system of tesseral harmonics 


rss OS mg {bP yt (u) + Ua (u)} 


is obtained by taking n — m axes to coincide with the z-axis, the re- 
maining m axes being arranged symmetrically in the equatorial plane. 


This expression is obtained by carrying out the differentiations in the 


expression 
"(= GP} Levee oe} 


* Hobson, loc. cit. p. 445. 


172 Spherical Harmonies [oH. IV 


A system of harmonics, which may be called circulatory harmonics of 
the second kind, is given by the expression 
r+ as 


an ee) 
Sho, .. Oh, [ eS a 
Qn (cos 8) 


The zonal harmonic of this system is ¢ ual 


A SPECIAL SOLUTION OF LAPLACE’S EQUATION 


112. Attention has been called* by Bromwich to the solution of 
Laplace’s eae represented by 


2 


i= Lemp, (cos 6)} = r” fog. P,, (cos 8) + Palen. 


which occurs in certain potential problems which he has dealt with. It 
has the z-axis as axis of symmetry. 


Taking p = cos 6, we have 


P,(w)=2 [evar T cos yh)" dp; 


this holds good whether cos 0 is positive or negative, provided that, as is 
here assumed, n is a positive integer. When 7 is not a positive integer, the 
formula holds for positive values of cos @ (see Chap. v). Also 


aP,, (x) 
on 


= - [fe avir=t cos f)* log (u +V/p2 — 1 cos i) dy. 
Since 
log ( + V 22 — 1 cos ab) 
ee ae cae 


a 


= log 


+ log rE + tan 5.c*| + log E + van $e | ; 
the last terms can be expanded in powers of e” and e~*, since [tan | <A; 


Now remembering that 
cos 


[; {ut Vet Leos pn O* mbdih 
is a multiple of P,” (cos 0), where r < n, and is zero when r > 0, we see 
that a has the form 


2)” fa 
P, (u) log #5 aCe. ae ee eee 


* Proc. Lond. Math. Soc. (2), vol. xr (1913), p. 100. See also a note by Watson in the 
Records of the Proceedings, p. viii, of the same volume. 
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The last part of this expression is clearly a polynomial of degree n in 
bb and can therefore be expressed in the form 

A,P, (u) + AnaPna (u) + 1. + Ap. 

_ We now see that the solution Y,, has the form 


r= =r Plog” 59+ Ana (H) + Ausra (1) + ~ + APs (w)h, 


where A,, A,, ... A, are constants which will be determined below. 

This form may also be obtained as follows: 

Since log 4 (r + 2) can be verified to be a solution of Laplace’s equation, 
we have, applying the inversion theorem (§ 75), the solution 2 log : a x) 


om this we obtain by differentiation the solution ee ce t log aa = 


Oz" 27? 
which can be expressed, by applying Leibniz’s theorem, in the form 


Pal) opt +2 {Pas (1%) 4 LPs 22,4 
pH 108 ra = ie t= ay (ease ( er ae) fs 


which is of the form = — 2 Fale) , where f,, is a polynomial of 


legree n. Inverting again we derive a solution of the form 
mP, (u)log” 5" + of, (1), 

_ which is the form obtained above. 

113. There is clearly no loss of generality if we define Y,, as 
TF + be aPaea(u) +--+ 4oPoe)], 


because Ar”P,, (u) is a ae of Laplace’s equation. 


In order to determine Ay, A;, ... A, we take 
r+zZz 02 OZn =Y 0Z,, 1 
VfeP, (u) log" i ae =, 2) 


2 (nZ, OZ, 
Fy ee 
_where Z,, denotes r”P,, (u). It is easy to verify that En = nZ,,_,, and thus 


we have 


1% [?. log 


r+ Ft- 2n 


Tete Pa H) + Pra (whe 


v {Zn log’ 
Also 


Vets p= [mint New) +g (A wy EH 
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so that the condition V?Y,, = 0 leads to SS 


2n d 
Tp Poa) + Pa (w+ m (n+ Difalu) + 7 1 
It is easy to see that the first term in this equation is a polynomial of 
degree n — 1, and is equal to twice 
(2 — 1) Pa (1) — (20 — 8) Pro (uw) + (20 — 5) Py_g (uw) — + (— 1). 
ff fn (H) = AnPu (mu) +. + Ao, 
we have now 
2 {(2n — 1) Pha (u) — (2m — 3) Py (tu) +... + (— 1)"4Py (u)} 


+ "E in(n+1)~8(6 +1) A,Po(x) = 0; 


2) Un (w)) _ 
ee ao, 


hence 
- (2s +-1) 


A,=( = aaa O42 
Taking A, = 0, we now find that 
; 2n—1 2n—3 
“fale = = 2 ge Po = ggg ay Pena (+ ggg my Poa) 


1 
_ ])jr-1 . 
= n( 9 CEST) 
thus Y,, takes the form 


2 2n — 3 
Y,=rP, (u) log" * — 2 r= | 1 Pal) — 9@q— P,-2() 
= & a 
+ = Ene D) , 


and of course any arbitrary multiple of r”P,, (u) may be added to this 
without affecting the fact that it is a solution of Laplace’s equation. 
If in the expression for Y,, we change the sign of 1, we find as a second 


solution 
r—z 2n—1 2n-—3 
Py (1) log 5 + Bee JP * Pana (i) + sty Pana (o) 


+ <a 
“Ta l) 5 


By subtraction, and division by 2, we get the well-known solution (56), 
in aS i, which represents 7” Q, e 


a n (20 — 2n—5 
= re Poa le) + gp Pa (w+ ot 


5 Pa (u) log + * 


EXAMPLES 
1. Shew that the potential of a uniform circular ring, of radius c, and of mass MV, lying 
in the plane of («, y) with its centre at the origin is 


M [ets + eat + gph oosartag, 
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2. Ifu=f(2, y, z, t) is a solution of the differential equation 


du _ @ Ou Pu ew 
a a (Sat Geta)? 


1 ety +2) 
then PE (- =) 
is another solution. 


3. If V =f (2, y, 2) is a solution of Laplace’s equation, shew that 


2_ 92 2 
C= =a) 45 a rt =) 


yy wayyy «yy, 
_ is another solution. 


Also if W =f (2, y, z, t) is a solution of the equation 
ow. u x y rol P+) 
ew ° Va, Shon: Wie zat (e z—c’ y(z—ct)’ a 
is another solution. 


(Bateman, Proc. Lond. Math. Soc.-(2), vol. vit (1909), p. 77.) 
4, Two circular rings of fine wire, whose masses are M and M’, and radii a and a’, are 
placed with their centres at distances 6, b’ from the origin. The lines joining the origin with 
the centres are perpendicular to the planes of the rings, and are inclined to one another at 
an angle @. Shew that the potential of the one ring on the other is 
uM = a B,B,/ 
-—1) 2g? ee ee ae 
ee 2.2.4.4 us 
and B,’, Q, are the same functions of b’, a’, and of cos 8, sin @ respectively, and c is the 
greater of the two numbers Va? + 6, Va? + 62. 


where B, =o — 


(Math. Tripos, 1877.) 
5. Prove that, if » = cos 6, pe cos 6’, 
P,™ (uw) Py™ (w’) 
-1in {oe (up) | (uw? — 1) (w? — 1) d™*P,, (up’) 
d (up 2 (2m + 2) d (up yr 
(#—1P (ue? —1P  d™P, (up’) 
4 Qm+2)Qm+4) dap yrs 
(@=1) (2? —18 d™*P,, (up’) 
24.6 (2m +2) (2m 44) (8m 46) duu yr 
This is equivalent to a theorem given by Hansen*. 
It may be obtained from the addition theorem (28) by expanding 
P,, (up! —V 2 — 1V x? — Leos 4) 
by Taylor’s theorem in powers of Vu? — 1V x? — 1 cos ¢, and then expressing each power 
of cos ¢ as the sum of terms each of which is the cosine of a multiple of 4, and picking out 
the coefficient of cos m¢. 
6. Prove that, if Y,, (x, y, z) be a spherical harmonic of positive integral degree n, 


Gee 
nae Oy’? Oz 


(m= m)! 5 
atm)! 


= (u? = 1)?" (un? 


(12m 


aft 


) fete ye+ 2) = 2" Y, (a, y, z)f™ (@+y?+ 2), 


where f‘”) (w) denotes = Ff (u). 


* Abhandlungen der Sachs. Ges. d. W. vol. 1 (1852), p. 123. 
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_ Yn(#, y, 2) [@ See = 
7. Shew that wate | eat’ “1(t- ga) t 


satisfies the equation = =xV*u. 


(Math. Tripos, 1893.) 
8*. Prove that 


(m) 
P,® (008 0)=""— Sm (ve + Pz) zt, 


a 
where c,,‘™) is a, numerical constant; and also that 
gmt 


P,™ (cos 8) = po [pre coe dan On sin 6) dd. 


(n—m 
9. In symbolic notation 


xPytat 
"= —n! a ee 
(ax + by + cz) Sy rae 
where p+q+r=n, and the indices of a, b,c in any term are the suffixes of the 
corresponding 3, denotes any rational integral function of x, y, z of degree n. If (ax + by + cz)" 
is a solid harmonic, then 


(a? + b? + c?) (ax + by + cz)" =0, 
Dna ot, 2 @ a\rl Z 
(2n)! u (ath tes Pe 
If (a’x + b’y +z)" be another spherical harmonic of the same degree, shew that the 
integral of the product of the two harmonics taken over the sphere with unit radius is 
4n2"n1n! ( 
(Qn +1)! 
Obtain the equation of degree 2n on which the determination of the poles depends. 
(Ibid. 1890.) 


and (ax + by + cz)” =(—1)" 


aa’ + bb’ + ce’)". 


i 1g(0) = 

——_—— = + > as cos 0, 

(1 —2h cos 8 + h)8 +E 28 = 2 

prove that 42a,‘ is a zonal spherical harmonic of degree « — 4, with argument $ (h + 1-1). 
Express a,) in terms of the corresponding associated function, and prove that 
(@@—s—$)a=(—1)(h +h) a (0 +83) a", 


10. If 


a,=(8 +4)h (4 = 25): 
(Ibid. 1891.) 
11. Prove that 
(a m)irsn (@r)! (m+n! 
(E008) a me 1M" Gomi emir (@—onin 
(Ibid. 1906.) 


12. Prove that (with certain conditions which are to be stated) the most general 
function of 2, y, z of order which satisfies Laplace’s equation V? V=0 may be written 


ry? ryt 
: {1 2@n—1) * 2.4(n—1) Qn —3) Few 2) 
a ry? rivt $ (x, y, 2) 
4 pn fi + 3@n 41) + 5d Gurl) Gn Fs) t sf ee 


* Hobson, Proc. Lond. Math. Soc. (1), vol. xxv (1894), p. 73. 
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Tnvestigate a solution of the following: It is required to determine a function V of 
2, y, z such that (1) V satisfies Laplace’s equation, (2) V is homogeneous and of the first 
degree in (2, y, z), (3) when, in V and ~ we substitute z=0, x=rcos¢, y=rsin ¢, 
ov. 


8 to vanish, and V/r is to be a given continuous single-valued function of ¢ with 


period 27. 
(Math. Tripos, 1902; see also Hobson, Proc. Lond. Math. Soc. (1), vol. xxvt, p. 492.) 


13*. If P (a, 6, c) denotes the spherical harmonic 
(=P nv (gy (g) (3) u 
albte! Oa, oy, dz) r? 
where n =a +6 + and P (a, 6, c) is zero if a or borcisa negative integer, prove that 


o nP (a, b, c)=—7r1[(a +1) P(a +1, 6-2, ¢) 


Ox 
+(@+1)P (4 +1, 6, ¢ —2)—(2n — a) P (a-1, 8, ¢)}. 
14. Prove that, if eee == 
dike eae eat: bel eel: 
v-(B+8+5 a)t(/p fen [awe n/ 5 B?)> 
then V satisfies the differential equation V?V? V =0. 
15}. If p > 1, v="? — 1, shew, by means of the addition theorem, or otherwise, that 


P,(wp=* is P,, (1 + 2v?sin® x) de. 


16. Express as a series of solid spherical harmonics of positive integral degree a function 

2 2 2 
which is annihilated by the operation a + 2 + & , and with its differential coefficients 
_ of the first order is continuous within the sphere x? + y? + 2?=a?, and which is equal to 


(2—y)/a a + y? at the surface of the sphere. 
; (Math. Tripos, 1912.) 


* Gallop, Proc. Lond. Math. Soc. (1), vol. xxvut (1896), where a number of theorems con- 
cerning the differentiation of spherical harmonics are given. 
+ Nicholson, Quarterly Journal, vol. xu1 (1910), p. 257. 


CHAPTER V 
SPHERICAL HARMONICS OF GENERAL TYPE 


114. It has been shewn in Chap. m1, that the ordinary system of 
spherical harmonics is obtained from Laplace’s equation 
02V5 0208 
2 se 
Br 
by choosing special values of V which satisfy this differential equation, — 
and are of the forms 


cos cos 
fee sin Pun” Gs = sin Pn” (Ce (1), 


where m and n are positive integers; x, y, z being expressed in terms of 
r, 8, 3 by means of the relations 

w=r(l—pitcosd, y=r(l—pwjtsind, z=", 
where ,. denotes cos 6. 


The function w,() is a particular integral of the ordinary linear 
differential equation, of the second order, : 
du du m 
2 = 4 1 
A= 2) Tange {nin +1) te One (2), 


known as Legendre’s associated equation, of degree » and order m. 


These solutions (1), in which p is restricted to be real and to lie in the 
interval (— 1, + 1), and in which m is restricted to be a positive integer 
(including zero) less than, or equal to, 7, are the solutions of Laplace's 
equation which are required in that very important class of potential — 
problems in which the boundary of the space considered consists of a single 
sphere, or of two concentric spheres, and in various other related problems. 


It will, however, be found that the functions oe mp Up” (uw) are re- : 


quired for the solution of potential problems in which the boundaries are of 
forms other than spheres, and in some of these cases the appropriate values 
of n, m and p are not subject to the restrictions which hold in case the ~ 
boundary is a complete sphere. In certain cases, to be dealt with later, the 
functions u,,” (2) of both kinds are required, and in which, although 7 and — 
m are still real integers, , has values which are real and greater than 1. 


The solutions of (2), for the case in which 1 is fractional or complex, are 
also required in certain problems which will be specified later. For potential : 
problems connected with the anchor-ring, solutions of (2) are required for 
the case in which 7 is half an odd integer, and for which pis > 1. For the 
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“space bounded by two spherical bowls with a common rim, solutions of 
(2) are required, for the case in which » is complex, of the form — 2 Up, 
‘and in which p is > 1. Cases in which m is not integral also arise. 
The expressions (1), in which x, (u) represents any particular integral 
of the equation (2), and in which the degree , and the order m, and also 
_ the argument p, may have any real or complex values, may be spoken of 
"as spherical harmonics of general type. The investigation of the forms of 
“such harmonics reduces to that of the forms of two particular integrals 
 P,™ (uw), Qn™ (w) of the differential equation (2). In the present chapter, 
definitions of these functions P,” (u), Q,"(), will be given, which are 
applicable when 7, m and p are unrestricted. The forms and properties of 
the potential functions required for the solution of various classes of 
potential problems have been investigated by various writers, the in- 
vestigation in each class of problems usually resting on a more or less 
independent basis. It is clearly desirable that all these special functions 
should be treated as cases of a general theory; thus an investigation of the 
forms and properties of P,’" (4), Q," (4); for unrestricted degrees, orders, 
and arguments is required for the consolidation of the various special 
results which have been obtained by various writers, in connection with 
special potential problems. 
In the standard treatise* of Heine, the forms and properties of the 
" functions P,,” (2), Q,” (4) were investigated for complex values of p, the 
~ degree and the order m being primarily real and integral; various ex- 
tensions are, however, made there to cases in which 7 is not so restricted ; 
but, in default of a general definition of the functions for unrestricted. 
values of n and m, these extensions are fragmentary, incomplete, and in 
_ some cases erroneous. Many of the series which satisfy the differential 
equation for unrestricted values of the degree and order were given} by 
Thomson and Tait. A general treatment of the series which satisfy the 
differential equation (2) was givent by Olbricht, who obtained 72 hyper- 
geometric functions which satisfy the differential equation, at least half 
_ of which are convergent at any assigned point of the plane of pe. 
Tn the special case m= 0, the zonal functions P., (u); Qn (uw) can be 
completely defined, for unrestricted values of n, by means of integrals 
with single circuits; this was effected§ by Schlafli, who based his theory 
_ of the series which represent these functions upon these definitions. 


A definition of the more general functions P,,” (i), Qn” (u) by means 
"of integrals taken along paths on the plane of , which shall be valid for 
~ unrestricted values of n and m, was rendered possible by the introduction 
* Kugelfunctionen, vols. t and 1. 

+ Natural Philosophy, vol. 1, Part 1, Appendix B. 

£ Studien iber die Kugel- und Cylinder-functionen (Halle, 1887). 

§ Ueber die beiden Heine’ schen Kugelfunctionen (Bern, 1881). 
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into Analysis made, independently of one another, by Jordan* and 
Pochhammery, of the employment of double circuits. The employment of 
such integrals has the great advantage over the use of integrals taken 
between limits, that the constants are not restricted by the necessity of 
being such that the integrals should be convergent; thus the functions ~ 
may be defined by means of expressions which have a definite meaning for 
all values of the constants. This method was applied{ by Hobson to obtain _ 
complete definitions of the two functions P,,” (u), Q," (wu); and he gave a 
detailed investigation of the properties of the functions, based on such 
definitions by means of integrals over double circuits. 

The general theory has also been treated§ by Barnes, who employed 
contour integrals in which I'-functions are involved in the integrands, for 
the representation of the hypergeometric functions. His method leads 
to considerable economy of labour in obtaining various transformations 
requisite for the investigation of various forms in which the functions can 
be represented. In the account of the theory which is given below the 
method employed by Hobson is in the main adopted, but account is taken 
of later results and developments. 


RELATIONS WITH HYPERGEOMETRIC FUNCTIONS 
115. If, in the differential equation (2), the substitution 


w= (yw — Irv 
be made, it is found that v satisfies the differential equation 


(l as 2 (m4 Dea +L (n—m)(n+m+ 1)v=0 ...(3). 


If we take p’ = $ (1 — p) as the independent variable, the differential 
equation becomes 


ee Sere fet a ee ee? 
w= Ps ( ) =e (n+m+1)v= 


——— (4). 
Comparing (4) with the differential equation satisfied by the Gaussian 
hypergeometric function F (a, 8; y; p’), viz. 


m nn av : ; 7, av 
ae BD gaat Ly fore fe) alae apu = 0, 


we see that the two differential equations are identical if a = m-—n, 
p=m+n+1,y=m+ 1. It follows that the differential equation (3) is 


satisfied by v F(m n,m+n+1;m+4 1; +54), and thus that the 


* See Cours d Analyse, vol. 1 (1894), pp. 569-573. 

{ Math. Annalen, vol. xxxv (1890), pp. 470 and 495, and vol. xxxvz (1890), p. 84. 

i “On a type of spherical harmonics of unrestricted degree, order, and argument,” Phil. 
Trans. vol. cLXxxvii (1896), p. 443. 

§ “On generalized Legendre functions,” Quarterly Journal of Math. vol. xxxrx (1908), p. 97. 
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solutions of (2) are expressible as hypergeometric functions. The pairs of 
indices corresponding to the three singularities p’ = 0, uw’ = 0, p’ = 1, 
of the equation (4), are easily found to be 0, — m;m — n,m +n -+ 1; and 
0, — m, respectively. 

Remembering that u = (12 — 1)" v, we see that the equation (2) is 
satisfied by Riemann’s* P-function 


This P-function is that special case of the general P-function which 
arises when two pairs of the differences of indices are equal. It thus appears 
that the theory of the functions P,,” (u), Q,, (u) is identical with the theory 


of those P-functions P . - ) in which a — a’ = y — ’; and thus 
_ the functions belong to a special class of hypergeometric functions. 
The function in (5) is equivalent to 


P 


this transformation depending essentially upon the fact that the indices 
for » = 1 and » = — 1 are the same. 


Again, (6) is equivalent to 
0, oO, 


PaOe 4m, 
¥ 
2 


2 


which becomes, by means of the same transformation as before, 


and this is equivalent to 
0, 
P — in, 
li (n sie 1), eau, 


* See Riemann’s Gesam. Werke, 2nd ed. (1892), pp. 67-83. For an account of the theory of 
Riemann’s P-functions see Forsyth’s Theory of Differential Equations, vol. m1, pp. 135-150. 
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Tt has thus been shewn that the functions which satisfy the differential 
equation (3) are capable of representation by Riemann’s P-functions of 
three distinct types, as in (5), (6), and (7). Each of these P-functions may 
be subjected to the homographic transformations by which, instead of 
a variable x, we obtain 1/z, 1— 2, 1/(1— <x), x/(e¢— 1), («— 1)/x as 
variables in the transformed expressions. Corresponding to any given 
P-function there are 4 hypergeometric functions, so that there exist 
24 hypergeometric functions, when we take account of the homographic 
transformations. Since the differential equation (3) is satisfied by three 
distinct P-functions, each of which may be submitted to homographic 
transformation, there are altogether 72 hypergeometric functions which 
satisfy the differential equation. These functions are all set out in the form 
of series in Olbricht’s memoir (loc. cit.). 

The solutions of (2) may be studied either in the form of series or in 
that of integrals taken along paths in the plane of the variable ». Both 
modes of representation will be dealt with in the present chapter. 


The following properties of hypergeometric functions, for real values 
- of a, 8, y, will be employed in the theory: 


= TI (y — 1) U(y—«@— 8-1) 
Bo Boys N= Ty —e— 1) y—B-D 


, wherea+B<y 


T(y-1) 0 -y-1 1 
F (a, B; 73%) ~ = ee = where a+ B>y 


P(e, Pie+fi2)~ poet 1) co oe (c). 


The relations (b) and (c) can be obtained as particular cases of the 
theorem* that, if = Gi is divergent, and = a,x’ is convergent for x <1, 
and a, is positive, aan and after some fixed value of r, and such that 
Q+a+...+4,~C(b,+0,4+...+6,), 
or if a, ~ Cb,, then, if 
f(e)= ¥ age, g(e)= 3 daar 


it follows that f (x) ~ Cg (x). 


* See Hardy’s Tract on Orders of Infinity, Cambridge (1910), p. 56, where various references 
are given. 
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DEFINITION OF THE FUNCTION P,,” (1) 
416. If, in the expression on the left-hand side of (3), we substitute 
v= f(#®— 1)" ¢— p) "1 dt, 
_we find that 


fO= as 2(m 4 ug + (n— m) (n+ m+ vy} 


fe =a @= wnat 


(mt m+ 1) [Fp dt. 


It thus appears that the differential equation (3) is satisfied by 
J v= f(@— 1" (¢— py de, 
for unrestricted values of n and m, provided the integration is taken along 
- aclosed path of such a character that the integrand attains the same value, 
_ when the path has been completely described, as that with which it began. 
The integrand has, in general, the four singular points t= 1, ¢= — 1, 
t= p, t= 0; a closed curve which contains in its interior one or more of 
these singular points will, in general, be such that the integrand attains 
a value after a complete description of the closed curve different from its 
‘initial value. The closed paths for which this is not the case, and which 
tan therefore be employed to define an integral of the differential equation, 


may be characterized as being closed when drawn on the Riemann’s 

_ surface on which the function (¢2 — 1)" (¢ — »)-"~"-1, of t, is represented as 
_ asingle-valued function. By choosing two distinct paths of this character, 
two independent integrals of the differential equation will be obtained 
which can be employed to define the two Legendre’s associated functions. 
If the variable ¢, starting from a point C, which may for simplicity be 
taken on the line joining 1 and p, describe a path in which a positive 
- (counter-clockwise) turn is made round the fixed point p, then a positive 
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turn round the point 1, followed by a negative turn round yp, and lastly by 
a negative turn round 1, attaining the point C at the end, then the inte- 
grand (¢? — 1)" (¢— p)-*-™~1 will have the same values at the beginning 
and the end of the complete path. In the first figure the path will be 
(CaBC, Cyd8C, CBaC, CdyC); in the second figure it will be 


(CD, DabD, DC, CfgC, CD, DbaD, DC, CgfC). 

For simplicity the path CBaC has been taken to agree with CofC taken 
in the reverse order; this is not necessary. The path in which a negative 
turn is made round one of the singular points may be taken to be 
completely independent of the path in which the turn round the same 
point is positive. Also the point C need not be on the line joining the 
points 1 and p. ; 

In Pochhammer’s notation the value of w will be 


(ut, 1+, w—, 1-) 
| (8 = 1)" (= wy dt, 


w= (ut— Di | 


which will satisfy the differential equation (2). In order that this value 
of u may be definite it is, however, necessary to specify precisely the values 
to be assigned to the multiple-valued factors in the integrand at the various 
points of the path of integration. This may be done by specifying their 
values at one point of the path; their values at any point of the path being 
then obtained by continuous change in the phases. 

In order to define the meaning of (u2— 1)?”, for any given point 
which does not lie on that part of the real axis between 1 and — oo, we 
take the phases of » — 1, w + 1 to be zero at all points of the real axis 
at which > 1. The phases of » — 1, » + 1 may then be restricted to lie 
between -: 7; thus, if ~ — 1= re“, when — 7< 0< 7, andwt+1=r'e", 
when — 7 < 6’ < 7, the value of (2 — 1)?” is defined uniquely by 


(rr' am exme (6487), 


at the point in the plane, unless the point p lies on that part of the real 
axis for which » < 1; for the present we shall assume that yp is not real 
and s 1. Thus the plane of , may be regarded as having a cross-cut along 
the real axis from — co to 1. It will be seen that, when m and » are both 
real integers, the cross-cut may be taken to be only from — 1 to 1. 

In ( — 1)? = ¢— 1)" + 1)", the phase of ¢+ 1 will be taken to be 
zero at those points of the real axis at which ¢+ 1 is real and positive. 
The initial phase of t — 1 will be ¢ at the point C, on the line joining 1 and 
p, where ¢ is the angle, such that — 7<¢< 7, which the line joining C 
to + 1 makes with the positive direction of the real axis. The phases of 
(i — 1)" and (¢+ 1)" are now taken to be n times those of ¢— 1, #+1 
respectively, and thus they are uniquely determined at each point of the 
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path. After attaining C after a positive turn round + 1 the phase of 
(@— 1)" is n (27 + ¢ + 9’), where ¢’ is the phase of f+ 1 at Cc. : 

The phase of f — « will be taken to be zero at that point of the path 
at which ¢ — y is real and positive; it is then determinate at each point 
of the path, and the phase of (¢ — »)-"~”-1is then defined as (— » — m — 1) 
_ x phase of ¢ — p. The initial phase of t — p at C is then — %, where ¢ is 
the angle (0 << 27) which the line joining ¢ to » turns in the positive 
direction as t moves along the first loop from C to A, the point where ¢ — p 
is positive and real. 
117. We now consider the value of 

oie At (eae 
Cc," (we — 1) ie » pyr 

with the phases specified according to the conventions stated above, in 
the case in which | » — 1|< 2; where C,," is a constant, the value of which 
will be chosen later. For convenience C has been so placed that it is on 
the line joining the points 1 and p. Let the substitution ¢— 1 = (# — I)u 
be made, where uw is a new variable. . 

Since ¢ — p. = (u — 1) (w — 1), the integral (8) becomes 


(1+, 0+, 1-, 0-) 
0," (y? = 1) | 


a (8) 


(u— I> ut (w — Vet (a eet wy du, 


where (’ is the point on the plane of « which corresponds to C. In this 
integral the initial phase of u at C’ is zero, that of wu — lis — 7, and 


(ce) 


w-1 
(a a5 uw) 
has the value represented by its binomial expansion, since the phase of 
i= a wu is numerically < 7. On performing the expansion, which can 


2 


jie 
1 
glee 


be done when | » — 1| < 2, by placing the path so that 


throughout, we have 
} +1" 2 II (n) p— VP [brett — 
cn (t ) = ( yf unt (uw — 1)-*-™ 1 du. 
pol) PMO @—A\ 2) jee (es) 
The term by term integration is justifiable because the power-series 
converges uniformly for all values of u in the path of integration. 
418. The expression 


(14, 04, 1-, 0-) 
emis | ut1(1 — uj du 
(ea) 
has been denoted by Pochhammer by € (a,b). In this expression the 
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he original phase of 1 — wu at C’ is 0, so that w— 1 = (1—u)e-, and the 
ie initial phase of u at C’ is 0. 


The essential properties of € (a, b) are the following: 
(a) € (a, b) = € (6, a), . 
(6) E(a + 7,6) = ( 


a(a+1).. -(@@+r—1) eau 


UE (@+6)@+6+1)...(@t+b+r—1) 
(a+6—1)... (a+b—7r) 
(@=D@= 2)... @=7 

(c) € (a, b) = — 4sin za sin ab E (a, 6), 
when the real parts of a, b are positive; where H (a, 6) denotes the Eulerian 
Tl (@ — 1) 11 (6-1) 
he = 
4 By means of the relation (6) this result can be extended to the case in 
which the real parts of a and b are not necessarily positive. 

(d) € (a, 6) = € (1—a—6,b) =€(@,1—a—b). 

Employing these properties of € (a, 6), we now have 


| (1+, 0+, 1-, 0-) 


€(a—1, b) = (— 1) 


1 
integral | ust (1 — u)-1 du, of which the value is 
ct) = = 


unt (yu — 1)-"-m-1 dy 
(c) 
(14, 0+, 1-,0-) 
= e(ntm+1)a yt qd = u)—m—1 du 
(e) 
=e" E(n+r+1,—n—m). 
Hence, since 


E(n+r+1,—n—m) 


(— 19 (m + 1) (w+ 2)... (n +7) 
(1 — m) (2— m)... (7 = m) 


the expression (8) becomes 


manne p+ lin I (n +7) 
C,mer" E(n+1,—n m) (E>) =e 5 


E(n+1,-—n—™m), . 


<7 =a) ew gaa (ee): 


4 a 
or nme € (n+ 1, —n— m) (HEF BF (—mn4 1s 1—m; +), 
where F is used, in accordance with the usual notation, for the sum of the 
hypergeometric series. 


In virtue of (c) and (d) we have 
TI (x) Tl (m— 1) 


E(n + 1,-—nm—m) = € (n+ 1, m) = 4sin ne sin ma 


I (n+ m) 
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Whatever values x and m may have, the expression (8) becomes 


om : A Oe 
6,7 sin nisin mn (7 i Gea 
<P (-mn41; lms +5 ), 
where |. — 1| < 2. 
Since IT (— m) II (m — 1) = z cosec mz, we have 


TI (m — 1) sin ma = p79) 


_ and therefore, when m has the value zero, the expression becomes 
= > .,;,'—p 
C2" . 4 sin nx F (=. m+131; +="). 
In accordance with usage (see § 15), we take the Legendre’s function 


'P, (u) to be given by F ( n,n 4 131,154), when |* 


st\< 1; hence, 


enn 


fe 


if we take C,,° equal to 


P, (u) (@ — 1)" ¢— 2)" dp...(9). 
The expression on the right-hand side of (9) defines P,, (1) over the 
whole of the plane of p, with the exception of that part of the real axis 
for which p < 1; it gives in fact the analytic continuation, over the plane, 
"with the cross-cut, of the function which is represented in the neighbour- 
hood of the point = 1 by the hypergeometric series. The phases of 
t+ 1, ¢— yp in the integrand are taken to be zero at those points of the 
path of integration at which the values of the expressions are real and 
positive. The phase of ¢ — 1 at the initial point C is taken to be ¢, when 
_ —1<¢<z, where ¢ is the angle which the line joining 1 to C makes with 
_ the ¢-axis. 


In order to obtain a definition of P,,” (u), we shall first consider the 

" ease in which m is a positive integer, and we shall then define P, () for 
general values of m, in such a way that the definition is in accordance 

"with the usual definition for the special case in which m is a positive 

integer. 

When m is a positive integer, P,,™ (u) is usually defined (see § 54) by 

_ means of the formula 


qm 
m = — lin : 
P,” (pw) = (nw? — 1) qm P,, (u)3 


enn | (2+,1+,u-s1-) J 


4r sin nz J (cy 2” 


< 
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thus, in this case 


2) ee 


2 sm. 
47 sinnz II (n) (# . 
(w+, 14+, 4—-,1-) 2c n 
< { tet, 1+ ( *) (t — p)-n-m=4 dp, 
2 
= =e = TN (nm) 

nothet Oo = ae a 
We shall now choose the value of C,,”, for unrestricted values of n and mM, 
to have this value. We obtain accordingly the following definition: 


The Legendre’s associated function of the first kind P,” (4) is defined for 
unrestricted values of the degree n, and the order m, by the expression 
em 10(m+m) 
47 sin nz 2" TI (n) 


(u+,1+,4-,1-) 
= | 


(ut = 1) 


CS Gt) es (10), 
(a) 
the phases of t+ 1, t — p being taken in each case to be zero at that point of 
the path of integration at which the expression has a real positive value. The 
phase of t — 1 is taken to be initially 4 at C, where d is the angle that the line 
joining 1 to C makes with the positive direction of the t-axis, and is thus such 
that —7<$<-7. In order that this function P,.” (pw) may be single-valued, 
it is assumed that the phases of 4 — 1, + 1 are each numerically less than 
zr, and thus that a cross-cut is made along the real axis from the point 1 to — 0. 
This cross-cut restricts the phases of » —1, «+ 1, but has no reference to 
t—1,¢+ 1, the phases of which vary continuously in passing over the cross- 
cut. The function P,,™ (2) is as yet undefined when yp is real and s 1. 

This definition of P,™ (uz) was given by Hobson (loc. cit.). The same 
function has been defined by Barnes (Joc. cit.) by means of the expression 


“1 pee Sa 1) 1 (~—s) I (—s— ie "Yas 
Que pe 1 II (s — m) 2 2 
where the phases of  — 1, 4 + 1 are restricted to be numerically less than 
zm, and the integral has a contour parallel to the imaginary axis of s, with 
loops, if necessary, to ensure that positive sequences of poles of the inte- 
grand lie to the right of the contour, and negative sequences to the left. 

Barnes has shewn that this definition is equivalent to (10). 


119. When is such that | » — 1| < 2, we have 


lyin : SP 
1) F( n,n+1; 1—m;—>#) 


Pom (u) = 2 Tm — 1) (ES 
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It is a consequence of this formula that P”_,_, (~) is identical with 
P,” (2). 
It is clear that when m is a positive integer, this formula requires 
- transformation, since II (— m) is infinite, and the denominators of the 
coefficients in the hypergeometric series become zero after m terms. The 


function F (— n,m + 1, 1—m; ~5*) can then be written in the form 
Eo ( n)(—n+1)...(—n+r che + ee te 
Rat (1 — m) (2—m)... (r~— m).1.2.3...7 2 


a ay s 1 (wm) Uam+r) I(—m) eS)" 
E 2 rom U(—m)W(m—7) (mn) T(r —m) 7 2 


1+ 


which shews that 
oq 1 U(n+m) eee 
PB." (H) = om (m= m) (=a) lee) — (we = ~1) 

x F(m—njntm+ijm+1;-5") SE (12), 
when m is a real positive integer. If n is a positive integer > m, Fisa 
polynomial of degree n — m. 

It can be remarked that: 

(2) When x is a positive integer and m is not so, the series in (11) 
terminates, and thus P,,” (j) is an algebraic function. 

(8) When m is a real Peery integer, and n is either not integral, 
or else when 7 is integral and = m, P,,™ () is given by the expres on (12); 

" and in the latter case the expression is algebraic. 

(y) When n and m are both positive integers, and »< m, we see 
from (12) that P,,” (u) is zero. In order to obtain an integral of (2) we 
must take II (xn — m) P,,” (wz) which is finite. 

120. It is important to observe that P,,” (uz) is an analytic function of 
n, in the neighbourhood of any point at which the function is finite, when 
mand p are fixed. This can be seen most simply from the general de- 
finition (10), but it may be of interest to verify its truth from the definition 
aga series when | p — 1| < 2. 


We have 
1-4 
F(-n,n+ 1;l1—m; 3 ) Up (N) + Uy (2) + ... + Up (NM) +... 5 
where 


in) (-n)(—n+1)...(—-n4+r—I)(n4+1) (m+ 2)... (m4+7) Ay 
o 1.2.3 ...7.(1 — m) (2—m)... (r— m) 2 : 
Tf| |= NV, when V ae positive real number, we have 
N(N+1)...(N+r—1)(W41)...N +7) ele 
pe) |< SoS =e=on 45 


2 
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thus the terms of the series | u% () | + | % (m)| +... + | u, (m)| +... are 
less than the terms of a convergent series of positive numbers. Accordingly, 
the series up (n) + uy (7) +... + u, (m) + ...-converges uniformly for all 
values of m such that | n| < N, and the limiting sum of the series is there- 
fore a continuous function of x. It has been assumed that m is not a 
positive integer. The general term of the series 


Up! (n) + Uy’ (n) + ... + Uy’ (m) + ... 


1 1 = 1 ls iS 1 
ln A nel na = a 2 
and it is accordingly, in absolute value, less than 
2N (N+ 1)... (WN +r—1)(N +1)... (N +") 
@—1)![1—m | |2—m]...|7—m| 
which is the general term of an absolutely convergent series. 
It now follows that the series u’ (n) + u,' (n) +... + u,’ (n) +... is 
uniformly convergent, for | n | < NV, and therefore 


lr 


1-p 
2 


? 


1— p\ 
F( n,n+1;1—m; a) 


has a continuous differential coefficient with respect to n, for | |< N. 

_ The function P,,” (1) considered as a function of n is therefore analytic, 
when p has a fixed value such that | 1 — » | < 2. If m has a value which 
is a real positive integer, the theorem may be proved by considering the 
function : 


ey ee 
F(m nn+m+1;m+1; 3 ): 
121. If we employ the known relation 
F (@, By; 2) = (1— 2) F (y —a@, y— B53 #) 
to transform the expression (11), we obtain 


PAO (H) = peg Ht DEB (1= mtn, = m= nm), 
and thence 
Po” (4) = spray (ut — Die F (1+ m+ n,m — m5 Lt ms 7 
Be ee (13) 
When m = 0, and 7 is real but not an integer, the asymptotic value of 


P,, (u), a8 p tends to the value — 1, is “_— log iB s = since it is known 


that < 
F (a, B37; &) (+ p—1) 


lim jog (1/1 = =)} ~ We-1) WG-2)’ 
when y=a+ Bp. 
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When mis positive, since (see § 115, formula (b)) 


cr M(y—1)N@+f8—y—}) 1 
F (a, Bs y3 2) ~ Il (@— DWE) (=a) 


fora + £> y, we see that, as p ~— 1, 

1 +13"/ sinnz\/ 2 \m 
SS gees eer irra, 
no” (H) Tl (— m) \p-1 sin m7/\p+ 1) ’ 
where x and m are real, and m > 0. 


_ 122. If we denote by P and Q the two integrals round CafC, CydC in 
the first figure of § 116, the complete integral in (10) is 


P+Q— Pem™ — Qertntmeym, 


and in the case in which m is a real integer, this becomes 
(P + Q) (1 — em"); 


P+ @Q being the integral taken along a single closed curve which encloses 
both the points py, 1, and is described positively. 


Thus, when m is an integer, the formula (10) becomes 


e, 1_ TL (w+ m) (2 — 1) 
Pa" (H) = 35, II (7) Qn 


(e+,14) 
Z | 


(B= 1)" (t= pdt (14), 
‘the initial phases at C being reckoned as before. 
Tf m = 0, we have 


Pye | ee) CS =)" (= pyr tdt (18), 


Qa 


“which is the expression for P, (u) given by Schlafli (loc. cit.). In case n 
‘is a real integer, the integral need only be taken round the point p. 
123, The only case of failure of the formula (10) is when 1 + m is a 
“negative integer, in which case II (n + m) is infinite and the integral is 
zero. The product can then be evaluated by the rule for undetermined forms 
0x 0; we have 
_ _ _cosec (m+ 0) 7 
Him = Tl (— m—n—1)’ 
d the limiting value of 

1 (e+, 1+, u—, 1—-) p 1 (t Eee 

es (@— 1) =p) 

i (u+,1+,4-,1-) z 
= — 1)" ¢— p)*-™ log, (t — ») dt. 
eee! (@ = 1p (= pf)" og, (t= 1) 


192 Spherical Harmonics of General Type [cH Vv 


Thus we find that, when m + n is a negative integer, 


pn Eanet 1 1 
2 = 4, anna 20 603 (m + n) z II (x) TI (— m — n — 1) 


j (ut+,1+,4-,1-) 


x (? — 1)" @ = w)*-™* log, (¢ — yx) dt. 


124, If, in (11), we change n into — n — 1, the hypergeometric series 
is unaltered; and thus, within the circle of convergence, P,,” (u) is equal 
to P™_,_, (u). It follows that the same relation é 

Bs -( 1) See (a ee eae (16) 
holds good over the whole plane with the cross-cut. We accordingly obtain 
from (10) another expression for P,,” (4) by changing n into — n — 1. Thus 

Zs cS nt TI (m ——1}) 2__ 1)hm 
ee iy a ee 
| (u+,1+,4-,1-) 


x (2 — 1)" (¢ = pom dt 


eum a Tl (n) — 4 
ane a 
= 1+,4-,1-) 


(2 — 1)-"-1(— p)e— dt ...(17). 


The formula (17) will serve equally with (11) as a definition of P,,” (). 
In defining P,,” (4) by means of an integral taken round a path that 
is closed on the Riemann surface, it is necessary to specify the position 
of the path with reference to the point — 1. The figures (a) and (6) represent 
two distinct paths round the points p, 1 taken positively, for the same 


Co Z 


Se 


(a.) (8.) 


value of 4, but the values of the integrals taken along them will be, in 
general, different in value, as one of them cannot be brought into coinci- 
dence with the other by continuous deformation, without crossing the 
point — 1, which is a singular point of the integrand. 

We shall consequently specify that the path by means of which P,,” (u) 
is defined in (11) is one which does not cross the part of the real axis 
between — 1 and — o or is, at all events, such that it can be brought, 
by deformation, without crossing the point — 1, into a path which does 
not cut the part of the real axis between — 1 and — oo. 
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DEFINITION OF THE FUNCTION Q,,” (1) 


125. Another closed path for the integrand (¢? — 1)" (¢— p)-*-™-1 is 
that in which a positive turn round the point — 1 is followed by a negative 
turn round the point + 1. 

Consider the expression 


(-lt, +1-) 
frye — yin | OP — wyeat 


taken along the path, as in either of the figures. The phase of t — p will 
be measured as before, so that the phase at EZ is — (7 — d), where ¢ is the 


B 
Cc : “Ke 


angle (between + 7) that Hy makes with the positive direction of the real 
axis; the phases of ¢ — 1, ¢ + 1 will be taken to be zero when ¢ passes in 
the integration through the point A of the real axis, for which ¢ — 1,¢+ 1 
are real and positive. Thus, in the second figure, the initial phases of t — 1, 
t+ Lat, are z and — 27 respectively, and the phase of  — is — (7 — 4). 
Let ¢— » = (wu — t) ee; then the phases of » — ¢ are such that, at the 
point #, where the line joining 1 and y cuts the path, the phase of » — t 


is the angle ¢ (between + 7). The phase of 1 — = is between + = for all 


‘points ¢ of the path. The expression becomes 
(44,1) ] 
fa™ (2 — 1p" | Da e(ntm+D= (72 — 1)” (yu — t)-"—™—1 df, 
Suppose now that | 7 |> 1, the path of integration can then be so 
"placed that | ¢ | is everywhere < | |; expanding by the binomial theorem, 
“the expression becomes 
(—1+, 1-) Tl (n tm+t r) 
II (x + m) IL (r) 
1 
x pina ( 


fa™ (uw? — yin. elmtmtD ex > | 
r=0 


#2 — 1) td. 


_ The term by term integration is justifiable because the power-series 
converges uniformly for all values of ¢ in the path. 


(-1+, 1-) 
To evaluate | (# — 1)" dt, we may place the path so that the 


two loops are symmetrical, C being half-way between the points — 1, + 1. 


HH 13 
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It is thus seen that the integral vanishes when 7 is odd, and that, when _ 
r is even and equal to 2s, the integral is equal to ’ 


(414) 
2 i} (2 — 1) db. 
0 


Making the substitution ¢ = #2, we see that ¢# — 1 is such that its 
phase increases from — 7 to 7 during the integration; we thus have 


p (+14) = 
=| (ts — 1)" s+ dt’, 
0 
which can easily be shewn to have the value 

II (m) II (s — 3) 

Tl (n+s+4)~* 
The expression which we obtained above is now reduced to the form 


2csin nz. 


1 II (n +m + 2s) 
(n-m-+1) ox SS Nate Ne ee 
Jue ‘Tr Qesin nare™tmtD = (44,2 — ]) Te fm + m) IT (2s) 
TI (nm) Il (s — 4) 1 
IT (1 + s +.4) ners 


which is 
ly si g tm Um) (—3) 1 
Su” 2. sin nwe@tm+)D (pe? — 1) Tl ise 1) cst 
n+tm rnt+m+1 3.1 
x F( 3 +1, 2 jwt 3] 
When x is a positive integer, we have, in accordance with the usual 
definition, 


1 U(-3)0() 1 ym n+1 Bid 
Qn) = pe Tima) er’ gt lint : 


5) 2 
e (n+1) er 
hence, in this case, if we take f, < , we have 7 
4. sin w 
e-(ntiin p(-14,1-) ] — ay 
Qn) = fa | ge O— = pyra 


Defining @,”" (u), when m is a POTS ee by means of 


Qu™ (2) = (we? — 1)8" ae (u) (see § 54), 
we have 
—(n+1) ox —1+4,1-) 4 
OQ," (uw) = 7 = we yet oF = * (@— 1)" ¢— 2) 41d, 


we should consequently, when m and n are positive integers, choose f,,” to 
haye the value 


e-+D~ TI (n + m) 
4.sinnz — II (n) 
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We shall now assign this value to f,”, for general values of n and m; 
we thus obtain the formula 


Fe etn+Dem TT (x + m) 
Be Acinna I (m) 


(ut — ie 
(44,1) ] 
zs J ga (OP — Ut — wy dt we (18), 
which we shall take as the definition of Q," (u), for unrestricted values of 
n and m. 


When | »| > 1, @,” (u) is represented by 


mom Hw +m) TE (— 
Qn” (H) = oa Tepes 


ntm+1 


4 1 
2) (ua — ie = 


nom+2 n+m+ i F 3.1 

x F( a) sm+ 53 oa) 

The function, uniform over the whole plane with the cross-cut from 

+1 to — oo, obtained by continuing analytically the expression (19), is 
_tepresented by (18). 

_ When x is such that the real part of n + 1 is positive, the definition 

(18) can be simplified, the integral being then reducible to one along the 

real axis between the points + 1. The path may be placed as in the figure; 


Ce 


=] +/ 


then, since the integrals along the loops round the points + 1, — 1 converge 
_ to zero as the loops become indefinitely small, we have 


(14, 1-) 1 : 
| (2 — 1)" (¢— yp)" dt = Qusin ne | (— 8) (¢— pyr dt, 
LC 1 


Hence, when R (n + 1) > 0, we may substitute for (18) the definition 


= em) = Gor EE tye [ep = mat 


mm TT (n + = : 
= ie 1 aa (u?— 1" (ie (L— @)"(p—t)m S55 


The integral may be taken along the real axis, (1 — ¢?)" denoting 
" grlog-) where the logarithm has its real value, and p» —¢ has as its 
_ phase the angle (between + 7) which the line joining » and ¢ makes with 
the positive direction of the real axis. 


- It will be observed that, when » is a positive integer, the form (18) is 
undetermined; we can however in this case employ the formula (20). 


13-2 
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When x is a negative integer, the value of Q,”(u) given by (18) is, in 


general, finite since 
Tv 


Il(—_n—1) 
If, however, n + m is also a negative integer, or if m is zero, the value of 
Qn” (#) is infinite, so that the factor II (n + m) must be disregarded if we 
wish to obtain a finite solution of the differential equation. 

In the above general definition of Q,,” (u), the function Q,,” (1) has 


em™ sin nar : 
——_——_, so that his 
sin (2 + m) 7 


II (x) sin nz = 


been by Barnes (loc. cit.) replaced by Q,” (1) 


definition is equivalent to 
sin (m+ m) w TI (w + m) I (— 3) (w2— 1) 


Q,.” (z) 90-41 gin na I (n+ 4) = prem 
: (m+m+2n+m+1. 3 1 
x F( 2 > 2 2) 


instead of (19), where | ~|> 1. When m is a positive integer, the two 
definitions are in agreement. 


THE RELATION BETWEEN QO,” (2) AND -Q;-™ (p) 
126. If we apply to the expression in (19), the known transformation 
F (@, Bs y; 4) = (1— 2)" F (y—a,y — B33 2), 
we have, when | »| > 1, 
= _ em IT (n + m) I (— 
Qn, (#) Omri =f at 4) 
xF n—-m+2 na-~m+l : 3, 1 
Gaeta att 
The expression for Q,~-” (4) is obtained by writing — m for m in the 
formula (19). We thus obtain the relation 
em Q,™ (w) _ 6 Qn-™ (1) (21) 
[ei on) (nasa 2 
When m is a real integer, this becomes 


OF (Ey Oe) 
I(n+m) IL (n— my)’ 
which is in agreement with the relation (42) given in Chapter Iv. 
The relation (21) may also be obtained by means of the transformation 
(¢— p) ( — p) = p? — 1, which is equivalent to an inversion with respect 
to the point u. On making the substitution, we find that 


(4+, +1-) 


(2 — i | (@= 1) = wy at 


a 


2) (y2— 1-4 
je 


(44, -1) 
= — (w- | * (2 — 1)" (t — pd’. 
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Corresponding to the phase — 7, of ¢? — 1, the phase of ¢’2 — 1 is z. 
Also, to the phase — 7 of ¢— p, in the case in which yp is real and > 1, the 
_ phase of t’ — 4 is 7. Hence, in order that, in the integral on the right-hand 

side, the phases may be measured in the same manner as on the left-hand 
side, the factor ¢27'—2(»—m+D™, or ¢2™=, must be introduced. We thus 
obtain the equality 


q2— pin | (TTD (2 Ly (t — p)-tm—d dt 


ies 


¢ =) 
= (ut — 1mm FO 2 1 = pide, 


and thus the result (21) is established. 


This relation must hold over the whole plane with the cross-cut, as is 
seen by analytical continuation of the functions Q,”" (u), Q,.-” (u). The 
equation (21) is unaltered by changing m into — m 

127. In the formula (20), which holds when R (n+ 1)> 0, the path 
of integration may be taken along any curve joining the points — 1 and 
_ + 1, provided the curve can be displaced into the straight line (— 1, 1) 
without crossing the point ». Thus, when J (1) > 0 and R () is between 
1 and — 1, the path must be below the point 4; and when J (4) < 0 and 
F (u) is between 1 and — 1 the path must be above the point p. If J (1) = 0, 
j-> 1, any path may be taken which does not cut the real axis beyond the 
point p. 

Itis desirable, with a view to later application, to find the value when 
the integration is taken along a path which is not reconcilable with 
the straight path (— 1, 1) without 
_ crossing the point p. Itissufficient 
to do this in the case in which m 
is an integer, and J (y) > 0. 

We may displace such a path 
so that it consists of the straight 
path (— 1,a),andofacurved path = > ERE 
passing in the negative direction 
tound the point », and ending at the point a; where a may be taken as 
near as we please to the point = 1. We can denote by J,, J, the values of 


Ja — 2)" (uw — 1)" dt 


taken along the straight path (— 1, @) and along the curved path in the 
figure respectively. As « is moved up to the point 1, the integral round 
a loop from @ round the point 1 converges to zero. We thus have 


(a-) 
fire | (—#)" (w— 1-1, 
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where the initial phases of I — ¢, 1 + ¢ at a are zero, and the initial phase 
of » —t is d, the angle which the line joining » to ¢ makes with the 
positive direction of the t-axis. Now, from the formula (14), we have 


- 1 1 (w+ m) (y2— 1) 
BMS oa ay 


where the initial phase at « of t— lis + 7, and of ¢ + 1 is zero. 


(w+, 1+) i 
| (@— 1 ¢— pt dt, 


Since ¢ — p. = (u — t) e~, this formula may be written 


2 1 TL (n+ m) (2 — 1)" 
Pare) 2m. II (n) 2” 


ent el(n+m-+1)m 


(et) 
x | (1 — #2)" (uw — #1 di, 
where the loop round the point 1 is omitted, and the phase of 1 — # is 
zero at a. 


We have 


(-) (w+) 
[0 =e wp dts = | 2 ed, 


where on the left-hand side the initial phase at a, of » — t, exceeds its 
initial phase on the right-hand side by 27. It follows that, when the 
initial phase at « is 7 — ¢, we have 


(e—-) 
[7 a= er wom ae 


== ertmsmnsaee [PP (1 — 2)" (w — t)-*-™-4 dt, 


where on the right-hand side the initial phase of p — ¢ is 7 — ¢, so that 
on both sides the phases are the same at a. 


It follows that 


2__ 1)3m (at) 
Jee (+) = H aoe ( = ettesmanye | “a pt i)" (e- tetas dt 
e-™™ TI (n + m) (uw? — 1)8™ (> 
= = @) ) (eu = ) | (1 — #)" (u — t)-"-™-1 dt, 


where the phases of 1 — #, 1 + # are zero at a. 


It is now seen that, when the path is taken from — 1 to @ and then 
negatively round » to a again, and « is moved up to I, the value of the 
integral is 

Q,2” (pw) + ere P,™ (1). 
This therefore is the value of the expression in (20) taken from — 1 above 
the point » to + 1, when the real part of n + 1 is positive. 


The case in which J () is negative can be treated in a similar manner. 
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FURTHER EXPRESSIONS FOR @,,” (u) 


128. We now proceed to express the value of 


(e+, —14+,"-,-1-) 472 __ ]yn 
(yw? — yim | £ S ( 3 *) (§— p)-"-"-1 dt, 


which is a function that satisfies the differential equation (2). To define the 
_ phases of the integrand we shall distinguish the cases in which J (#), the 
imaginary part of , is positive and is negative. 

We suppose yz to move from a point on the real axis for which its value 
is> 1, up to its actual position, the path of integration being drawn as in 


the figures. It will be observed that as » moves from a position on the 
positive side of the real axis to one on the other side, without passing through 
the cross-cut, the path cannot be displaced from its first position to the 
second one without crossing the singular point + 1; it is therefore necessary 
to distinguish the two cases. 

In the first figure the phase of ¢ — 1 at A is taken to be + 7, and in 
the second figure to be — z. The initial phase of ¢ + 1 at A is in both cases 
zero. The phases of t — » are measured as before. 


Let ¢+ 1 = (uz + 1) u, the expression then becomes 


— 1\2” (1+,0+,1-,0-) S 
(é i) | wn C= ne i (w—1)-™—-4 du, 


e+d 
We now put 
B+1 an ( w+I ) 
gu l=e 1 zy %)> 
the upper or lower sign being taken in the exponential, according as J (1) 
is positive or negative. In both cases the phase of 1 — Ee Z u is zero at 


C, and thus (a - — u) will have that value which is given by the 


binomial expansion. We have, for the integral, 
pe — Lyin oe ( etl 7 See 
) é url — 3 & (uw = 1) du, 
the upper or lower sign being taken in e+"™, according as p is above or 
below the real axis. When | » + 1| < 2 this expression can be evaluated 
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as in § 125, the result being obtained by writing — » for p. We thus find 
at once that when | 1+ p | < 2, 


a [ete —dtm 1) 7g2 — 1\" 
(at — aye PP (ES wre as 


2 
3 2 II (n) I (m— 1) /p— 1\3" 
= e2nm pears 
=e" 4sin nz sin mar TG) Ga) 
x F( apse We lane +44) . (22), 


when p is above the real axis; the exponential factor must be omitted 
when p is below the real axis. 


Let L, M, N denote the values of the integral J (@— 1" (¢— py dt, 


taken along loops from C. round the three points, — 1, 1, » respectively, in 


the positive directions, the phases at C being as follows: of ¢ — 1, 7 in the 
first figure, and — z in the second figure; of + 1, zero; of t— p, — (7 —¢), 
where ¢ is the (positive or negative) angle which the line joining » to 6) 
makes with the positive direction of the real axis. We have at once 


(ut, 1+,4—-,1-) : 
| (P= 1)" ¢-p) dt = N + Me-2(mintie _ Nem _ M, 


¢ 


(ut+,1+,4-,—-1-) 
| (@— 1)" (¢— p)-*-™1 dt = N + Le-2rtmtn ti — Neem — Es 
Cc 


the phases in the integrands being measured as stated above. To express 


(-14,1-) 
J (@— I (= pyr di, 
¢ 
in which, as in § 125, the initial phase of ¢ — 1 at C is 7, and that of ¢+ 1 
is — 2a, we have for the value of the integral, Le-*"" — Me-**™, or L — M, 
according as p is above or below the real axis. 
It follows that 
(Ee) 
(— 1 (= pyr dt 

G 

has the value 


e-2nm (ut, 14+, u-,1-) (ut, —1+,u-, -1-) 
1 — e-2t(min)e | = | 


]@-re- wena 
Ae (23), 


¢ 
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‘when p is above the real axis. When p is below the real axis the factor 


“must be replaced by I z 


= en2elmtn)e* 
129. The relation (22) enables us to express in series the value of 
Q, (u), when p is such that | 1+ |< 2and|1—,|<2. Using the 
ormulae (11), (18), (22), we have at once 


= men 1 
G2") = oan (m +n) a 1 m) 


am = 
xe (et) F( n,n+1;1—m;* ) 


Se nay" #(- nat I; 1—m; +5) =o (24), 


the upper or the lower sign being. taken in e#"™, according as I (u) is 
‘positive or negative. This formula holds over the region for which | 1+ p| 


and |1— | are both < 2. TS am) MAY be replaced by = nT TL (m —1). 
When m is zero, we have 
nme 1.154 _ yy Lee 
0 (u) = ane F(—mn+1;1;254)—F(-mn+ 1143") 
a (25) 


Tf we employ the relation (21), between Q,” (1) and Q,-™ (u), we can 
write (24) in the form 

TI (n + m) ae eee 1 
Qu) = 7 (n — m) 2 sin (n — m) 7 II (m) 


= 3m Ber 
es F( n, n+ Teikbapes H) 
B / 


_ (etlin a (_, : see) 
a FY n,n+1;1+m; a) cee (26). 
When +m is a positive integer, the expression (19) shews that 
Q,. (uz) has, in general, a finite value; hence we see from (24) that 


dm = 
err a i) B(-n,n+ Pee ) 


=a 2 
= (Haay" #(- n,n+1;1—m™; +48); 

this result was established* by Heine for the special case in which both 

n and m are integers. We see therefore that, when n + m is a positive 

integer, the formula (24) is undetermined, and that in this case the formula 

(26) must be used. 

* Kugelfunctionen, vol. 11, pp. 238, 364. 
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When x — m is a positive integer, we must use (24), since (26) is in — 
this case undetermined. When n+ m is a negative integer, Q,,™ (u) is 
infinite, but we can take Q,," (4) sin (n + m) 7 as a finite solution of the 
differential equation (2); and by (26) it can be expressed in terms of Q,(u). 

When x and m are both real integers, and m is positive and > 7, the 
form (26) is finite, but if m < n both the forms (24), (26) are undetermined, 
and thus require modification, by application of the rule for undetermined 
forms of the type 0/0. 

130. If, in the expression (18), for Q,," (4), we take | | sufficiently 
large, the path of integration may be so chosen that | t— 1] is at every 
point <|—1]. If t— = (uz — #) e~, the expression for Q,,” (u) may 
be written as 

em TI (n+ -m)- 
4csinnz II (n) 


2 eal 
(v8 1) 5 (w= It 


(-14,1-) $—1)]-*--1 
x| (2 — 1p E = | dt 
B-1 


(DEP ae raion ee 
n=l 


It can be seen that the phase of ; and thus the 


=o 


integral may be written as 


(—1+,1-) = r 
pees @-ap fie Oem teem 7) | a 
! r=1 aot p—l 


: r(-14,1-) 
taking ¢ + 1 = 2¢’, we have for | 


(2 — 1)" (¢ — 1) dt the expression 
(04,1-) 
| Danses g/m (e’ — 1)"41 dy’, 


which is equivalent to 


Q2nt2rqd {el = Ee (ntryrey is un ql = ig ee dt’, 
O 


II (n) II (n + r) 

II (2n + 2r + 1)" 

We thus find for Q,,” (4), when | » — 1| > 2, the expression 
em TI (n+ m) 


1 
Zin OG) a ta 
TI (n) TI (n) 


3 2 
2n+2 Es . Pee 
ee Eo Dy (mt Lat m+ 1; 20+ 255 Ap 


or to 2'nt2rt+2, sin (m + 1) 7. 


which reduces to 


Se ee 


x F(n+1,n4m+1;2n +237") 2s (21), 
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"where | 1 — [> 2. Changing m into — m, and employing the relation 
_ (21), we find that 
A em TI (n) (n+ m)/ 2 \"4/p—1\i" 

Qn” (H) TE @n +1) (peal oe) 


xB (m+ l,n—m+ 1; 2n+2; >) 
1-4p 


These formulae (27), (28) agree with those given by Barnes (loc. cit. 

p- 107) when allowance is made for the difference in the definition of Q,,” (1). 

If in (27) and (28) we change p into — p, and make use of the relation 

(36), 2, (uw) = — e#"** Q,” (— p), proved below (§ 133), and observe that 

(—p-1)=e* (n+ J), 

the upper or the lower sign being taken in the exponential, according as 

is above or below the real axis, we find that the formulae (27), (28) 
become 


a em TI (n) I (n+ m)/ 2 \"*2/p— ly 
Ore tenth (eri) (eri) 


2 


eG 


x F(ns +1; 2n+2 


ma) = Om En) WL (w+ m) (2) pt 
Q,” (H) = “o-- II (2n + 1) cee Ga 


2 
x (n+ ae on i) 
+ ear 

RELATIONS BETWEEN Q,”, Q™_, 4, P,,™ 


181. In the expression (24), for Q,,” (u), write — n — 1 for n; we then 
have 
gn are mie 1 
a! San Gi = n= ta 1 a) 


2 = 
x — eS an (-, n+1:1—m; 154) 
p-| 2 


— 1\3" 5 1 
e F( n,n+1;l1—m; =H. 
On elimination of the second hypergeometric series between this ex- 
_ pression and that in (24), we find that 
| Q,” (v4) sin (mn + m) 7 — Q™_n 4 (yw) sin (n — m) 7 
es (Caece) = 1) F( n,n+1;1—m; Z 5 ) 
= 7e™™ cos n7.P,,™ (u), 
by equation (11). 


204 Spherical Harmonics of General Type [CH. V 
We thus obtain, except when n is half an odd integer, in which case 


Qn” (#) 7 = Q™ na (4), 


the relation, when v is not half an odd integer, 


Py (1) = (Qu (wu) sin (m+ m)  — Q™ 4-4 (1) sin (n= m0) m} 


This relation must hold over the whole plane of » with the cross-cut. 
In the notation employed by Barnes, (31) becomes 


Pm (jt) = > tan m7 {Q,” (1) — Qn (1) 


Tn the case m = 0, we have 


tan nz , 


P, (4) = =" £0, (4) — Qn (uh vee (32). 


When x is half an odd integer, Q,” (4), Q”_n-4 (#4) are not independent 
solutions of the differential equation. In this case the value of P,™ (u) — 
must be determined by a limiting process. 


If n + mis a positive integer, the relation (31) becomes 
Pi (qs) = 2 em sin ma.Q” a 1 (1); 
and if x — m is a negative real integer, (31) becomes 
Pym (u) = = em sin m.Q,” (1); 


and thus, in this case, the functions P,,” (1), Q,™ (4) are not distinct. 
In case x is an integer the formula (32) fails because Q_,,_, (4) is infinite. 
If in (31) we change m into — m, we have, employing (21), 


em (Il (n — m) 
a cos nm (IT (n + m) 


P,-™ (uw) = Q,.™ (1) sin (n — m) 7 


~ Tee ma Oe (Hsin (m+ m) a 


= ive = ; 
7 Se na IL G ze a sin (n — m) 7 {Qn™ (4) — Ona (M)} 


Hence, on substitution for Q”_,_, (1) its value given by (31), we have 


Pa (8) = Tree my Pat (oH) — Zerme sin my (u)} 


Remembering that P,” (4) = P”_,. (u), we see that, of the eight 
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tions P,,” (uw), P™ n+ (4), Pa-™ (H), P- na (Hs Qn™ (4)> Qn (#4), 
1” (u), Q-™ na (pv), of the equation (2), six have been expressed in 
terms of the other two. 
Tf m is a positive integer, or zero, we have, from (33), 
a I(nm—m) , » 
Pe 


AN EXPRESSION FOR Q,,” (j2) WHEN m IS A REAL INTEGER 
132. If we substitute the values of P,,” (u), P,~” () given by (11) in 
the formula (33), we obtain the expression 


ale ie, 1 1 (m+ 3m / moe 
(4) 2° ee cee aD aeae bee a 


1 TW (m+ m) (ot rim F lap 
mre i) ( Uap NENA oy a 
which expresses the value of Q,"(u) within a circle, centre at » = 1, 
which passes through the point . = — 1; account being taken of the cross- 
cut. 

Tn case m is a real integer the functions P,,” (u), P,-™ (#) are not in- 
dependent of one another, and the formula becomes an undetermined form 
of the type 0/0, which we proceed to evaluate by applying the usual rule. 
The above formula may be written in the form 


T 

0,” (1) = 5 E sin ma 

a TM(-n+r—1Um+r) =e) 

7) = = pate 2 

CaS W(—n+7—-1) U@+7) es 
a ,U(—n—1) 0 (m) I (r—m)I(r)\ 2 } 
Ty (ot) —tm © H(—n+r—1)U(n+7) (+ Hy! 
II (n—m) 1) r-o U (nm) (—n—1) (r+ m)Il(r)\ 2 2 
_ where s is the greatest integer contained in m. This expression can be 
written as 


a = US wt ly 
OnE a) — ae sin nz (E* 5) 
7 ee ee 1— p\ 
«oe Te) cos rz ( 3 ) 


Lemm 


sin 27 Ss De ee 
sinma |\w—1) io I(s+t—m) I (s+?) 2 

4 ]\-3m 2 1 r 
Poot ) § WA n+r Dm eto beet. 


T@—m\w—1) no Wermiir) 
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It will be assumed, in the first instance, that n is not a real integer. ’ 
When m is an integer we have s = m; and thus Q,," (2) consists of the 


part (1) 
_ sina ie (se eee ee ee 
2a \po1 r=0 II (r) CF 2 I 


together with (2), the part obtained by differentiating 
et ag pet ae 
eee =a and Gai i ji 
in the second term, with respect to m, and this is $P,,” (1) log LS st i 


and (3) the expression 


is wt ilym es T(—nt+s+t—-1)0(m+s+2) Il) /1— prt 
gesinnn | (+5) 2 TT @ 1 @n +2) Ta | 2 ) ! 
I (n+m)/p+1\3" 2 W(—n+r 1) U (+7) Tl’ (r+ m) (1 — pir 
= i? Zeng ea TTr+m) ( 2 )| 
ene Tl’ (~ +m) | IL (n + m) II’ (n — m)] /p + 1\-2” 
+ a ia [Trem em Teo | (4) 
II ( cae 1) TW (n +7) /1— pr 
x = Tl) 0 +m) (om 
Remembering that 
TH A Troy toe where o=ptyt-. +4, 
we obtain for Q,," (4), when m is a positive integer, the expression 
a = a at 5 I’(n+m) I’ (n— m) 
Oat (w) = BPA (WOES +5 [PI O)— Tee) — re Pm) 
sinna ere n+r—1)0(~+r) 0 (m—r—1) 1s 
me eS ao 1 cos ra (- 5 
ie. pt+lim 2 W(-nttim )U(a~+m+t) 1— p\mt 
gqsinnn (Oo) TT @ 1 (m +2) «) (—S*) 
TI (m7 + m) /p + 1\3" 2 I (- n+r—1)0(n+r) ; l= \r 
7 on sin" Gm) eT) 2) eee 7 
where 
Sel: 
o@=ptgte tp o(m+t)=Tt yb tot 
When m = 0, this becomes 
dea Br , (n) 
Qn (uw) = 4 Pp (u)log ES + {i 0) — FO P, (u) 
= 2 M(—n+t—1)0 (n+?) 1— p)t 
Gn ee Tone o()( 3 3 
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In case 7 also is a positive integer, this expression may be modified by 
using the relation 


en ea ee 


II (n — 2) 2 
and since Ter = 0, when z < ¢, we have 
+ : Jeesh 1 
Q, (1) = £P, (uw) log BFF — (G+ 54... + 2) Pa (u) 
2 II (n + t) 1— 
| t OMT waH oem (—S*)- 
In this formula the term involving gear is zero and the expression is 


equivalent to that given in § 34. 


EXPRESSIONS FOR P,,” (— yu), Q,™ (— ) IN TERMS OF P,,” (x), Q,.” (u) 


183. Since the differential equation (2) is unaltered by changing p 
‘into — p, it follows that P,.” (— «), Q,” (— q) are particular integrals, and 
are therefore, in general, expressible in terms of P,,” (u), Qn™ (u)- 

The phases of » + 1, » — 1 in (w + 1)#”, (u — 1)-3” being restricted 
to lie between 7 and — z, we have 

p-l=e™(u+)), —wtl=e™(u—D, 

where the upper or lower sign is to be taken, according as I (jz) is positive 
or negative, and » is not real. We have therefore from (11), when 
|1- 4| < 2, and | Ss 


a eal pL Stee 
Pe (- =a rom (ea) ) B(-mn41;1-m;—S# ): 


This formula must hold good for all values of 4 such that | 1+ |< 2. 


On substituting for the series its value given by (24), we find the 
relation 
( 2 sin (n + m)a 


BP,” (= p) = e#™™ P,™ (H) — = e-m™ Q™ (u) 
oon (34) 
In particular, if J (u) is positive, we have 
2 sin na 

PB, (= p) =e Py (i) — ——— Qn (H) +e (35). 

Ti n+ m is a negative integer, the second term in (34) must be replaced 
j 2 ae 
Saigon inom po 
Since, in (19), we have 
(= [Ee eeRE = fe rmetl eEurt mt 1) ze 


“where the sign is chosen as before, we find that 
OR Gt) C(t) ee (36). 
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In the case of a real integral value of n we have 
Pym (=p) = (= "Py (u) = 2 (= 1)" sin mae Qa (u), 
Qn” (— pw) = (— 1)°7Q,” (1). 
EXPRESSION FOR P,,” (4) IN POWERS OF = WHEN | »|> 1 


134. In the formula (19) the expression for Q,,” (u) in a series of powers 


of - has been obtained for the domain of » = 00; we shall now employ the 


relation (31) to express P,,” (u) in a similar manner. We find by changing 
n into — n — 1, in (19), 
TL (m —.n —1) I (= 3) 

Il (— n — 3) (1 


Q” na (w) = 2e"™ 


x p(mantl m—n 1 1s al 
( 2 2: 2 2D ie 
II (— 4) 0 (m — 4) cos 27 
ee mnt 2 he 
one II (n — m) sin =a nF E 
(jm—-nat+tlm—n 1 wil 
dee eae m3 73) 


Hence we find that 
= sin (n + m) 7 Il (x + m) = eee 
Pi" (u) = gett cone Win +a) (—p)  ~ " eet 
m+n+2m+n+1, 3.1 
x B( 2 > 2 37 :) 


II (n — 3) 
II (n — m) Il (— 3) “ 


xF(™ m—-n+1m—n_ 1 pa 4) 


Qn 


(we 2 1)” prom 


eee eee p 
aoa, (37), 
unless n is half an odd integer. 
In the particular case m = 0, we have, when | » | > 1, 
tan nz II (n) 1 
Poser Wat) Dw 
(2, Cae ae 4) 
x F ig? gy 3 M+: ro 


iG) ee le 
Te F( ee nm; 3) ae (38). 
It will be observed that, when » + m is a positive integer, the expres- 
sion (34) reduces to P,,” (— x) = e7"™ P,” (u); but this is not so when n + m 


+2 
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is a negative integer, since sin (x + m) z.II (n + m) is then finite. The 
formula (37) fails to represent the function when » is half an odd integer. 
Heine gives* as an expression for P,, (u), when n is unrestricted, a 
formula which is equivalent to the second term in (37). Heine’s formula 
is therefore correct only when 1 is a real integer. 


EXPRESSIONS FOR P,,™ (4) WHEN 
-1 
1|> 2, on —1 >2, on |A= <l 
le+1| le-1| nae 


135. Employing the relation (31), and substituting in it the expression 
(27) for Q,” (), with the corresponding expression for Q’_,,_, ( L-), we have 
Pm (,) n(n +m) wT (n) Mm +m) ¢_2 mH yy + 1 
Se 5 cos aa Tl (2n +1) iG a ( 7 


x F(n+ Ln+m+1; 242; 77) 
— PB 


sin (n — m)a I (—~n— 1) (m—n—1)/ 2 \™ ae 
2a cos na II (— 2n — 1) Ga = i) : =I 
f 2 
x F (=n, m—n5 — 2n; = =e (39), 
where | » — 1| > 2. This may also be written in the form 
Ey sin (n — m) a II (w) WT (m—m)/ 2 \"+4 7p + 1-3" 
pe (H) 27 cos nz TI (2n + 1) G 1 c i) 


x F(nt 1,n—m+1;2n+42; i) 
\ =p 


sin (n+ m) a I (—n—1) 0 (—m—n—-1)/ 2 ane ee 
27 cos nz II (— 2n — 1) GS) Ge 


x F( n,—™m ms — ans 7) oes (39’). 


These formulae (39), (39’) are valid outside a circle with the point 1 as 
centre and passing through the point — 1. If we employ the relation (31) 
and substitute for Q,,” (1), Q™_»-1 (u) their values given by formulae (29) 
and (30), we find that 


a sin (n+ m) a II (n) I (m~+m)/ 2 \n4 p— 1y3" 
P.™ () 2rcosnz —_—iTI- (2n + 1) es eat 
2 
F(n+in—m+1; Ss 
x (n+ »n—m+ jn +2577) 
_ sin (n —m) aT (~x—-1) UN (m—n—1)/ 2 \-/p—1)-" 
2a cos na II (— 2x — 1) ee eet 
2 
x F(—2,—n—m;—2n; =) Soseee (40), 


* Kugelfunctionen, vol. 1, p. 38. 
HH 14 
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which is valid outside the circle with centre at the point — 1, and passing 
through the point + 1. 2 
It is known that 
: T(y—e— 6-1) (y— 
PF, Bs y; 
@ PY) Ty =a= DM — B= 
4, Net Bo-y— cele . 
I @ — 1) 1 (B— 
ae a,y—Bsy-e@—-B+ 151 
where | z| <1,|1—a|<1, and the phase of 1 — z is numerically less 
than 7. 


Let x 


TF, Bs 1+e+$-y¥ Ie 


(1 — a)r-* 


a n+1,p= m+l,y=1 m; we then haga 
F(n+1n—m+11—m 
= TI (— 2n — 2) II (— m) 
il (—m—n—1) Il (—n- 
II (2m) I (— ay Q. \-2n-1 
*T@T@sm)\yFl i) et 
It is easily seen that 
les tne) TI (= m) sin (w + m) 
T(—m—n—1) I (—2— 1) Qa cos nT 2 
and that 


II (2n) Tl (—_m) (m—n—1),, rea 
II (@) I (@ — m) TI (— » — 1).27 cos nz ae 
It follows from (40) that 


P,™ (pu) Tl = ™m) Ge ge Gs y” 
xF(n+1n—m+ljl—m 
—1- = 
Tea ae (A) 


x F( n,—-n—m1 


This expression for P,,™ (2) is valid hen | =| < 1; and this is the 


case over the whole of the half-plane for hice = (#) > 1, account being 
taken of the cross-cut. The extensive range of the convergence makes it 
convenient for use in some investigations. This formula was given by 
Barnes (loc. cit. p. 103). When 7 is a real positive integer, the second 
expression terminates after n + 1 terms. 
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EXPRESSION FOR P,,” (u) WHEN ” IS HALF AN ODD INTEGER 
136. The formula (19) may be written in the form 
II (n + m + 2r) 1 
ee x 
8) ao) @ +r + ¥) Our 
Hence we have 


@gral - P@t— yes 


; Fell I(m—n—1+2r) 1 

yr = emm n Sere] 2 m 
Be) = "Cor (2) — TS re a De 
Let ” be half an odd integer (= — 3), ‘ie we have, if < be a positive 
number, 


emm 


1 2 3m 1 
Ori (H) = avatar HI (— 2) (H* — 1) ” 


xe II (w+ m + 2r + €) 1 
rao I(r) E(w +r + $+ €) 2p)?” 
1 
QP nae (uu) = e™ (2p)"** TL (— 4) (ue? — Die 
5 (2 mene ee) 1 
r=-0 U(r) I (r—-n— 4—) (2y)?" 

& Il (m+ n+ 2r —) : et: 
= OeH rao I(r —€) (n+ 7 + $) (2p) 
The finite sum. = in the bracket is zero when « = 0, on account of the 


+ 


factor II (r —n — Di in the denominator, where it is assumed that m is not 
half an odd integer, so that the numerator is not infinite. When « = 0, we 
have Q,” (4) = Q_n- (4). In order to find an expression for P,,” (1) we 
have from (31) 
Pa (1) = — ee] FQ one (u) sin (2+ m+) 
~ Orns (H) sin (w—m — oy} | 

or simplicity we shall assume that m is a real integer. 
We find, on carrying out the pee 

Il (n + m+ 2r) 
ool (*) (wr §) 
ye s II (2 + m + 2r) 

= TU @trt 3) 

ee W(n+r+%4) I'( i 

oes I (n+7r+ 3) oe 
cos ie 


2 
P, (12) = = log (21) cos mm I (— 4) (u?— 1)" 4 


1 cos eee 
X (years — Tl (— 4) (? 


+ 


cos (m + 3) 7 IT (— $) (u? as 


nim n— 1+ 2r) I(n—r—4) (—1)y" 
r=0 : Il (r) (2p)—"" 
where n is half an odd integer, and m is a positive integer, and | z| >1. 


14-2 
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In case m = 0, we have 


2 2 Tl (n + 2r) 1 
IE (4) = = log (2p) IL (— 3) Wel a@trt 4) (Quy 
1 io II (n + 2r) 
~alC) 2 Tenet sD 


ON (n+ 2r) Il’ (n+7r +34) II’ (r) 1 
x { Tm+2r) Um+rt+4) Wl at Quy 


1 ron T] Qr — n — 1) (n—r—3) (=)! 
+ UW (- 3) cos (m + 4)a 2 TT (7) uy 
ise (42), 
where | | > 1, and 7 is half an odd integer. 
In the case n = — , the last term disappears, and we have for the 


leading term in the second series 


2 aye OS 


T(-4)  1(0)) ew! 


2 


which is equal to * tog. 4, Thus we have 


(2) 
1/22 1\ 
Ps(u) = 5 (5) lou (Su) fl+a( )f. 
where 7 () converges to zero with ie es (43). 
He be 


EXPRESSIONS FoR P,,” (1), Qn™ (“) IN SERIES OF POWERS OF 1 WHEN 
jel<1 


437. It will be convenient to obtain first the expansion of Q,” (14) and 
afterwards to deduce the corresponding series for P,.” (1). 


Taking the formula 


e-(ntim TI (n + m) re 1) /72— 1)" oS : 
m tm ae n—m— 
Qu (u)= See a yin BE) () 


es 
ZL 


c 


we consider first the case in which 7 (z)> 0; the path of integration 
can be so chosen, as in the figure, that | ¢| > | ~| at every-point. The term 
(t — »)-"-™-1 can then be expanded in ascending powers of », and we thus. 
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find, since the phase of (¢ — ) t-1 is zero at the point where the line joining 
p and 0 cuts the path of integration, 

A = en(n+i)m : aa i 
Sa) = 4 cin na  Y*"-oary (n) 


ea (-1+,1-) 
x F ent) | 


2 rie dt, 
ie Cs) 


Cc 


(-1+, 1-) 
Let us now consider the integral | (2 — 1)" edt. 


First suppose R (n + 1)> 0, R(p+1)> 0; the path of integration 
‘may then be taken as in the second figure, the loops round the points 1, — 1 
becoming indefinitely small, and the semi-circles round the point O being 


e o Z é 
of + 


also of indefinitely small radius. The parts of the integral along the circles 
nd semi-circles vanish in the limit, and we have only to consider the 
integrals taken along the real axis. The integral consists of four parts: 
(1) from 0 to — 1, where the phase of ¢ is — 7, and the phases of ¢ — 1, 
t+ are 7 and — 27 respectively; (2) from — 1 to 0, where the phase of 
‘tis — 7, and the phases of ¢— 1, + 1 are z and 0 respectively; (3) from 
Oto 7, where the phases of ¢,¢ — 1,¢ + lare 0,7, 0 respectively ; and (4) from 
1 to 0, where the phases of t, ¢— 1,¢+ 1 are 0, — a, 0 respectively. 

Taking v for the modulus of ¢, we have in the first two portions of the 
‘integral ¢ = ve~*, and in the other two portions ¢ = v; hence the integral is 


‘1 
(eg e-(ptl)m __ enn e—(p+1)m | gnm __ e-nr) | qd = v2) vw du, 
0 


‘1 
or 21 sin nm (1 + €-?") i} (1 — 0%)" vedo, 
0 
which is equal to 
p—1 
mom (253) 
pti” 
I (n dy ) 


This result holds good when p and x are freed. from the conditions 
R(p+1)>0, R(n + 1)> 0, as may easily be seen by employing suc- 
cessively the relations 


2c sin nm (1 + e-?"), 5 


2n+p+3 

ped 
2n+p+3 
2n +2 


(-1+4, 1-) (-1+,1-) 
| (2 — lp edt | (2 — 1 dt, 


(@ — 1)" dt 


(-14, 1-) (-14,15) 
| | (@— 14 dt, 


obtained by integration by parts. 
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We have now, letting p= —n—m—r—1, 
Fe ym ¢ sin na 
Qa” (ys) = 2 (ut — 
n+m+r 
> m-ir)ne noteennma(- = 
x E | (1 etmtminey yr = 
r=0 II (r) 1 ( os 
2 
enn tl) 
Sr (uw? — 1)2™ (1 — etn) 
2 n(-"+4+% 1) 1 (n + m+ 28) 
xi-— Sa wes 
s-0 TI (2s) I CS) 
e-(ntl)a = in 3 
Pag = Dee) 
a m(-"= "522 _ 1) +m4 2841) 
xz 5 Tr pest, 
a! T@s+iu(*—" >=) 


Employing the known transformation I (w — 1) II (— a) = 7 cosee az, 
we deduce the following expression for Q,,” (): 


(m—n)m m— nm —2\ — 

Qn (uw) = — Soe (ut — 1)" sin ™S* sere)! a 
ie gar ee oe noo 
=") 


ntm+1m—n1 
x F( 2 Se 


(n=n)yn mont) 
fe (pe? wegen 2 
"Onan \H 2 : cs 

2 
m—-n+1m+n+2 3 
x eP oye oe ?) aa (44). 


Employing the transformation 


TI (22) _ 45, 11 (x — 3) 
II (@) Tl (— 3) 
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the formula (44) can be written in the form 
-—1 
me i SS Tl (— 3) 
m{ 
‘ 


0,7 (u) = — © 2 22”, 


n- mM 
z") 


x (We — DIOP (Sh 1?) 
ne") mea 


=F) 


a 
Bea om < 


—n+1m+n+2 3 
x (pe? 1 uP (™ SS, ae 15) 


138. In case J (1) < 0, the path of integration must be placed as in 
the following figure. 


Tn this case the phase of ¢ — p at C is — (27 — 6), and that of ¢ is 0, 
—n—m—-1 

so that the phase of 1 — = at Cis — 27, and thus Qa _ 5) 2 is equal 

to e("+™)™ times the value given by the binomial expansion; we have 

therefore : 


m NE a 2_ y)3m 
Q," (1) “sinnz® | 2°11 (n) (uw ) 
o (1415 
xe een | (2 — Un tm, 
r=0 c 


As before, it can be shewn that 
-—1 
(-14, 1-) 1 (n) qT @ 2) ) 
| (2 = 1p bedt = (er — e-) (1+ er) 5 ——— 
I \@ + pe. ) 


We have now 


; elntl) 1 csin na 
aa 2 1)k™ p2mn 
= gana OT a) 
+m+r 
Il (x m(-"+9e7_ 1) 
ee (1 — entntmin my ee a) & 2 


E ae 
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(Gm + 4m) 
Se = 1 a 


Tl 


pasa 2 
~ Uin+ms4 28) II ( ea 1) 
x = oy; pes 
s=0 = = 
I (2s) 1 (== ==") 
(gm +4n) 
eC n+m 
ees ee 1)?” cos a 
a» Hn +m + 28+ 1) 1( (Ee 1) . 
2 —%s—1 “- 
s=0 IL (@) 0 (*#="> ==) 


As before, we find on reduction 


dintine | Tl ares 


CS gt 2) pale 
: 2a] 
n+-m+tlm—n i, 
x F( 2 mee) 
: nw ("4") 0(-5) 
4 elim tin)™ om == 1)" 
ees 
m—-n+1mt+n+2 3 
eo ; 5H) teens (46), 


where R (y) < 0. 
139. In (44) change n into — n — 1; we then find, after some trans- — 
formation of the numerical factors, 7 


cos n(™=5— *) ( i 


Om n-a(u)=— HCP)” 2 


sin "5" a 5) u("4") 


} 
(m+n) om 2 2 ee: (u2— 1m 
n-—™m m( —m— *) 
cos —y 7 3 


m+n+2m+n+1 3. 4 
x pF (== ee ). 
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On substituting this expression and (44) in the relation (31), we obtain 
the following expression for P,,” (,): 
{ +m—1 
iat er ) 
ntm 2 

7 (ut = 


as) 03) 


Be" (jz) = e-™" 2 cos 


m+nt+ilm—n 1, 
x F( ye #) 
n(*5” 
= 2 
+ emmt Omit a z= = ) i (uw? — 13” 
n(“=3—) m(-5) 
mien+2m—n+1 3 
x pp (> EFS a 5534) ee (47), 


when J (1) > 0. 


When I («) < 0, we obtain in a similar manner an expression which 
differs from (46) only in having the exponential factor e"™ instead of e~”™. 


If we employ the relation 
F(@, Bs y32) = (1— 2)" F(y—a, y— B3 732) 


and remember that 1 — 2 = e?™ (42 — 1), according as I (y) 2 0, we find 
that both the cases J (u) > 0, I (4) < 0 are included in the one expression 


ntm—1 
oe ee ee 


7 a) s) 


| P,™ (wu) = 2” cos 


mtnn—-mt+11 , 
ae ig wy ee r) 
C4) 
n+m 2 


2 (mama I peo 
a 2 ) (-3 
l-m—n n—m+2 3 
x uF ( Dee a? 3H) 
Tn case 7 is real and half an odd integer, the expression 
TEs Wor SH 
(4-2) 


| Ona (uw) = oma” 


m—-nt+1lm—n 1 = 
x F( oe ee :) 
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- obtained from (19) by changing » into — n — 1, requires adjustment, 
because the first » + 4 terms are zero, on account of the zero factor 
Il (— 4— 7). 
We may write the expression in the form 
2 IL (m—n-+ 2r + 1) 1 

mrt On Sat —(2r+2) = Z g 

em 2m TI (— 4).2 alle +DUG—n+npe 
and in case 7 is an odd integer, the terms corresponding to 


r=1,0,..n—3 
vanish. The expression becomes, in this case, 
T(-} ue Tl (m+ 1+ 2 + 2s) 1 
Bre wm no (+448) 6+ 1) pee 
which is equivalent to the expression (19). We have therefore when 1 is 
half an odd integer, Q,," (u) = Qn (#)- 
From (47) we see that, when m + is an integer, only one of the two 
hypergeometric series is required to express P,,” (,); the first or the second, 
according as n + m is even or odd. 


emn 


140. If we employ the formula 


Pe Bsys2) = ett yea) @ Bil + ot By Lah 


_U@e+sp-y-)U(y—-)) eres 
es 1c (eee 


x F(y—a,y— Bs; y-—e@—-—f4+1;1—-2); 
which holds good when | x |< 1, | 1 — «| < 1; and letting 


n—-mt+1 B n+m 
2 2 Dee 


a 
we find that 


nm—-m+1l n+m 
F( 2 1 =D sl—m;1 2) 


l—m, 2=1—p?, 


-—_Tepte)—__ pee 
Se eee) 
T(— 4) (=m) 


+ 


l1—-n—m n-—m+2 3 
x oP (a e), 


when | 1 — p?2|< 1, | »?| < 1; for which R (yz?) > 0, so that in the value 
of (u2)? the real part of » must be positive. 
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On comparison of this formula with (48), we find that 


ae a im (rn —mt+ 1 n+m, ; ‘) 
Bey aD FC mle 


which holds good when | 2? — 1|< 1, and R(p)> 0. 


By the use of the relation (33), an expression for Q,,” (4) in terms of 
hypergeometric series of which 1 — p? is the fourth element can be ob- 
tained for R («%) > 0. By homographic transformation other expressions 
for P,,” (4), Qn (uw) can be obtained. 


For example, it can be found that, when | 1 — p?| > 1, 
an TL (——39) 
m+n + 2 f mt+n+til 
eee NC a) 


pS ee 1 ) 


P,” (uw) = (at aeeee 


ae eee ee 2 Te? 


2 TI (n — 3) 
ee 


iL i il 1 
x F (5 (m—n),— 5(m+m)35—m; -——a)s 


+ (w— 1) 


TI (n + m) Il (— 


Qn” (p) emm mT GT D 3) (we — 1) 


nt m+1 DM eso! 
x Fi gee m+ 5a) 


It must be remembered that in these formulae the values of the factors 
(uw? — 1), (u2 — 1)-#@+» depend upon the argument of p? — 1, and thus 
vary according as R (y) 2 0. 

As the formula (50) is of importance, a proof will be given. We have 
from (19) 


Bi) or Nt m) ®t — 
Qn: (z) Ont Tl (n+ 4) primet 


mtm+2n+m+i. 3) 
x F( 3 ; 3 Noe ja 


The hypergeometric series F (a, 8; y; €) is represented by 


I (y= 1) po — 4)¥-8-2 (1 — a 
Ciera ee 
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and thus on putting 8B = 4 (n+ m+ 2),a=}(n+m+ 1), y=n-+ $, we 
have 

pete? n+ m+ eeae | 


2, g 2 2 2? pe?) 
fede Pik S —h(n4+m+1) 
-— (w+ 2) — | ket) (1 — berm) @ = “) Bee i), 
n(*5™)\ 0 jes H 
Ke 2 
The expression on the right-hand side is equivalent to 
U(m+3 portmeD) (42 — per) 
0 (* —m—1\ 0 +m 
ee es: 
x | 1 deem  — ier ( = =e ae. 
6 = 
The integral is, when — a < 1, equivalent to 
iE = 
joim _ yytomn fy, mamtL Low 
fe Uw (1-4)? a a 3 ie 
(n+m+1)(n+m+3)/1—4u\? 
+> 32-91 - a +... + dU, 


which may be integrated term by term, if the path is placed properly, so | 
that the convergence is uniform. The integral then becomes 
n+ m (n—m—1 1 
nC") "(3 —) ree 


a 1 
xp(eeeeie mri | 3. ) 


: De aS 1?) 
Hence, by substitution, we obtain the expansion (50), which holds 
good when | 1 — p?|> 1. 


EXPRESSIONS FOR P,,” (u), Qn” (u) IN THE NEIGHBOURHOODS 
OF THE Pornts — 1, + 1. 


144. In order to express P,,” (z) in the neighbourhood of the point — 1_ 
we observe that the differential equation (2) is satisfied, within a circle of 
radius 1, with its centre at the point — 1, by 


Sa 
i i)" F( n,n+1;1 m; 52), 


ae 1 2 
ae ee ee Le 
and by aa F( n,n+1;1+m; 3 7 


It will be assumed that » and m are real but not integral, and thus that 
the two solutions are distinct from one another. 
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__ First let m be positive. Then P,,” (u) is expressible, in the neighbourhood 
of the point — 1, by 
l+p 


Pr =A (LLG) F(-m a+ 1; 14m; > $4) 


oe (- ey ea 
ae Fl-—n,n+1;1 Mm; a 
where A and B are to be determined. Consider the point » = — 1+ 2e+ 0.1, 
at which we have by (11) 


1 e \in 
P,m(—1+ 2 + 0.0) Tey F(-—n,n+1;1—m;1-—e), 


(21h ee eee 


where 


We have then, on substitution of the asymptotic-values (§ 115) of the 
hypergeometric series 


1 e \im II (—m) Il (m—1) 1 e \in | e — l\im 
IL ( ate i) TI (— — 1) II (nm) «” “eS ) + B( = 3 
This is equivalent to 

TI (m — 1) 


TONE = B(e— 1)"; 


hence we have, when <« ~ 0, 


m being positive. 


Next, consider the points » = 1 — 2¢ + 0.1; we have then 
iL ( =— e\i" 

Il (—m)\ —e«/ 

(= 6) aati, 


P,” (1 — 2e + 0.0) F(-—n,n+1;1—m; 6), 


where 
Accordingly, we have, on substitution of the asymptotic values for the 
hypergeometric series, 


ge (2-42) re BRE 


aS re ©. 


l—-e 


+ B( nut m) I (m—1) 1 


I (—n—1) ll) &’ 


4 T(m) T(m—1) _, eeme se 


1 
Il (— m) II (m + n) Il (m —n — 1) (=n —1) II (n) © 
Substituting the value of B, we have for A the value 
TI (m + n) I (m —n — 1) sn ma 1 sin n7\" 
TI (m) 7 Ga ae) ‘ 


A 
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After a little reduction, we obtain the formula 


os Tl (— m—1) p+ lyn 
Pam (H) Il(—m) Il(-_m—n a5 i) 


x F( n,n+1;1+m; *) t Loney le a 


x F(—n,n41;1—m; £4) one (51), 


the upper or the lower sign in the exponential being taken, according as 
I (u) is positive or negative. The values of n and m are taken to be 
both real, and m > 0. 


In case m < 0, we assume, as before, that 
— lyin. Se 
Bean) 4, (25) F( nn+1;1 m;~#) 


+B, (EET) F(—n, m4 114m; EH, 


where m is now positive. 


Let us consider the points p. =—1+42e140.2; then 


Se : ; Ih /fe= Nee : = 
P,-™ (— 1-4 2e + 0.1) aunt : ) F(—n,n+1;14+m;1-—), 
where (=)? =e#"™ (1-6). 


On employing the asymptotic values of the series, we have 


1 (E \" TI (m) I (m — 1) Sue (: = ye +B, ( € i)" 


II (m) \ « Il (m + n) II (m — n — 1) € 
II (m — 1) 

Il (m+n) I (m—n— 1)” j 

If we consider, in a similar manner, the points » = 1 — 2e + 0.«, we have © 


= (=) ~4 (—)"F (are =e) 


hence A, 


— im 
+B,(+ <\" F(—n,n+1;1+m; 1-6) 


Ee 


4 (23) Tesh 
ieee TI (m) II (m — 1) 


=i 


II (m+n) I (m—n—1)’ 


hence we have 


I (=m) (m=), p me 
tation 


TI (m) II (m — 1) 
Il (m+ n) II (m—n—1)° 


0=A 
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On substituting the value of A, we find that 


T(—m)U(m—-1)_, 
TI (x) I (—2 — 1) I (m)’ 


B, exmn 


we thus have 


za TI (m — 1) je — 1\3" aos ta 
Pe" (u) Tatoo ea Ga) F( DD Bae, =) 
an WU (=m) TM (m1) (ut l\e 
& Wants itm (1) F( 


which reduces to 


ae II (m — 1) pe — 1\3™ mae Ae 
Pr (¥) Ti (m+n) I (m—n gas F( Qa Man Uh Ne ) 


Tl (—m — 1) pet 1\ie : T+p 
1 otmn FE ici 1 3 
+ € He ) F(=n,n+1;1+m; ) 


the upper or the lower sign being taken according as I (u) is positive 
or negative. The formulae (51), (52) might be obtained, when m and 7 are 
not restricted to be real, by employing the relations given in § 140 for ex- 
pressing (11) in terms of the fourth element } (1+ 4). 

In case nis a positive integer and m is not integral, in both expressions, 


f 3 1 
the second part disappears, on account of the zero factor Tees. 


The value of P,,” (x) is then 


1 ata oa 5 ay” mnt; lem; BES), 


142. Next let m=0, then F (- n,n+131; i x ) satisfies Legendre’s 


squation in the neighbourhood of the point » = — 1. Taking 1-13 ; 
the differential equation may be written 

eu 
d? 
One solution is F(—n,-+1;1;#), and we have to find another in- 
dependent solution. 

Let u=P(a+ati+...+a,l +...) 

be substituted in the differential equation, which we may denote by 
Du = 0; we have then 


Du=t(l—t) © A+r)A+r—1)at? 
r=0 
+(1— 24) © Atr)a,O+4+n(n +1) & a,b"; 
r=0 r=0 


fa —#) + (1-2) nme l)u=0. 
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thus Du = a,)?, provided a,, dy, ... are so determined that the coefficients 
of #, PH, P, ... all vanish. 
We find that 
a, (A+r? =a,4(A—n+r—1)(A+n+r)=0. ; 
If X = 0, we have Du = 0, and this gives the solution q 
QF (—n,n+1;1;8); ; 


we have also ae = 2a), and thus - satisfies the equation if A = 0; this E 
gives a second solution of Legendre’s equation. The series is 
ae p+! _A=nAtn+ I) 


= pe 


_A=2) A—n+1)...A-n+r—1)A+n+1)...Atn4 1) ae 7 


(+ IF... +r Feed | 
Differentiating this expression with respect to A, and then putting \=0, — 
we have for the second solution 
log. t.F (— n, n + 1; 1; t) 


_ 2 (=n\(-nt lc. (—atr—1) (a +1)... (wn) - 
Ue ci 2 
- where 
ib 1 1 
é(mr)= [4 Rel Spa 
ee a 28 2 
rele n= ee 
Be 1 if 
Writing ee) ee Ga zs 


where C is Euler’s constant, we see ce 


Tima 9p (72, 1) = (h) (= = 1) 20. 


Let 
P(t) Ae (- n, m+1; 1; evita nn+1;1;~5!) 
2 (—2)...(—n+r—1)(n41)... (n+) 1+ ")\) 9 
aes GIP Bim n(S J] 
in the neighbourhood of the point — 1. 
Let 4 = — 1 + 2c, we have then 
F(—n,n+1;1;1-¢2)=AF(-n, n4 1; 1; «)(A+ Blog e) 
By! n)...(~+7—1)(n+1)... (m4 Op ret. 


(r!)? 
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Equating the coefficients of log < on both sides of this equation, we 
have, as « > 0, 
- sin u7 a 


T 
Again, let » = 1 — 2e, we have then 
#F(-n,n+1;1;2.)=F(—n,n+1;1;1-—6¢)[4 + Blog (1—6)] 
; (—n)...(—n+r—1) (n+1) 
+ BS a 
The second term on the right-hand side is ae 


= [pe (n) +b (— 2 = 1) + 20] loge, 


mae, pls 


as is seen ihe comparison with the series GS! -4" (see § 115 (c)). We Eaves 
therefore, 
[4+ Blog(1—.)]9°""" 


sin na sin 277 


log « — B[s (n) + (—n — 1) + 20] ———_loge = 1; 
hence, as és 0, 
| A=BUp(n) +$(—n—1) +20} 
Tt has thus been shewn that the function P,, (u) is represented by 
_sinnz, pti pee sc 
P, (us) a log 2 FF (— if DAES Ts | 
_ Sin m7 


EP h(n) +4 (— m1) + 20) F (=n, 0415 1; as) 


ar —n)...(—n+r7r—1)(n+1)...(n+ +1" 
sin 1: 5 ( 2)... (—2 ay )--.(” 4 (n, 1) (HF) 


This expression will be single-valued, on account of the cross-cut of 
the plane of » along the real axis from — 1 to— . It was obtained* 
by Hille. If x is a positive integer the expression reduces to 


cos na F (— n,n+1;1; es). 
When m is a positive integer, P,,”() is given by 
hi 
(v8 — 1)" Fo Pa (1). 


* Arkiv for Mat. vol. xi, no. 17 (1918), p. 7. 
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It follows that P,,” (.) is given in the neighbourhood of the point » =—1 { 
by the expression 


(2 — he Fr [PR tog #5? ( n,n+1; 1; ‘S34 


7 


+(2—1i" sin a7 


(nm) +4(-n-1)4 20) 7 F( njn+1;1;8¢ ) 
d™ =(—n)...(—n+r—1)(n +1)... (1 +7) 


+ (ut — 1m (SE a 
x ¢ (n, 7) Ey. 


dum (r!)2 
This expression contains a term with the factor log Eipioe 


143. In order to express Q,,” (1) in the neighbourhood of the point — 1, q 
we employ the formula (26), 


= memn (w+ a ie 
Qn” (1) 2sin (n —_m) 7 Il (n—m Tm (5)" 
Ey: Jaw _ (et lin ea a) 
x F (=n, 041; 14m; ) tn F( n,nm+1;1+m; 3 : 


We have then only to find an expression for 


eae 14+m;158) 
=) F n,n+1;1l+m; 3 


in the neighbourhood of the point — 1; this will be of the form 


4, (225)P #( m,n 1;1+m;=s#) 


=i 2 | 
rae) Ft n,n+131 m3 =H), q 


The constants A,, B, can then be determined as in § 141; we thus 
obtain an expression for Q,,” (4) as a linear function of 


ett P(—a nt ip 1+m;-$4), 


ee ( fae 4) 
and fa F(—n,n+1;1—-m; zx): 


The detailed determination of the constants is omitted, for shortness; 
as also the cases in which m is a positive integer, or when n+ m is 
a positive integer. 
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E In the neighbourhood of the point »=1, P,™(u) is given by the 

~ formula (11). The value of Q,” (}:) can be expressed in that neighbourhood 
by finding an expression for 


3 
(Can i)" F(-2, n+ 1;1+m; hh 
pol 2 


in the neighbourhood of y = 1 by the processes employed in § 141. 


DEFINITIONS OF P,,” (4), Qn” (4) FOR REAL VALUES OF pp NUMERICALLY 
LESS THAN UNITY 


144. The functions P,” (4), Q,”(u) have been defined as uniform 
functions of for all points of the plane of » in which a cross-cut exists 
along the real axis from 1 to — 0; at points indefinitely close to one 

another on opposite sides of the cross-cut the value of P,™ (1), or of 
 Q,'" () will, in general, be different. 

We shall consider first the values of P,,” (u + 0.1), P,™ (u — 0.) on 
opposite sides of the cross-cut, for real values of » lying between + 1. 


Referring to the expression (11), and applying Abel’s theorem, that, 
when the hypergeometric series converges at the point , its sum is con- 
tinuous with the sums of the series on either side of 1, we have 

4 1 yn (1 + p) l= p 
= _ 9 k™ = Sie ee 
Pim (w+ 0.) eae so F( n,n+1;1—m; 3 ). 


0.0 = my Om GE (mnt ts mi 54). 


Hence we have the relation 


a" P™ (w+ 0.0) =e 2" P,,™ (pw — 0.0) 


x Fl n,n+1;1 


; It is convenient to define the function P,,” (w) for real values of pw 
between + 1 and — 1, in such a way that its value shall be real for real 
values of m and 7; the definition which we take is that, for such values of p, 


P, (u) = ef" P,” (w+ 0.0) = "Pa (uw — 0.1) 


E (Ee F( n,n+1;1—m; 
\ 


I (—m) \l— 
This value of P,,” (2) satisfies the equation (2), when p is restricted to 
be real. 


15-2 
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From (47), we find in this case that 


n+m i) 2) 
m (4) = — pm 
P,” (uw) = 2” cos —z eee p?) 
x p(t) Be) 
Seer ib m(*3") __ayhmn 
+ 2™+1 sin 3 aS Te i) 


where (1 — p*)?” denotes ¢?”1°8°-”), and log (1 — p2) has its real value. 
We see from (55) that, when m is zero or an even integer, the values 
of the function on the opposite sides of the cross-cut are equal, so that 
in this case the cross-cut is necessary, so far as the function P,,” (u) is 
concerned, only from — 1 to’"— o. 
145. Next, let us consider the values of Q,™(j) on opposite sides of 
the cross-cut for values of » lying between + 1. From (24) we have 


Qn (wu + 0.0) 


meee. : jee i Ea n,n+1;1—m; 5 H) 


2 sin (n + m)z II (— m) l-p 
ee lest Le 
— ee rr) F(—mn+1j1—m;—* 
and lip : 2 )p 
Qn” (uw — 0.1) 


Te 1 (nt}nym (1+ pb 4m ig = — 
ses) Se 7 Bn ee 


~ etm (T=) p/( n,n+1;1—m; eu 
lip 
From these equations we find that 
oF" Q,m (u + 0.0) — ™Q," (u — 0.0) 
TOUR Ll 
2 sin (n + m) 7 II (— 


1+ 23" iS 
ire F( n,n+1;1—m; ra 


Fa) {esa elatin)my 


and thus 


oF" Qa (w+ 0.4) — "QM (uw — 0.4) = — ere P,™ (1) ...(58), 
where P,,” () is defined as in (54). 
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Tt is convenient to define Q,,” (1) for real values of ». between + 1 and 
— 1 by means of the relation 

erm Qn” (1) = 5 eR.” (w+ 0.1) + CQ,” (u — 0.0} ---(57)- 

It is clear that Q,,” («), so defined, satisfies (2) when p is restricted to 
be real. 

It follows that 

ee" (+ 0.1) = e™™ {Q,.™ (cos 0) F fu7P,,™ (cos 8)}. 


This gives us 


a e 5 008 Co Gene 


GQ.” (x) 2sin (n+ m) Il (—™m 


: ce 
x P(—,n41;1-m;~5*) 


4 
Ak 1 
— (Gey F(a pile = 

l+ pb 2 


We have also, from (45) and (46), 


I 
Q, (uy) = — 21sin Ew ( 


a 


+ 2” cos 5 


oie eee 

TIn the case m = 0, (57) agrees with Heine’s definition of the function 

Q, () for real values of 1 between + 1. Objections have been raised by 
Schlafli to this definition of Q, (4), on the ground that the function does 
not satisfy Legendre’s equation. There does not, however, appear to be 
_ in reality any question of principle involved; it is merely a matter of 
convenience to give a definition of Q, (u) which shall give real values of 
the function on the real axis, when 7 is real, and such that Q,, (u) satisfies 
Legendre’s equation when p is confined to have real values. It must, 
moreover, be remembered that, although we have drawn the cross-cut 
along the real axis, it might have been drawn along any line we please 
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joining the points + 1, and thus the function Q,, (4) may be regarded as 
satisfying Legendre’s equation, for all points in or near the real axis, 
the surface over which the function is uniform being a different one from 
that which we have hitherto postulated, and the function being a linear 
combination of the two independent integrals of Legendre’s equation 
which we have defined and used. 


146. For values of uw near that part of the real axis which is between 
— land — oo, we see from the expression (19) that 


em= J] oat + m) II (— 4) (pw? 1)" en (nln i 


Qn” (w+ 0.0) = Sa @a a) C pent 
n+m+2ntm+1_ ae 
x F( 2° +2 sm +557) 


and Q,,” (uw — 0.1) is expressed in a similar manner with e+» instead of 
e-(™+"; and where (2 — 1)" here denotes ¢?”!% eeethe logarithm 


having its real positive value. We thus have 
er Q™ (uw + 0.0) =e" Q,™ (w— 0.0) esas (60); 


and we may define Q,,” () for real values of » between — 1 and — o, to 
be equal to either of the expressions in (60), with its sign changed, thus 


me TT Tet 
Qe" (H) = Same EG 


1)” 


erga 


NMt+m+2n+m+i_ 3.1 
x F( 2 2 2 52 + Pal 
where (22 — 1)" has the meaning given above. 


If in the formula (33) we write » + 0.c for and then employ (55) and 
(57), we have, when p is real and between 1 and — 1, 
I (n =m) 
I (n+ m) 


P,-™ (p) 2" = ee (hae = 2 em sin ma 
x [am (wy = FP, (| orl, 
which reduces to 


P.* (1) = Tree my (Pa (H) c08 mer — 2 sin mn Q,m (uh 


that is, we have 


Qn” (11) = AEE 


=a wh 


an mar {P. a du)con ng 


where p is real and between + 1, 
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THE RELATIONS BETWEEN P,,” (— cos @), Q,,” (— cos 6), P,,™ (cos 8), 


Q,™ (cos 4) 
147. We have from (34), if 6 lies between 0 and 47, 
P,.™ (— cos 0 — 0.1) 
=e" P,™ (cos 0 + 0.1) estan (Metta 


= e-m™Q,™ (cos 0+ 0.1); 


hence 
et" Pm (— cos 0) = e-"™.¢ 2" P,™ (cos 8) — e-m™ es ann 
x {Q, (cos 0) — 4umP,,” (cos 6)}, 
or 
P,” (— cos 0) = P,,” (cos 8) {e-+™™ +. esin (n + m) 7} 
_ 2sin ac m) ZO m (cos 0); 


hence we have 


P,.™ (— cos 8) = P,,™ (cos 8) cos (n + m) 7 — = an (cos 6) sin (n + m) 7 


We have also, when 6 is between 0 and 37, 
Qn™ (— cos @— 0.1) = — e*"Q,,™ (cos 0 + 0.1), 
aa (36), and this gives us 
é"™ (9, (— cos 0) + dun P,,™ (— cos 8)} 
= — er .68™™ {Q,.™ (cos 0) — dum P,,” (cos 8)}; 
hence, by means of (62), we find that 


Q,. (— cos 0) = — Q,," (cos 8) cos (n+ m) 7 + 47 sin (n + m) 7.P,,™ (cos 6) 


When n + m is an integer, we have 
P," (— cos 8) = (— 1)"*™ P,,™ (cos 8), Q,, (— cos 8) = (— 1)"*™+1 Q,” (cos 6). 
From the formula (31), we find that 
sin (n + m) 7 7 COS NT 


Qn (#) = Qn (#4) — em P,.™ (U1). 


sin (n—m)z7 sin (n — _m)z7 


In this equation write cos 9+ 0.1 and cos @—0.c for pu, successively, 


multiply the equations thus obtained by e 2”, e?”” respectively, and take 
half the sum; we then find that 


Qn (008 6) = Son y= Qu (808 8) 
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A RELATION BETWEEN P,,” (u), Qn™ (1) 
148. From the expression in § 144 for P,,” (1), when p = cos 8, we find — 


that 
n+m an (=9=") 
P,” (0) = 2" cos —5— 7 a INP 
m( 2 1 (-5) 
hi 
aes a= 1 (25) 


where a P,,” (0) denotes the value of i P,” (uw) when » = 0. From (59), 


we find that 
ipa ee 

Biase ER 
poe pac 
ap (0) = 2" cos 5 7) 


From these values it follows that the value of 


Pa (1) ge, Qa” (H) — Qe (x) 5 Pa (u), 


n (2+) 0 (25") 


_ when p = 0, is 


gem 2 2 
(=e) 1 (5) 


which is 1, in case m = 0. 
Since P,,™ (u), Qn” (u) both satisfy the equation (1), we have 


gla {Pm ea 


as tH Qn” (1) Oe 


Thus 


(1 = 22) {Py (u) 


(®t) (tm 


=o een = ae (65), 
oS 


where » = cos @, and n, m are unrestricted. 
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Tn case m = 0, this becomes 


(1 = 1?) {P,, () Qn’ (#) — Pa’ (4) Qn (HPS 1 oe (66), 
which holds good when x is unrestricted. 


_ REPRESENTATION OF P,,” (u), Q,™ (4) IN POWERS OF pp — Vv we—l 

149. Referring to the P-function (7) which satisfies the differential 
equation (2), we see that, by a homographic transformation, the variable 
ecomes (4 — V2 — 1), which we shall denote by €. It thus appears that 
the differential equation (2) is satisfied by hypergeometric functions of 
which € is the fourth element. If we take € as the zodependont variable, 
the ., (2) becomes 


BU Fe+eb—m— (m+ Noe 
—}(v—m) (n+ m+) (1-H u=0. 


Let u = &2(+"+1) y; we then find that v satisfies the differential equation 


B(1— 2) Fe + (n+ 9) — (WF m+ HHL— (4 ms Vlm+ How, 


and this is satisfied by F (a, 8; y;€), where e=n+m+1, B=m-+ i, 
y= + 3. It follows that the equation (2) is satisfied by 


1 1 Sak 
= g—(n+m+1) 2 eal! 1 n - (eet 
Wy = 2 (a Dim F (5+ mn+m+ijn+5: 5), 
d by 


Th = ea (Te yi F (5 Lm, m ns 5 n; A). 


where z denotes p + Vy? — 1. 

We shall assume that V2 — 1 is measured as heretofore, so that €, z 
have single values of every point of the u-plane, outside the cross-cut. 

It will be seen that | z|> 1 over the whole plane, outside the cross- 
‘cut, the real part of Vu? — 1 having the same sign as the real part of p; 
‘on the imaginary axis z is purely imaginary. 

Tn order to express U,, U. in terms of P,,” (wz), Qn” (u) it will be sufficient 


to compare those solutions for very large values of | » | with the expres- 
‘sions (19), (37). These latter formulae shew that, for such values of yu, the 
leading terms of Q,,” (1), Pn” (4) are 
em™ TI (n + m) I (— 
a TT (m+ 9) 
sin (n + m) 7 II (n + m) 
21 cos nz Il (n + 4) I (— 


3) 2 dm 1 
(i ee 


y (uw? = 13” poromt 


IL (n — 4) 
ie=miep 


+ Qn 1)” pa, 
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It follows then, since u,, u, must be linear functions of P,,” (1), 
Q," (uw), that, when | z| > 1, 


II (n + m) I (— $ 


Qn™ (wu) = 2mem™ Tm re y) 2) (u? 1)" gon—m—1 


1 3-1 
XF (5+ mntm+iintsss 
m Sin (n + m) 7 II (n + m) 


LS 2 cosaz =I (n+ 4) 0 (— 


H (u2 1)” gon—m—1 


xF(G +m,n+m 4 


I (nm — 3) 


SiG aie 


ry (2 1)” gn—m 


x PG +m,m m0 5— 2% eae (68). 


The series in (67) and (68) in powers of (4 — Vu? — 1)? are convergent 
over the whole plane, outside the cross-cut. In the particular case m = 0, 
we have ; 


0.) HON Dens v(! mbijn+5; a) == (69), 
Py (u) = tan ne ge (5, n+; n+ 355) 
Il (x — 3) aes 
+e? 5-2) ee (70). 


The particular cases of (67), (68) when n is a positive integer are given* 
by Heine; in that case the first series in (70) disappears, on account of 
the factor tan nz. The formulae (68) and (70) require modification when 
n is half an odd integer. 

150. Let us consider the value of Q,,” (1), when yw has the value cos 0 
in the cross-cut, the numbers m and n being taken to be real, so that 


F(5.+1; ae =) 


Zee 
is convergent for z = e**, provided 6 is not 0 or z. 
We see that ~+Vy?—1 has the value e or e- according ag 


w= cos é+ 0.c or wp = cos 0 — 0.0. 
We thus find, employing Abel’s theorem, that 
TI (m + m) TI (= 3) ptdmm img gximintnyed 
TI (wn + 4) { 
x F (g,m; n+ m + 1; e724), 


Qn™ (cos 8+ 0.1) = 2". em™, 


* Kugelfunctionen, vol. 1, p. 129. 
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Using the definition (57), of Q,” (cos @), we find that 
TT (m + m) I (— 
TI (n + 4) 
poeta) ies 1) 
1(n + 3) 
m+ 2) 


L 
2) sin” 6 


q Q,,™ (cos 0) = 2” 


cos (m 


cos (m+n 


when 0< @< 7, and m and n are real. 


Tn case m = 0, we have the following expression for Q,, (cos @), given* 
by Heine for the case in which n is integral: 


@, (cos 6) = oa aS 2) [cos (n+ 1) 64 


1.3 (m+ 1)(n + 2) 
1.2 (2n + 3) (2n + 5) 
"when n is real and 0 < 6 <7. 


151. In the formula quoted in § 140, in which F (a, B; y; x) is expressed 
in terms of hypergeometric series in which 1 — « is the fourth element, 


+ 


1 
letc=1 pe 4£—m, 8 n — m, y = 1— 2m; we then have, after 


a8 little reduction, 


m,—n—m;1 


| em) 1) 
TT (— 4) te m* (3 


: ) 
™. n We nN; 
2 29 728 


f = 
"Tl (n+ 4) COS Nt 


pe) Ee eer. me, n—m+1; ae 5)| 


_ when | 1 — 


than 7, which is the case when the phase of 5 is fee < 47; and this 
' ig equivalent to the ee R (uw) > 0. When both sides of this equation 


are multiplied b. — 1)?" z2"+™, the expression on the right- 
p. Y 1 (—m) pe P 


= 
_ hand side is equivalent to the expression (68) for P,,” (1). We thus have 
j Pile 
P= 1m 


* Kugelfunctionen, vol. 1, p. 130. 
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provided R (x) > 0. Since P,.” (u) = P™_,_, (u), we have also 


2m ea 1 1 
m =e a 2™ m—n—-1 = — SS a 
Be Se y ( i) 2 F(5 mn—m+1;1—2m;1 3) 
oie (74), 
where R (uz) > 0, and ae ils 


By employing the relation (33) for Q,” (u) in terms of P,,” (1) and 
P,-™ (4) we can obtain an expression for Q,™ (1) in terms of two hyper- 


geometric series of each of which 1 — = is the fourth element. 


A SECOND CLASS OF INTEGRAL EXPRESSIONS FOR P,,” (11), Qn™ (1) 
152. By using the integral forms which satisfy the hypergeometric 


equation in which € or = is the independent variable we see that the 


expressions 
(uw? — 1)8™ get fun (l— uyem (a _ 5) du ae (A), 
: —n—m-1 : 
(uw? — 18" gon et (1 — u)r-m (a = 3) i= 2am (B), 


satisfy the differential equation (2), when the integration is taken along 
closed paths such that, after complete description of such a path, the 
integrand attains its initial value. : 

In (A) or (B), » may be changed into — n — 1, and m into — m; we 
thus have eight different forms which satisfy the differential equation; 
and as, in each case, two independent closed paths may be taken, we obtain, 
on the whole, sixteen integrals which satisfy the differential equation (2), 
We shall proceed to express these integrals in terms of the functions 
P,™ (1); Qn™ (u). When R (1x) is positive, so also is R (z), and the argument 
of z? is between 7 and — 7. 

Assuming that | z| > 1, consider the integral (A), the path of integration 
consisting of aloop described positively round 
the point 1, followed by a loop positively 
round 0, another negatively round 1, and 
lastly, a looptaken negatively round 0. When 
the loops are placed as in the figure, we shall = ee 
suppose that the phases of u, 1 — x initially 
at A are zero. If we suppose that the phase of u — lis zero at H, we shall have 
u—1=e-"(1— x), the initial phase of u — 1 being — 7 at A. We assume 


22 


also that the phase of 1 — aad is zero at B, then the phase of 1 — “ is between 
2 a 


a and — 7 everywhere in the path. As the phase of u — z? increases so also 
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< 1, everywhere, and 


u 
ge 


formly for all values of u in the path. We have then 
uri (1 uy (1 = Se du 


(2 — 1)” (4,04, 1-,0-) 
germl | 2 


yntmir (1 — u)-™-4 du. 


(2— vi 2 IL (m+r—}) 1 ie 0+, 1-, 0-) 
gremet <9 II (r) IT (m — 3) 2” : 
Now 
(1+, 0+,1—,0—) 
| yntmer (1 — 4)-™-$ du = e749)" € (n+ m+r-+1,—m-+ $4) 
nm+m+1)...m~+m+r) 
(n+)... (#+7r+4) 


elntgim 


II (7 + m) : 
a+) Mm! 


a x 47 sin (n + m) 7 
hence we have Hs 
(u2 — 1)3™ plat, 0+, 1-, 0-) 
(w= 1)? | ap 


U\-3-™ 
«ees ) 


urem (1 — uy ¢@ -3 
(n+ m) (wt 

Tet yim i eer 

1 3 *) 


x F(n m+1,m +4 a oo 


= — "47 sin (n + Mm) 7. 


Comparing this result with (67), we have 

TL (m — 4) Ul (— 4) (#? — 1)" 
47 sin (n + m) 7 germ 

iY 0+, 1-, 0-) 


Q,? (uw) = vem Om 


wee (1 — a) Q = ae Ge cscs (15). 


The relation (36) between Q,,” (u), Qn (— p) can be verified by means 
of (75). For z is changed into ze*™, and pu into pe, according as the 
imaginary part of p is positive or negative, when — p is substituted for p, 
also (u2 — 1)?” becomes (2 — 1)?” e#™™. We accordingly see that 

Quit (= pe) = e2™D™ Q, (u), 

the relation (36). 

153. If, in (75), we put u = hz, where h is a new independent variable, 


“we obtain 
I (m — 4) Il (— 3) 


m = yelm—n)m 2_ j)im 
G1” (H) = OP esr (n+ m) 7 (ee) 
fetios) <i 
x | ee (76), 


the point z being outside the path. 
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In the particular case m = 0, this becomes 
(F+0+,5-,0-) hn 
(1— 2uh + h?)2 a 
Employing the theorem (21), we deduce from (76) the formula 
Tl (— m— 4) 0 (—3) T(n+m) 


m = yelm—n)m Q—m ean soa —}m 
Gees eae 47 sin (n — m) 7 emo) 1) 


Qn («) = ge | 


4sin nz 


(2494,3-.0-) je 
x _ Ee 
| (1 2uh + n)e™ 
It will be observed that, in the formulae (76), (77), (78), in which 


dh: =. (78). 


1— Quh +h? = (1 ha) (1 A, 


the phases of the integrand are to be measured as follows. Draw the 
figure in the h-plane corresponding to the figure, given above, in the u- 


plane. The points z, : correspond to 2”, 1, respectively. The initial phase of 


hat A, a point in the line joining = and O, is the same as that of -. viz. — 6; 
thus the phase of h at C will be zero. The phase of 1 — hz, in the product 
1 — 2uh + h? will be initially zero at A, and that of 1 — E will be zero at 


B, and therefore initially at A it is 
202A. Therefore the initial phase at A 
of 1— 2uh + h* is 2OzA. It is convenient 
to observe that as a point moves from 
A to an infinite distance in a direction 
parallel to the real axis, the phase of 
1— 2uh + h® changes from OzA to zero. 
It is thus convenient to describe the 
phase of 1 — 2uh + h? at A as such that 
it tends in this manner to zero as h — z, 


Zz 


h— 2 tend to become real and positive. 


Thus h — z, h — : may be taken to have the phases 0 at points at which 


they are respectively real and positive. 

154. If the real parts of n + m + 1, } — mare positive, the integral in 
(76) can be reduced to the form 
Pe are 


o(l— Duh + Bye 


(1 — elm tm)ane) (1 — emt par) (2 yin | 


ie 


jrtm 
S a = 2uh + aye 
5 
z hn 
8 | 
Qn (H) ha — 2Qph + 12) 


where R (n + m+ 1), R (4 — m) are both positive. 


Tn the formulae (79), (80) change h into = we then find that 


OQ." (1) = 2c" TL (m — 4) TI (— 4) 8 Gua — 1)” 


‘co Ament 
= = I: (1— 2ph+ hn 
“where R (n + m+ 1)>0,R(4—m)>0; 
Qn (uw) = L (l= 2uh £B) rs nt 
where & (n + 1)> 0. The phase of 1 — 2uh + h?is such that it tends to zero 


2 h-m-1 


_as h moves from a point on the line joining O and - to oo in the positive 
‘direction parallel to the h-axis. 


155. Next, consider the expression 


(1+, 2—) =n 
(a 1)2” a | untm (1 — y)-3-™ (a = a) du. 


Suppose that the phases of u, 1 — u are zero when the point A, in which 
the path cuts the real axis between O and 1, is 


reached, and that 1 — = has its phase zero at 


‘the point B in which a is real and less than 
unity. 

Transform the integral by means of the re- 
lation u = z? — (2? — 1) v, so that v is the new 
‘independent variable; we have then 


SS (2 — 1) rtm (z2 — 1)-2m 


x fee 2 i = Qa J) wey ode. 
ZF] 
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Since vy — 1 = = and the phase of 1 — w at F is equal to the phase 


of 2? — 1, it follows that the phase of v — 1 is zero at the point on the 
v-plane which corresponds to F, and at that point v — 1 is real and positive. 


If the path in the v-plane is such that |» Qa — =) 


<_, the path in the 


u-plane must be such that | 1 — Z| 2 1; and this is only possible if, at _ 
Pad 


every point P of this path, the distance of P from 2? is less than the 
distance of z? from the origin, in which case the whole path must be within 
a circle of centre 2? passing through the origin. Such a path can exist only 
if the distance of z? from 1 is less than the distance of z? from the origin, 
that is in case R (z?)> 4. We shall assume this condition for the present 
to be satisfied, then the path in the v-plane can be so chosen that the 


‘condition | Qa - 5) v| < Lis satisfied. Also the argument of 1 — ( 1- x) v%, 


or of a is between 7 and — z. It now follows that, since term by term 


integration of the power-series is permissible, the above expression is 
equivalent to 


aye Sl a en 
r=0 


1 
~ 22m ~ 2/ ID (r) I (x + m — 71) 
(+, 0-) 
x ie 00 promis (v— 1)?" de; 
now 


Tl (= 3 — m) Il (—g—m+r) 
II (— 2m + 1) : 


(1+, 0-) 
om (y — 1)" de = 20 cos ma 
hence the expression becomes 


a ee ee 


II (— 2m) 2.cos ma 


1 
ont 


xF(=n M,5—m;1— 2m; 1 ss 
which, after some reduction, becomes 


TI (m — 1) MI (— 3) 


— (p2 — 178” gn+m 9, gi 
(pe ye” ent™ 20 sin ma Thm 4) 


x F( n m, 5 m;1—2m;1 a): 


It has been shewn in § 153 that, when F - - 


<1, R(u)> 0, this 
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expression represents 
HAY a =v) 7 
(m=) P,” (u); 
m II (— 4) es 
~ oma ees Pim (u). 
We thus have the expression 


— 2.sin mz 


Pam (1) = 5 2” eh ee ue 


Il (— 3) 
(14, 2-1 7 we 
x | ED nim (l—u)y*” (a - 4) 4 ” du. 


22 


E(?)>%. By analytical continuation it must hold generally provided 
E(u) > 0, so that the phase of z? lies between a and — 7. 


On making the substitution « = hz, this becomes 


1 
} a 2 Brel — (m=), , im G+2-) eS 
Poy) Ten > aaa ee 
Pe (u)= 5 Ve he one fe — pe aoe) 
a MEI Ore TI (— (1 = 2ph + neem 
oe (83). 


Jt has been hitherto assumed that R (yu) > 0, but, by the principle of 
analytical continuation, this restriction may be 
emoved, and thus the expressionin (83) represents 
P,* (uw) on the whole plane of p, limited by the 
‘cross-cut along the real axis from 1 to — oo. 


To specify the phases of 1 — zh, 1 — u in the a 
product 1— 2uh + h?, we observe that, at the 


‘point L, the phase of 1— ss which corresponds to 
1l- os is zero, and at the point M, the phase of 1 — hz is zero. We may, 
in the expression (h — z) (2 - :); assume that h — z has the phase zero 


‘when it is real and positive, and similarly that h — - has the phase zero 


when it is real and positive; this will be in agreement with the above 
‘specification if we take 


B1=e(1-4), he — 1 = e* (1— ha). 


HH 16 
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In the particular case m = 0, we have 
1 
(+3) An 
dh 
(1 — 2uh +h) 
where f — z has the phase zero at that point of the path of h at which 


P= 55 


2au 


h—z is real and positive; with a similar specification for h — - The 


initial phase of 1 — 2h + h® tends to zero as A is moved indefinitely far 
in a positive direction parallel to the real axis. ‘ 

156. In case m is an integer, it is easily seen that the part of the 
integral in which the path is taken round the point : is unaltered if the 
direction in which the path is described be reversed, the initial phase of 
1 — 2uh + h? at A being unaltered, and being that which it has after the | 
positive turn round the point z. Thus the integral may be replaced by ~ 

Gr) 
Aetm 
| Sa 
(1 = 2ph + ey 

We may then replace the two loops by a single closed curve enclosing both” 
the points z, = and we obtain the formula 


fprtm 


™ dh... 
(4) (1 — 2uh + 227” 


oe uT) -—4 on 
P,™ (u) oe nn ‘ (Pe by | 


(85), 


where the integral is taken round a closed curve starting from A which 
encloses both the points z, = and is such that the point O is on the left- 


hand side of the path. At the initial point A on the real axis the initial 
phase of 1 — 2uh + h? is such that it tends to zero as A is moved along the” 
real axis to an indefinitely great distance. 
In case m = 0, we have the important formula 
eer hr 
Be dh 
() = a5, ln (1 — 2h + hb 


taken along a closed loop enclosing the points z, = the initial phase of - 
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1— 2uh + h? at A tending to zero as A is moved along the real axis to an 
indefinitely great distance. As before, the point O is on the left-hand side 
of the path, unless n is a real integer, when h = 0 is no longer a branch- 
‘point of the integrand. 

157. The expression (85) may be modified in case the integer m is 
‘negative or zero, so that the loop is replaced by an are of a curve joining 


the points 2 and z. 


We may replace the single loops by a path which consists of an arc af, 
which in case F (1) > 0 may be the straight line «f, but in case R (u) < 0 
“must be such that the point h= 0 is on its left-hand side, except that 
when 7 is a real integer this is unnecessary. 


When m is zero or a negative integer the integral round the point 
will tend to zero as @ converges tot. The same applies to the loop round 


the point z, and the integral of £ to « is equal to the integral from a to 
as the integrand changes its sign after the turn round the point z. 
We thus have 
= 2-" Il (— m— 3), , am fi (Bee 
Pio (pn) = ere SS 10 -2uh a dh 
ag ee (87), 
where m is a positive integer; the path being such that the point h is on 
its left-hand side, except that this is not necessary in case 7 is a real integer. 
When m = 0 we have 
P,, (wu) = <[/_* __. ...(88) 
n m)i(—2uh + hat Spa é 
z 
The phase of 1 — 2uh + h? is such that it tends, at the point A, to zero as 
A is moved towards + 00. 


qn case R (n + 1) > 0, if we employ the formula (80) we have 


z he Zz z hi 
ee | i ih 
Fae (I+ a 
z 
Hence we obtain the result 


z he 
ie Ta ah FIA Ht EPA (Wn 
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EXPRESSIONS FOR P,,” (cos 6), Q," (cos @) 
158. Employing the formula (79), for Q,” (1), let m be changed into 
—m, and the relation (21) be used; we then have : 
1 


mm TT (— 4) I 
Qn™ (12) oetim = Ten XG 2 1)7 ifs nem (1 — Quh + 1)" dh, 


where R(n — m+ 1)>0, and R($ +m) >0. 
Let the expression be transformed by taking, in the — T ag 
independent variable, where h = e~/z; we then have 


im em 11 (— 4) (w+ i) nee 
Qn™ (#) on TL (m—}) I (n— aay 1)" 2 


x 2 ema 7 (J — e-ry™4 (1 — 2-2 e-7)" dy, 
0 
where R(n —m+1)>0, R($+m)>09. 
If m = 0, we have E 
Qa lu) =e | erteineeme (1 ery — tery tae; 
0 
or writing » = cosh ¢, z =e, 
Qn (cosh £) = et ie ema *[(1 — eo) (1—e Pdr, 
0 
which is a formula obtained* otherwise by Watson. 
Since 
1 —e-7-% = e-S (ef — e-$-*) =e {cosh £ (1 —e) + sinh ¢ (1 + e~)}, 
we have 


Qn™ (cosh ¢) Tl wicca 0 cosech™ £ . ("2 § 


This formula holds good when R(x —m + 1)>0, and R(m + $)>0; in 
particular, it is valid if m and m are real, n is positive and —$<m<n+l. 
Let us take «=cosh{=cos@+0.1, in which case =e in the 
expression for Q,."(); we then have 
em 11 (—4) T(n+m) 
2” TI (m — 4) Il (n —m) 


eFim= cosec™ 8. eF nth) 


Qn™ (cos 6 + 0.1) 


x ebimab de | * ontntn rome (1 — e-7)"™-F {(1 + e-7) sin OF (1 —e~*) cos 6}""F dr, 
0 


* Camb. Phil. Trans. vol. xxi (1918), p. 294. 
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_ Employing the relation 

em™ Q," (cos 0) = 4 [e-2”™ Q,” (cos 6 + 0.c) + e&”" Q,” (cos 0 — 0.1)], 
_ we have 2 
Been pan em 
x [ eit) 6—fu—hmme L, ae elt» O4fme+bmne In], 


_where J, and J, denote the integrals 


cosec” 8 


[oem remr (1 — ent {(1 +e“) sin 6 +. (1—e-*) cos gyn dr. 
0 


Also using the relation 
~ — une P™ (cos 8) = e #"" Q.." (cos @ + 0.1) — ee" Q,.” (cos 6 — 0.1), 
we have : 
U1 (-4) D(n+m) 
241 TI (m — 4) I (n — m) 
x fese® 18—fme—}imme I, = elnth Ohm 3 mmr iE 


47. P,,” (cos 8) cosec” 6.1 


Henceforth we shall take m and 7 to be real. Let the phases of 
_ Land I, be — w and w respectively; then the integrals J, and J, have the 
values pe” and pe”, where p is real and positive. 


We thus find that 
dP,” (cos 0) = W sin [(n + 4) 0+ mr + jr + @], 
Q, (cos 8) = W cos[(n+4)9+4mr+}r+oa]_...... (91), 


where W is real and positive; it is assumed that m and 7 are real, and 
t<m<n+l. 
These results are generalizations of results found by Watson (loc. cit.) 


for the case m =0. They were obtained* by Hobson. The result was 
_ applied by Watson to find approximately the zeros of P,, (cos 9). 


A RELATION BETWEEN P,,™ AND Q,,” 
159. The following relation between the P and Q functions 


7 


e-mm @),." (cosh a) = ay TI (tn + %) p-n-3 


Vsinha =~"? 
‘where R (cosh a) > 0, has been givent by Whipple, who has applied it to 
deduce expressions for one of the functions Q,”, P,” as an integral or a 
_ series from a corresponding expression for the other function. 


(cotha) ...... (92), 


* Proc. Lond. Math. Soc. (2), vol. xxx (1929), p. 373. 
+ Ibid. vol. xvz (1917), p. 301. 
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It can be easily verified that if, in the differential equation (2) satisfied 
by P,, (un), Qn” (uz), we change the independent variable p to py’, where 
(w’? — 1) (uw? — 1) = 1, the differential equation becomes 

iy CU , du : (n+ 42) ~ 
(= wl) Fm — el So + {om — 9) (m4 Y- GAN a 


du 
(1m) gira 2! Sot ewe a” Ate 0, 
where n’ = — (m + 4), m’ = — (n+ }). It thus follows that a solution 
Vy (n’) of this equation must also be a solution wu," (u) of the equation 
(2), where n, m, p are related as just stated with n’, m’, p’. 


In order to obtain the relation (92), taking the expression for P,,” () 
given by (83), let h = » — ¢ (u? — 1)3, and make ¢ the independent variable 
in the integral. We have then 


1 
P,™ (4) = p B py) 


:: ie ~ fy iV pu? — Tyeem 
(@— 1) (1a 
or, if we write ae p’, we have 


Vw2—1 


Lom I (m — (-14,1-) (y! — f)ntm 


ss Dy A ae 
P,™ (uw) = 52 2" ea (uw? — 1) | @— 1 & 


Also from (18), we have 


we (ty, Orem TL (ne! +m’) 
pS a TI (n’) 


(2 — 1)" 


Crt ; Pare. 
x | ae (1 tp’) di. 


It will be seen that the phases of the integrands in these expressions are 
such that if, in the expression for Q,," (u’) we take ¢ — p’ = (p’ — t)e™, 
we have 


Qu (w’) 


where the phases in the integrand are measured in the same manner as in 
the expression for P,.” (). 


ene (nw +m’) oa yb i} ne (ee 
4.sinn’x TI (n’) B 2 (pl — byw tm? 


Since p’ = , we see that, as » varies from a point on the real 


lee. 

Vut—1 
axis at which » > 1, to a point on the imaginary axis, py’ varies from a 

- point on the real axis to a point on the cross-cut between p’ = 0 and 
pu’ = 1. Accordingly, since Q,,.” (u’) becomes discontinuous on the cross- 
cut, we must introduce the restriction R (4) > 0. 
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Writing n’ = — (m + 4), m’ = — (n + 9), we see that the integrals in 
the two expressions become identical; and we thus have 


‘grt? (__# Tenth TI (—3) a 
Qn = :) Vee II (n+ m) Cea 1)#P,” (1), 


or 
gett (__# T (nthe 
S (7S) = Jae (tT (— m — m — 1) (ut — 1) Py” (u) 
es a ee (93) 
provided R (x) > 0. Writing » = coth a, this is equivalent to (92). 


EXPRESSIONS FOR P,,” (4) AS INTEGRALS ALONG STRAIGHT PATHS 
160. In the formula (83) change m into — m, we then have 


Ein eal 7 Sec Mm - Re 
Fi" (4) = 9, 29 TT (— Hm — 4) 


(e-4) 


1 


x jmm (1 — uh + 12)" 3 dh. 


Now suppose R (m+ 4)> 0, then, provided R (z)> 0, the path of 
integration is as in § 155. We may take the 
path of integration to be two straight lines joining 


the points z, = and two indefinitely small circles 


round these points; in the limit the integrals along » 
these circles vanish, on account of the condition 
R(m+ 4)> 0. If the real part of p is negative, 


so that the line joining z and : were on the left of 


O, the path of the integral in (83) must be placed so that O would be on its 
left hand, and then that integral could not be replaced by integrals along 


the straight line joining z and = It is therefore essential in what follows 


that the real part of » should be positive, in case the path of integration 
is to be straight. We have now 


(o-!-) 


jn—m (1 — Quh + h2)""* dh 


= (1 = etna [hem (1 = 2h + 12)" dh 
2 a 


where, in the integral on the right-hand side, the initial phases at A of 
h—z, h—z-, are X—7, A respectively, so that the initial phase of 
1 2uh + h? is 2A— 7. 
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We thus have ) 
= 1 erm) 3 
Po) ge = HL mH) 


ye | : he—m (1 — Quah +h)" dh, 
This holds good, provided h = 0 is on the left of the path of integration, j 
Let h = « + (u2 — 1)3 cos, where # varies between 0 and 7; then — 

h? — Qh + 1 = — (yp? — 1) sin? = e™ (p2— 1) sin?y, 
since 2A is the phase of np? — 1, dh = — (u2— 1)tsinddb. We have now © 
the expression ’ 


—m ae (= 1)” 5 a | n—m gin 2m 
Pe) = sar ea [ju + ViF=1 cosy) sin ap 


where R (m + 4) > 0, and in case the path of integration is real for $ = 0 
to 7, where R (u) > 0. : 


By employment of the relation (33), we find that 


Pm 2 tm gi = II (n + m) (uw? — 12" 
Pa) NE) = en) ST 
x [iw + Vu = Tcos pyr” sine” pdb... (985). 


This relation, with a straight path of integration, holds for all values 1 
of x and m, subject to the conditions that R (m + 4)> 0, R (yz) > 0; the 
phase of » + Vu? — 1 cos ¢ is the same as that of » when } = 47. : 

In (95), if we change n into — n — 1, and use the relation (31), we 
obtain, after some reduction, ; 


2 z 
P,™ (uw) — —e-™™ sin ma.Q,™ (1) 


TI (n + m) (uw? — 12” iE sin?” 
TT (m — m) 2” TT (— 3) TT (m — 3) Jo(u + Vp2— 1 cos y)ntmtt 


where R (m + 4)> 0, R (uz) > 0; the path of integration being from 4 = 0 

to % = a, with real values of J. : 
161. From (95) and (96) it is easy to find the corresponding formulae 

for the case in which R (4) < 0. In this case we have 


2 z 
Pm (= po) — = e-m™ sin mar.Qy” (— 1) 


I (n +m) enn ie 
(mm) 1 (-pim—pe—Y) 


x ee (w+ Ve — 1 cos f)"—™ sin?” hah, 
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The expression on the left-hand side is equivalent to 
2si ; 
er Pi” (yn) — sin — m) 7 em Q.™ (2) + 2 em sin mm.e2"™Q,™ (m1); 
hence 
Pf (u) — Pen sin nz .efe—™™ Q™ (2) 
II (n+ m) 1 (u? 
TT (nm — m) 27 (— 3) I (m— 3) 


x [iw + Vp? — 1 cosh)" sin?” bdeb 
0 
where the upper or lower sign is to be taken in et—-™™ according as I (1) 
is positive or negative. 


_ A formula similar to (96) can also be found in the same manner, for the 
case R (u) < 0, 


1)" 


= eaeare Pm (#) —- : enmn sin nar et mtimn)m Q,” (n) 


I (n + m) il im 
Tam Fi(-pim—-p“ 
a sin?” & 

2 le + Vp? — 1 cosxf)ntmet ae 


_ . 162. When p = cos 6, and @ lies between 0 and 37, the expression on 
the left-hand side of (95) becomes, on putting 4 = cos @+ 0.1, 


e-im= P_™ (cos 6) = e-™™ sin mm .e2”™ [Q,," (4) — dae. P,,™ (cos 4)], 


and on the right-hand side (u?— 1)?" becomes ¢3”* sin @; hence (95) 
becomes 


cos m7. P,,™ (cos 0) — Z sin m7 .Q,™ (cos 0) 


II (n + m) sin” 6 
TI (xn — m) 2II (— 4) Il (m — 3) 


x [-(c0s 6+ csin 6 cos %)"—™ sin?” pdb. 
0 
Again, on putting » = cos @ — 0.1, we obtain, in a similar manner, 
_ cos ma. P,™ (cos 6) — a sin mz .Q, (cos 6) 


II (n + m) sin” 0 
TT (x — m) 2K (— 3) I (m — 3) 


x [cos 6 — csin 6 cos y)"—™ sin?” b dib. 
0 
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Thus we have 


cos mz .P,,™ (cos 0) — ? sin m7 .Q,™ (cos 8) 


II (nw + m) sin” 8 
II (m — m) 2”II (— 3) I (m — $) 


x [cos 6+ csin 6 cos f)"-™ sin®” pdb 
0 


where & (m + 4) > 0, and @ is between 0 and 37. 


Tf, in (98), we change n into — n — 1, and employ the formulae of 
§ 147, after some reduction we have 


cos m.P,,™ (cos 6) — = sin m7. @,” (cos 6) 


Il (n + m) sin” @ 
II (x — m) 2”1 (— $) II (m — 3) 


3. sin2” % 
2 i, (cos 0 + cain 0 cos py & 


where R (m + 4)> 0, and @ is between 0 and 47. 


163. Next, let us consider the case in which @ lies between 47 and 7. 
We find from (97) by putting » = cos 6+ 0.1, 


CORI? [cos na. P,™ (cos 6) — = sin nz. Q,,” (cos | 


‘ID (n + m) sin” 0 


TT (w — m) 211 (— $) II (m — 3) 


x [cos 6+ csin 6 cos f)"—™ sin?” pdb (100), 
0 


where, as before, R (m + 4)> 0. 


A similar formula in which the sign of « in the integrand is changed can 
be obtained by taking u = cos 6 — 0.1. 


By changing n into — n — 1 in (100), we find that 


Oe etm lze [ee (cos 6) cos na — = sin nz .Q,,™ (cos | 


II (nx +m) sin” 6 [- sin?” & : 
II (x — m) 2mII (— 4) II (m — 4) Jo (cos 8 + usin 6 cos rtm Be 


A similar formula with — ¢ instead of « in the integrand can be found. 
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164. In the important case in which m is a positive integer, we see 
from (95) and (97) that 


Mn+ m)  (w-1)" Ee ee 
| ep Se Re eV an et tala 


as the value 


plage) 1001, (jt) = ? sin nae"), (Lt) eaeeee (102), 


cording as R (,.) is positive or negative; the upper or lower sign in e+"™ 
being taken, according as I (:) is positive or negative. 

_ From (96) we find that 

Tl (n + m) (u2 — 18" * sin?” 
TL (~ — m) 211 (— 4) II (m — 3) Fe + Vp? — 1 cos p)rtmtt 


has the value P,,”" (u) when R (4) > 0. 

We find also from (98), that, when m is a positive integer, 
II (x + m) sin” 6 

TT (w — m) 2mIT (— 4) Tl (m — 3) 


x [;(00s 6+ csin 6 cosy)" sin? pdb ...... (104), 


(1)"P,,” (cos #) 


when 0 is between 0 and 47; and from (100), we see that, when 0 is between 
and z, the expression on the right-hand side of (104) has the value 


(— 1)" e"" [cos nt .P,™ (cos 6) — ® sin nt .Q,” (cos 0)| é 


Also, from (99) we find that, when m is a positive integer, 

Tl (n + m) sin” 6 4 [ sin?” & db 

II (n — m) 211 (— 4) Il (m — $) Jo (cos +e sin 0 cos p)rtm+1 7” 
when @ is between 0 and 47, has the value (— 1)” P,” (cos 6). From (101), 
we see that it has the value 


‘when 0 is between 47 and z. 


HEINE’S DEFINITION OF P,, (4) 
465. Heine gave* as a definition of the function P,, (u) for complex 
values of n and p, 


Py (uy) => | (w+ Ve = 1 cosy dy. 


From the results obtained in § 161, it appears that this is not a 
* Kugelfunctionen, vol. I (1878), p. 37. 
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valid definition, because the function given by the definite integral for 
values of » with a negative real part is not the analytical continuation of 
the function given by the same definite integral for values of » with a 
positive real part. The fact that the definite integral is of ambiguous 
meaning when p is on the imaginary axis is clear if we attend to the 
phases of the integrand (2 + Vu? — 1 cos)", or h”. When p has a purely 
imaginary value, there is a value of , between 0 and 7z, for which h 
vanishes and in passing through this value of the phase of the integrand 
changes by a finite amount. The h-integral in § 157 is taken along a path 


joining the points z, : which has the point h = 0 on the left-hand side. Thus, 


for purely imaginary values of p the path may be placed as in the figure, 
with a semicircular portion to avoid the point h = 0; 
we thus see that, in the above definite integral, there is 
a sudden diminution of phase nz in the integrand, as 


Zz 


cos passes through the value ——“—. If this be 
wh pwe— 1 7) 

taken into account, the definite integral will represent 
P,, (u) for purely imaginary values of 1, provided the 
integral along the semicircle approaches the limit zero. ey 
= There is, however, nothing in the definite integral a 

itself which decides, apart from convention, what the change of phase in 
the integrand shall be as the integrand passes through its singular value. _ 


Next, suppose 2 to cross the imaginary axis; the h-integral can then 
be taken from E to z along a loop round the Zz 


point = 0, and then along a straight line to 
the point z, but it cannot be taken directly 


from : to z. It thus appears that the function 


P,, (4) is no longer represented by the definite a 
integral, but that the value of the definite 

integral involves Q,, () as well as P,, (1). In fact, it has been shewn in (102) 
that, in case R (4) < 0, 


|, 4+ VET 08) df = Py (uy) ~ 2 o2 sin my (u), 


where the upper or lower sign is taken, according as I (1) > 0, or < 0. 


Thus it is seen that the only case in which the definition given by Heine | 
is valid is when n is a real integer. 
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DEFINITE INTEGRAL EXPRESSION FoR P,,” (u) WHEN m IS A REAL INTEGER 
166. In § 122 it has been shewn that, when m is a real integer, 


— 1) ser 
P,” (u) ss a tay (n? ae ee @—1"¢- pono di 


Let us assume that R (y) > 0, then the path of integration in (14) may 
be taken to be a circle with centre at 
the point ., and of radius > | » — 1| 
and <|p+1|. On this circle take 
‘a point C such that the angular 
distance of z from C is #, and taking C 
to be the initial point of the path, | 
let¢ be the angular distance, between 
0 and 2x, of any point on the circle 
from C. If we put 

$a + (y2— Liew, 
where w is real, the point ¢ represents, for different values of ¢, points on 
‘a circle of centre p and radius e*“ | Vz? — 1|; we must thus in the expres- 
ion (14) take u to be such that e" | Vu? — 1|is> | —1|and<|p+1|, 


We have 


il 
P—1=2Vp?— 1.0 [py + Vu? — 1 cos (6 — f) + ww); 


hence we have 


@0su<}log|* 


” (2) = aS Em Te me {u + Vu? — 1 cos (6 — P+ u)}™ e~me-r:mn dg, 


where FR (4) > 0, or 


a {u + Vu? — Leos (¢ — # + w)}" (cos md — esin mg) dd 


II (n 
= (8) Trae ay 
On changing m into — m, and remembering that 


emmvriu), 


Py” (1) = Te gy Pa (1), from (33), 


we have 


zl, {u+Vp2 — locos (6 — b+ w)}" (cos md + csin me) dd 


= Po (W) ppg ay Omen: 
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we thus obtain the formula ° 9 
ie | HtVE Tos (b— pt alr meager 
a J 9 sin 
II (x) cos ee 
Pi” (w) Gem) ant (bE) ee (106), 
where m is integral, n is unrestricted, and R (u) > 0,and u< 4 log | a 4 
If we change n into — (n + 1), we have 
cos 
1 2 sin Te de 
2a . {H+ Vp? — Leos ($ — f+ m)}r44 
Tl (— = 
P.™ (u): - we 1) OS nb Fa) save (107), 


the restrictions being the same as in (106). 
The formulae (106), (107) were given* by Heine for the case in which nis 
. & positive integer. J 
: In case u = 0, 4 = 0, we have 


. [rw + Vp? — T cos)" cos mbdd = ee PO Ge) 
See (108), 

ee cos mp nul(n—m),» 

ape Ure a 
SauE80 9); 


where u is unrestricted, and m is a real integer; R (u) > 0. 


The formulae (108) and (109) can be expressed in forms in which the 
limits of the integrals are 0 and 7. 


By changing the independent variable ¢ into 7 — ¢, we have 
ie (u + Vu? — Leos 6)" cos mhdd 
0 


=(-1)" te (u — Vy? — 1 cos)" cos md. dd. 


In the integral on the right-hand side let ¢ be changed into ¢ — 7; we 
have then 


[u + Vp? — 1 cosd)" cos mddd. 


We thus find from (108) that 


Lee <3 II 
= I, (w+V yu? — 1 cos $)" cos md = Tea P,m (1) ...(110), 
where m is a real integer, and R(p)>0. 


* Kugelfunctionen, vol. 1, p. 211. 
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167. In case R (x) <0, changing » into — » in the formula (106), we 
have 


Fe |, e+ t= Dh eos (f — yk ea) emer mds 
Pe” (= 1) pa omy ain OF 


where 0s u < 4 log | a | , and the upper or lower sign is taken in e*”™ 
according as J (uz) is positive or negative. 


Using the expression (34) for P,” (— 2) in terms of P,.” (1); 0, (4); 
_we find the formula 


|, + (xt — Ih eos ($ — wu))r mga 


__U) 
-T@+m) 


{Pam (x) — 5 etn sin mr. Qum (uw) Se m (ba), 
"the upper or lower sign of the exponential being taken according as T (y) is 
> 0 or < 0. This holds for R (4) < 0, and corresponds to (106). 


By changing n into — n — 1, we have, using (31), and after a little 
reduction, 


cos 
i ig sin $ db 
27 Jo fu + (p2— 1)? cos (6 — b+ w)}r*# 
2 inn) 


Tl (@) (— 1)" oe (u) (1 — 2e**™ cos nz) 


+ 2 erm um (u)| So mh ¥ 
where R () < 0. 


DEFINITE INTEGRAL EXPRESSIONS FOR Q,,” (u) 
168. When R(n—m + 1)> 0, R(m + 4)> 0, we have, by changing 
m into — m in the formula (81), 
hom —1 


dh. 
(1 = 2ph + h2)F™ 


Qa (pn) = em 2% pr A (ut — yt |” 


Taking h = p+Vp2— 1eoshw, or 1— 2ph + A? = (uw? — 1) sinh? w, 
we have, by making w the independent variable in the integral, and 
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remembering that 
a _ I@—m) 
Q,-™ (BH) = l@eean) 
10@+ I 
Qam (1) = ome pe arg et — 
0 sinh?” w 
x I, (wu + Ve 1 cosh Tire 
where R (m+ 4)> 0, R(n—m+1)>0. 
If m = 0, R (n + 1) > 0, we have 
© dw 
Qn (H) i, (w+ Vp? — 1 cosh ww) 


The particular case of (111), when n and m are integers, was given* by — 
Heine. 


em,” (1) 


dw ......(111), 


When 1 has the real value cos 6, between 1 and — 1, we have, on using 
(57), 
Qn™ (cos 0) = a : e ze a) ee = sin” 6 
{ | = pone dw + e 
o (cos 6 + esin @ cosh w)*+™+1 
Also, from (56), we have 
1 W(m+m) I(- 
Pa” (H) = om a TT eee = ee 
x {f° anhte sa dw — & sal Z awh. | 
0 (cos 6 — esin 6 cosh w)rtm+t 9 (cos 6 + esin 6 cosh w)tt™+t 
169. In the formula (79), which holds good when R& (n + m + 1)>0, 
R(}—m)> 0, let h = » —V yp? — 1 cosh w, then, taking the path of in- 


tegration along the straight line eee 0 and e when h = 0 we have © 


sinh?” w ae 
o (cos 6 — esin 6 cosh w)"*™+1 


sin” 0 


w= w= blog h* >. Also h = +, when w = 0, and 


1 — 2h + h? = (pw? — 1) sinh? w; 
hence we have 


Qn” (w) = em 2" —A 2 i Te Tae dea ma. (2 — 1)-3” j 
x ce (u — Vp? — 1 cosh w)"*™ sinh-2" wdw...... (113), 
0 


and R(n+m-+1)>0,R(4—m)> 0. 


where w = } log | SS 5 


* Kugelfunctionen, vol. 1, p. 222. 
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Tf m = 0, we have 


Qn (u) = is (u — Vp? = 1 cosh w)? dw 


where R (n + 1)> 0. In case p is real and > 1, wy is real. 
Itis of interest to compare (113) with the formula obtained by changing 
m into — m in (111) 
st = 
soy? (4) = enn gm HH (m — 3) cos ma (u? — 1)” 
II (— 4) 


x [ (uw + Vp? — 1 cosh w)™-"+1 sinh-2" wdw 
0 


which holds subject to the same conditions as (113). 
Tn (113), change m into — m; we have then 


Be mm o-m l(a +m) IL(—4 A 
Q,” (1) = er .2 Ua wimp 


x le (u — Vp? — 1 cosh w)"—” sinh?” wdw 
which holds when 
R(in—m+1)>0,R($+m)> 0. 

170. In the expression (18), let n be 
changed into — » — 1; then 
QP na (14) 

a enn II (n) aaa (OP? 
BS 4ccin(w—m)n Il (n—m)"” =| = 
where X denotes 

(2 — HF (= 1) pp. 

Place the path of integration as in the 
figure ; starting from A, a semicircle of centre 
pis first described, then a straight line from 
£ to co, then a semicircle of infinite radius, 
then a straight line from © to A; this is 
then followed by a similar path taken negatively round the point + 1. 

If R(x —m + 1)> 0, the integrals along the semicircles with pu as 
centre vanish in the limit, as the radii become indefinitely small. If 
‘fi (n + m+ 1)> 0, the integrals along the infinite semicircles vanish. 

We thus have, when & (n—m+1)>0and R(n+m+1)>0, 


Qn = cS TI (x) 
4-3 () 4. sin (n — m) w II (n — m) 


co 


2 Qntl 


‘co tie 
x femr.2 cos ma | X di — e-™™ ,2 cos nz [Pxae., 
& 


ra 


17 


and R(n—m+1)> 0, 
: ie 1+,4#-,1-) 
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where, in the integrals, X commences with the phase it has initially at A. 
The phase of ¢ + 1 at A is — (27 — y), where y is the angle which the line 
joining — 1 and A makes with the positive direction of the p-axis. 


From equation (17) we have 


ent II (n) 
47 sin (n — m) az I (n — m 


ee! 


P,” (u) 


p(u+,1+,4—, 1-) 
a 


= 1)-"-1 (¢ — pyr dt, 


where the phase of ¢ — 1 in the integrand is y at A; and thus 


(@ — 1)" (= )n-™ = eX, 
hence 


P,™ (u) 


Taking the path as in the figure, we have, provided R (n + m+ 1)>0 


ee -- II (n) 
4m sin (n — m) w II (n — m) 


Qntl 


X dt. 


fe 1+,4-,1-) 


ca 


X dt 


0 
= erln—m)me } 
# 


Xdt — eln-am: [ xae 
: 


“pb eint+m)n [xa & i Xdt. 
B 


i 
After a little reduction we find that 
— enn TI (n) -f +1 


2) a ay 


x {- Qye-2mn [/ xae+ Qeln—m)r [= xat\. 


Substituting for Q”_,_, (u) its value in 02 

terms of Q,,” (4), P,™ (u) given by (31), we have 

Qn (uw) sin (nv + m) 7 — 7 cos n7.e™™ P,.™ (yn) 
ee) 
~ 2 IT (~—m) 


On substituting the value of P,,” (u) in this equation, we have 


Xdi— 2 cos ma | 


| 


co 
Qre1 {2 cos ma | 


7 


xa 


Qa (ys) = 2.0 


Tem (Ht — DE |" = 1) = pen 


which holds provided R (n + m+ 1)> 0, R (n — m+ 1)> 0. The upper 
limit may, on account of the first condition, be taken to be in the direction 
of real infinity, or else in the direction of the line joining » and z. ; 
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In this formula, when ¢ is at H, the phase of ¢ — 1 is the same as that 
of » — 1, but the phase of ¢ + 1 is less, by 27, than that of » + 1. Hence, 
‘if we fei the phase of #2 — 1 to be that of »2— 1, the result must be 
taultiplied by e"". Again, the phase of ¢ — p» is that at A, and if we wish 
the integral to be taken along the line joining » and » + Vp? — 1, the 
‘Phase of t— jz in the above integral is less by 7 than the phase of V2 — 1; 
hence in order that the phase of ¢ — in the integral may be the same as 
that of Vu? — 1 we must multiply the expression by e-""-™™, The formula 
‘now becomes, when we write t= p + Vu? — 1.e%, where w is real, 

2 eS in(aae cosh mu 
aie “Tl (~ — m) i. (w + V2 — 1 cosh u)"+4 a 


where R (n+ m+1)>0,R(n—m+1)>0.— 


Tn (117) the phase of 1 + V 1? — 1 cosh wis equal to that of B+tVpF—-1 
when «= 0. The formula is a generalization of a formula given* by 
Heine, for the case of integral values of m and n, when n — m + 1> 0. 


171. In the formula (20) 


ms TT 
Qo) = ea 


(a= pe |) dap (eon, 
<which holds provided R (n + 1) > 0, let 
t=p—Vp?— 1.er, 
then 1— # = 2Vp? — 1c {u — Vu? — 1 cosh u}; 
hence we have 


— Vp? — 1 cosh u}* cosh mudu 


where R (n+ 1)>0. 
In the case m = 0, the formula (117) becomes 


cO du 2 du 
Qa (x) b (pw + V2 — 1 cosh u)"+1 3 iz (w+ Vp? — I cosh w)"+4 


where R (n + 1)> 0, and —a7< argu<7z. 
Tf » = cos 0 + 0.2, or cos 0 — 0.1, we have 


2 du 
Q,, (cos 0+ 0.1) [, (cos 6 + v sin 6 cosh u)"+1’ 


* Kugelfunctionen, vol. 1, p. 223. 
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and hence, by (57), 


Q, (cos8) = 3 ||” bi a at |. 
ig 0 (cos @+ csin @ cosh w)"*1 © Jo (cos 8 — csin 6 cosh wu)" 

We have also, by (56), 

(2 du (= du 

iB (cos 8 + csin 8 cosh u)"4 I, (cos 6 — usin 6 cosh u)"*1 enP, (Ca Ly) 
172. If we take a rectangle with corners at the four points u = — k, 

u=+hu k+ 1A, u=k+ 1d, where A is a positive real number, 

not numerically > 7, and k becomes indefinitely great, we see that provided 

the rectangle contains no zero of the function » + Vy? — 1 cosh u, we 

may replace the integral along (— k&, k) by the integral along (— k + 1A, 

k + td); and since the integrals along the other two sides converge to zero 

as k>oo, we have, from (119), - - 


du 


se) =4|” Gpvir Teo ers 
_ where R (n + 1)> 0. 


In order to find the points (uw), A,) for which 
B+ (#2 — 1)? cosh (um + ty) = 0, 


let Aa DH p (cos x + esin x), 
where x is in the interval (— z, 7); we have then p cos x = cosh % cos dy, 
psinxy =sinh zw sind). It is easily seen that these equations determine 
a positive and a negative value of u when p and x are given; then 
tan 
faa b= ian 
If x is in the interval (0, 7) then A, is in the same interval, and if y is in 
the interval (— z, 0) then A, is in the same interval. We may consider the 
point (a, A»), where uw is positive and ), is in the interval (0, 7), and also 
the point (— uw, Ay), where u is negative and ), is in the interval (0, z). 
In case 0 < A< Ao, the result (120) holds good. If A> A) we see that. 
e du [ 2 _ du ] 
Jao {y+ (y2— 1) cosh (w+ A) J {u + (u? — LP cosh (w + mE 
since there is no zero of + (uz? — 1)? cosh (w + vA) at any point in the 
infinite rectangle bounded by the straight lines for which A has a value 
> dy, and the straight line for which A has the value z. In order to evaluate 
the integral on the right-hand side, we see that, if uw) is positive, 
0 du jo du 
ie {uu + (un? — 1)? cosh a2 = he {ye + (nu? — 18 cosh (u + en)} 
ef a 
Jo {uw + (u2 — 1)8 cos Ayn? 


1m, 172] Definite Integral Expressions for Q,,” (i) 261 


for the sum of the integrals along the three straight lines, for which 
—0<us0,A=0; u=0, 0sA¥<7; 02 u>— w, A=7 is zero, since 
there is no zero of the integrand in the rectangle. 


_ When & (x) > 0, the value of the integral on the right-hand side is 
— mP,, (uw), and 


— on {Py (yu) — 2 etm sin ny wt 


according as I (1) = 0, when R (pn) < 0. 


Similarly, in case wu) is negative, we have 


i du 2 du 
0 {u + (u2 — 1)? cosh u}r+t I {wu + (w2 — 1)8 cosh (w + ux)}rt8 
; ee dy 
£0 {u + (u? — 1) cos jn42?” 


the value of the expression on the right-hand side being irP,, (4), when 
R(p) > 0, and 


on {P, (u) ~ 2 ebm sin na -Qy (0), 
when R (4) < 0, the upper or the lower sign being taken according as 
T(y) 2 0. 
Since either of the integrals taken from 0 to 00, or from — « to 0, have 
the same value, we see that, when A> Aj, 
‘a du a [ 2 du 
== {u + (uw? — 1) cosh u}r#t  * J 0 {qu — (yp? — 1)F cosh uj 


2 


has the value — inP,, (u) or uP, (4) according as Uy is positive or negative, 
when F () > 0; and when R (u) < 0 it has the value 


— on {P, (u) — Fete sin ne.Q, (uh 
if u is positive, and the value 


ur 4P,, (uw) — 2 ane sin n7.Q, wh 
if u, is negative. 


We now see that, when A> ,, 


ae du 
* Jo {uw + (u? — 1)F cosh (w + 1A} 


has the value Q,, (u) + uP, (u), when R (u) > 0, where the upper or the 
lower sign is to be taken, according as % is positive or negative. 
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When R (yz) < 0, the value of the integral is 4 


Qn (1) & or {Py (uw) — 2 etm sin nz. Q, wh, 


the upper or the lower sign being taken before the bracket, according as 
Uy is positive or negative, and the upper or the lower sign being taken in— 
the exponential, according as I (j) is positive or negative. 


In case p is real and between 0 and 1, we have x = 47, Ay = $7, and 
Uy is positive. 
Thus, if A< 41, we have 
Fe du 
Qn (cos +0.) = 4] - {eos 0 «sin 6 cosh (uw + vA"? 


where R (n + 1)> 0; if A> > we have 


1 [ S __ du 

* |» {cos 8 + esin 6 cosh (u + 1A)}"*# 
173. If we apply Whipple’s relation (92) between the P and Q func- 

tions to transform the expression (117), we have 


Q, (cos 0 + 0.1) + enP,, (cos 0 + 0.1). 


(47)? TL (m + 2) (sinh a)-* Bela (coth a) 


Oy 7 cosh mp 1 
II (n — m) J (cosh @ + sinh a cosh ¢)"*# i, 


where R(n+m+1)>0,R(n—m+1)>0. 


Changing — m — 4 into n, and — n — 3 into m, and sinh a into cosech #, 
we have 


3 23 II (= m — 3) inh-™ 
Eee) () iM ni cna # ’ 
© cosh (n+ 4)¢ 4 
S J 0 (cosh + cosh #)i-™ “a 
or, changing m into — m, 
Shi 2\? Tl (m — 3) “apm 
Hae Pech) (5) I @ + m) 0 @m—n—1) ah 


© cosh (n+ 4)¢ 
o (cosh ¢ + cosh p)™+é 


where R (m—n)>0,R(m+n+4+1)>0. 


Tn case m = 0, we have 


OS es (121), 


Sev tee © _cosh(n+4)¢ 
eee Ga I; (2cosh¢ + 2 cosh #)* ee 


when R (n) is between 0 and — 1. 
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THE EVALUATION OF A DEFINITE INTEGRAL 


174. Let us suppose that x and m are such that n — m is a positive, 
or negative, real integer, and that they are otherwise unrestricted. In this 
case the integral in 

1 
2a 


(2 — i" [5 (8 = Yr = wy a, 


taken round a closed path which includes the three singular points 1,— 1, p, 
will satisfy the equation (2), since the integrand attains its original value 
after description of the closed path. We shall take the path to be a circle 


with centre at the point »; if we put t=p+Vp?— 1.e@-?, as in 
$166, we must have u> } log | — 
ne 


, in. order that the points 1, — 1 


may be within the circle; and the integral becomes 
Qe 


2 [, {uw + Vp? — 1 cos (6 — f+ wu)}t em mo emu dg, 


He) 
poi) 
for the case in which m is a real integer and 7 is unrestricted; we proceed 
to evaluate it in the present case. 


This integral has been evaluated in § 166, when u< } log | 


We shall denote the expression by = I (n,m). 


Denote by LZ, M, N the integrals of 
: (@ — 1)" (¢— pw)" (2 — 1)?” taken Ce 
along loops from the point A round the 
three points — 1, 1, w respectively, the’ 
_ phases at A of t— 1,#+ 1 being taken 
to be ¢ and ¢’, the angles between + 7 


_ which the lines joining A to 1 and — 1 make with the positive direction 
of the ¢ axis; then, remembering that n — m is an integer, 


(at,1+,4-,1-) ] 


al w= I= wm 


= N+ Me™ New M qd e2nm) {N ' Me-”™ (1 | e2nm). | 


and 
(14,1) ] 


(qe yin | ae (1 (¢— wy dt = (L- Me™, 


remembering that in the definition of Q,” (u), the initial phase of ¢ + 1 
at A is less by 27 than in the former integral. 
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Also I (n,m) = N + Le*™ + Me-2; 
hence 


(1 =e") I (n, m) = (uw? — 1)!" | 


(ut,1+,n-,1-) 
ee OR DE pe 


(14.15 1 


— (1 = etn) (ut — yi [OO Fy = dh 


or 
em 2 sin na .I (n,m) = TT G Oo sin v7." P,” (2) 
TI (x) 


et in2 m 
Se: eae nt. Qn™ (uw). 
We thus have 
iE fee ae 
or {u + Vp? — 1 cos ($= PH wa)}remO-Mcemu dg 
II (x) 
TI (x + m) 


{Pam (1) — Z e-em sin no. Qym (p)f -no(128), 


‘ 5 z 1 
- where x — m is a real integer, and u> 4 log | na ¢ 
When m and n are both integers, we have 


ieee (nw 
an}, eA Vu? — 1cos($ — f+ wn)}" e-mO—skmu dd, = Tae i: ) 


a 


the right-hand side being zero when n and m are both positive integers 
and  < m, since in this case P,,” (u) = 0. 
Next, change m into — m, in the formula (123), the expression on the 
right-hand side then becomes 
TI (x) =m Oh ees 5 ime 
ee (u) —Fe sin 27.Qn wh 


and on substituting for P,-” (u), Q,—” (1) their values in terms of P,,” (u), 
Q,™ (#) given by the expressions (33) and (21), this reduces to 


TI (x) eB 
(+m) P,” (u), 
since ” + m is a real integer. We thus have the formula 


us —— II 
= [ {wtV ie = eos (6 — p+ wu)}" emb—Yrmudg — Ty Gea P,” (4) 


which holds for all values of x and m such that n + mis an integer. When 
m and n are positive integers such that m > n, we have P,,” (u) = 0, and 


the integral in (125) vanishes. The condition u > 4 log | = is presupposed, — 
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175. In (123), change n into — n — 1, we have then 
1 in erm (e—W)imu 
2 Io {u + Vp? — 1 cos (6— P+ w)}"4 


dg 


_ Uen-) 
Thee ee 
where m + n is a real integer. 


Substituting the value of Q™_,_, (u) in terms of P,”(u), Qn” (u) we 
find that the coefficient of P,,” (u) after substitution is 
II (— n — 1) 1 2S ae 7 sin nT aS 
p ES =e sin 27. <———____— a 


sin (n — m) 7 
which is easily seen to be zero, since m + 7 is integral. The coefficient of 


Q,” (1) is 


a ea sin (n+ m) 7 
Il (m—n—1)'7 Costes sin (n — m) 7 
We thus obtain the formula 
a —m(o—V)kmu 
d si OE dd 
230 fu + Vu? —1cos (¢—P+ u)}"1 
_i (n — m)- 2 
II (n) 
which is zero, when ” + m is integral, except when n — m is a negative 
integer, in which case II (n — m) is infinite. 
When m and are both integers and n < m, we write for II (n — m) its 
a COSeC te —n)t 
“Ti (m—n-—1) ’ 
cosec (m — ”) 7 Sin (n + m) 7 


ae sin (n + m) 7.Q,.™ (4), 


equivalent — ; and then the product 


has the limit 1, as m ae to an integral value. We thus obtain the 
formula, for u > Blog |H= > ; 

1 p2- e-mo—V)ikmu 

lo {u + V2 — Leos (6 — + wu) 


2(—-1) = 
Sy ee ee (126), 


when m and n are integers such that m > n; if m < n the result is zero. 


The results in (124), (126), (136) agree* with those given by Heine; 
the more general results (123), (125) were not given by him. 


dg 


* Kugelfunctionen, vol. 1, p. 211. 
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GENERALIZATION OF DIRICHLET’S AND MEHLER’S EXPRESSIONS 
FoR P,,” (cos 6) 


176. Taking the expression 


etd) 
a) es ine 
Peo ee Ue |” aa ee 


which is (83) of § 155, let 4. = cos 6+ 0.c, then the line joining z and ’ 


on the h-plane is perpendicular to the real axis, and the path of integration — 
may be taken, with A as initial point, to be along an are AJ’ of a circle 
with centre at the origin and radius 1, followed by a circle with centre at 
P’, and radius P’A’, round the point 1; then along the are A’A, and lastly 


along a circle with centre at P, the point = passing through 4A, in the 


negative direction, back to the point A. Whether, as in the first figure, 0 
_ is between 0 and 47, or, as in the second figure, @ is between 47 and 7, Ois _ 
on the left of the path. . 


If we assume that R (} — m) > 0, the integrals along the circles will 


diminish indefinitely as 4, A’ move up to P and P’ respectively. The re-_ 
maining portion of the integral gives for 


P," (cos 6) = &""P,™ (cos 6 + 0.2) 


the expression 


mn 2 TT (m — 3) 
"2me TL (— 4) 


A’ = 
eg sin” 0.e2"", (1 — e-@mtbey | hr-4 


4 (h+h3—2cosoy*t 


The initial phase of (1 — ha) Qa 2 *) at Ais Z AP'O— Z APO in the 


first figure, and this is — 0; thus at A the phase of h + h-1 — 2 cos 6 tends 
to zero as A moves up to P. The same holds in the second figure. 
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We thus have, when f = ¢*, in the limit, since 


]— ¢- (mt) — Qe~m™ cos ma, and II (m — $)= cos mz, 


TI (— m — 4) 
ap | ee 
aa) "etn = 20nd" 
R(t —m)> 0. 
Changing m into — m, we have 


aoe! ®  cos(n+4)¢ 
P,—™ (cos 6 oo) a ee eae 
a) T= pimp) 0(2 cos 6 — 2 cos 6)” 
where R (m + 4) > 0, and nis unrestricted. 


SS m) 
TI (n+ m) 


{eos ma .P,” (cos 8) — : sin m7.Q,™ (cos a} , 


[eos ma.P,™ (cos 6) — 2 sin mz7.Q,” (cos 0)| 


gam aes ‘ cos (n + 4)¢ 


~ TE (—$) 0 (m— ae 0(2 cos  — 2 cos 6)” we 


_ where R (m + $) > 0, and x is unrestricted. 
A particular case of these formulae, when m = 0, is Mehler’s form of one 
of Dirichlet’s expressions for P,, (cos 8), 


2(? cos(nt+3)¢ 
Fa) eee ee 


where 7 is unrestricted. 
When m is a real integer, we have for unrestricted values of n, 
I (x — m) Demet 
Torm OO Topi m—p 
x]. 2 ee 
0(2 cos f — 2 cos 6)2-™ 


177. If, in (127) and (129), @ be changed into z — 8, and ¢ into 7 — 4, 
and we employ the formulae (62), (63), we obtain the following formulae: 


Bir a 


_ P,™ (cos 8) cos (n + m) 7 — 2 Q,," (cos 8) sin (n + m) 7 
q 7 


sees peels | ($=) 
TT (— §) 0 © m— 9) /0 (2 cos 0 — 2 cos J)™*4 
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where F (} — m) > 0, and n is unrestricted; 


II (n — m) 
II (x + m) 


{Pam (cos @) cos na — 2 Q,°" (cos 8) sin nm 


2-m+1 sin—™ 8 ™ cos (x + 4) (¢— 7) 
II (— $) IL (m — 4) i (2 cos 6 — 2 cos ¢)i-™ 
where R (m + 4) > 0, and n is unrestricted. 
If m = 0, we have 


P,, (cos 8) cos nz — 2 Qn (cos @) sin nz 

Se Sy, 

7 Je (2 cos 0 — 2 cos d)? 
and, in case n is an integer, this reduces to 

P, (cos #) == |" ae tS 1, Ip 
7 Je (2 cos 8 — 2 cos d)? 
which is Mehler’s second expression for P,, (cos 6). 
- 178. Next, let R (n + m + 1) and R (4 — m) be positive. The integral 


along the line joining the points z and : may be taken to consist of a circular 


are, of unit radius, from 3 to — 1, a straight line from that point to the 


neighbourhood of the point O, a circle round that point, then a straight 
line to h = — 1, and lastly a circular arc to the point z. The small circle 
round the point O contributes, in the limit, nothing to the value of the 
function. 


E 
At the point A, close up to E on the line joining : and z, the phase of 


1 — 2ph + h? is zero; at H, on the circular arc, close to = it is 7 — 0; at 


B itis zero. If, on the arc EB, we take h = e~*, the phase of 1 — 2uh +h? 
is 7 — ¢, where ¢ changes from @ at A to 7 at B. In the second part of the 
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"integral, we take h = e~".e~“, where wu increases from 0 to 0, and the 
phase of 1 — 2hy + h? is zero. In the third part, we take h = e”. e~“, where 
u varies from oo to 0; and the phase of 1 — 2hp + h? is zero. In the last 
part we take h = e, where ¢ varies from = to 0. 


We thus have 
P," (cos 0) = e2""P,” (cos 8 + 0.1) 


gm+t sin” tf) AL frm 
Qae I (— 4) II (— m — 3) i, (1 = 2ph + Bye 


dh 


7 (- ) em (n+in+ge 


Qn sin” 0 : | ap 
+ W(—4) 0 em — 8) [Jo et P =) (2 cos 0 — 2cos g)™+4 


Paes) o e-(ntm)ex (= 1) e-(ntm+iju a 
— @2atntmy ce 
gee ) \, e-(m+4)4 (2 cos 8 + 2 cosh u)™+2 se 


5 @ v) elntm+1)de 
: | emt) (4) (2 cos 6 + 2 cosh ral : 


This reduces to the expression 


a 23 sin” 0 cos [(m + 4) 6 — (m + 3) 7] 
0089) = Heme | ‘6 coum 
= F co) e-(ntg)u 

+ sin (n + m) 7 : Ss. au| ee (136), 
where Rin+m+1)>0, R(}—m)>0. 


Ii m = 0, we have 


2(7 sn(w+4)¢ 
P,, (cos 6) = = i, Gane (137), 


when R (n + 1) > 0, which is Mehler’s second expression for P,, (cos 8). 


If n — mis a positive integer, and R (m + 4)> 0, we have 


g = gi-m «om g (7 Sin L(m + 4) $ — mz] 
P,-™ (cos 0) = ie nmm= a) 8 i (2 cos 6 — 2cos d)™*8 ae 
aes (138) 


These formulae may all be regarded as generalizations of those of 
Mehler and Dirichlet. 


In case it be not assumed that R (n + m + 1) > 0, but that 
R(m—n)> 0, 


formulae may be obtained by a displacement of the path in which the 
point h = 0 is avoided but an infinite circle is taken as part of the path. 
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DEFINITE INTEGRAL EXPRESSIONS FOR P,,” (cosh %) 


179. In the expression 


z 1 
Was kn 9) Gee) nem 
B= on =e | Gee 


if we take R (} — m) > 0, and assume that pu is real and > 1, we may take 
the path of integration to consist of the straight line AA’ followed by a 
complete circle round the point z, returning to A’, then of the straight ; 
line A’A, and lastly of a complete circle returning to the initial point A. 
When the radii of the circles diminish indefinitely, the integrals taken — 
round these circles converge to zero. The integrals along the straight line 
become 


(l- e-(2m4t)x) ie ee dh. 


4 (Ll — 2ph + 12) 


0 A A 


Now let it be assumed that p is real and > 1, say » = cosh #, then z = e!, 
2 =e; the straight line being now on the real axis. The initial phase of 
1 — 2uh + h? at A is now — 7, and thus we have, for the integral, when A ~ 
converges to e~, letting h = e*, q 


(mabye (1 — e—(amenymy [ * eine 

2 se Be (2 cosh  — 2 cosh w)™+4 ae 

We now have 

a = 2741 sinh™ ¥ cosh (nm + $) u 
EOD = TH mp |) Weoshy — Foch uP 


where & (3 — m) > 0, and the phase of 2 cosh % — 2 cosh wu is zero. Also 


See a 
x | "cosh (n + 4) u (2 cosh p — 2 cosh uy"-¥ du ......(140), 
0 
where R (m + $)> 0, and n is unrestricted. 


In particular, we have 


P,, (cosh $) = 2 


7 


| ¥ cosh (n+ d)u 
0 (2 cosh — 2 cosh u)? 
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where ” is unrestricted. In these formulae the phase of 2 cosh % — 2 cosh u, 
which is real, is taken to be zero. 


180. In the foregoing integral from A to A’, we may displace the path, 
‘so that it is along the real axis from A to — co, except for a small semi- 
circle round the point O, followed by a semicircle of which the radius 


-00 ~—__— ee S oo 


0 ZA az 


becomes indefinitely great, and lastly a straight path and a semicircle from 
+0 to A’. 


Tf, besides the condition R (1 — m) > 0, we assume that 
R(in+m+1)>0, R(m—n)>0, 
the straight paths are the only ones which contribute anything to the 


value of P,” (cos). Assuming that these conditions are satisfied we now 
write e* for | h |, and assume that p is positive and > 1. 


Remarking that the phase of 1 — 2uh + h? at A, the initial point, is 
—7, and that it is zero at the point on the left side of O, and in the 
straight path from 0 to — oo, and that it is — 2z in the straight path from 
© to z, we have 


2m II (m — 3) 


| P, (cosh) = Le (1 — e-@mt) sinh™ 


x) entm+l)u d 
ie Ee e(m+4)4 (2 cosh uw — 2 cosh fmt se 


ES elntm+lm p(ntm+i)u 
: ie e(m+3)4 (2 cosh u + 2 cosh p)™+3 ee 

; ie etm rll au| 

© Ja @~2m+Dm | elm+d)4 (2 cosh w — 2 cosh p)™+t 


This reduces to 


2” sinh” 
Pe Cosh) = HH maT 
co (nth) u_elmigim _ g—(nth)u_e—(m+pim 
< I u (2 cosh u — 2 cosh f)"+4 = 


: { 2e"+4)™ cosh (n + 4) u du 
© Jo (2 cosh u + 2 cosh p)™td © 


If we change m into — n — 1, in which case the value of P,. (cosh #) 
is unaltered, we find a similar expression for P,,™ (cosh), which might 
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also be found by placing the semi-circles below the real axis, in the path 


of integration. Adding the two expressions for P,” (cosh #) together, we 
then find that 


ae 2” sinh” © 2 sin mm cosh (n + $)u 
Be) = re aD [f. (2 cosh w — 2 cosh pms 
©2 sin nz cosh (n + 4) u 
I, (2 cosh u + 2 cosh p44 BEAR so: (14g} 
where R(i$—m)>0, R(m—n)>0, R(m+n+1)>0., 
If m = 0, and R (n) is between 0 and — 1, we have 
es x 
BP (cosh) = = ain nn | >See + 1), ae 
ee -0. (2°cosh u + 2 cosh #)* 


which has been already proved in § 173. 


If we multiply the two expressions for P,,” (cosh ) by e-™+d™, elertz 
respectively and subtract, we find the formula 
2” sinh” 
reper =p = =o (n+ 4) 
< | 2sin nz cos mz sinh (n + 4) u + 2 cos 7 sin mz cosh (n + 4) u 
& (2 cosh uw — 2 cosh )™4 


P,,™ (cosh x) = 


du, 


In case m = 0, this becomes 


2 = sinh (n + $)u 
P,, (cosh ¢) == cot (n +4 | ss 
nt ¥) Geet ¥% (2 cosh u — 2 cosh y)* 
ae (143). 
In the important case in which n = — 4 + pr, where 7 is real, we have 


y (2 cosh wu — 2 cosh m+ My 


1 sinh 5 ae 
P"_3,», (cosh %) = i Cpre = = ‘| cos pu sin m 


2 cos pu cosh pr 
a E (2 cosh uw + 2 cosh +4 aa, 
where Rk (k—m)>0. 


When m = 0, 
2 ke cos pu 
P_44». (cosh %) = = cosh | ———____+~_______ dy 
be ( ¥) @ Ee 0 (2 cosh wu + 2 cosh #)3 
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A DEFINITE INTEGRAL EXPRESSION FOR P,,” (1) UNDER CERTAIN 
CONDITIONS 
181. It has been shewn in § 156 that, when m is a real integer, 


™ Tl (m—4t 
Pot (0) = 5 nye 


(e+.3+) Aerm dh 
J (1 — 2uh + h2ynt8 
‘The path of integration may be taken to be a single curve surrounding the 


(Pays 


points z, = and having the point h = 0 on its left hand; it is assumed 


that R (u) > 0. 

If we assume that R(m—n)>0, R(n+ m+ 1)> 0, the path may 
consist of an infinite semicircle with centre O, starting at the point h = + co 
on the real axis, then a straight path from h = — to a point néar O, a 


circle round O, then a straight path from O to — oo, and lastly an infinite 

semicircle from — oo to the initial point. Subject to the conditions stated 

above, the only effective portions of the integral are along the straight 

portions of the path. The phase of 1 — 2hy + h? is zero at the initial point. 

We have then 

pm 2” II (m — 3) 
P,” (1) 2m. II (— 4) 


(2 1)” al e728 (m+n)) 
-2 eu(ntmtl) e+(ntm-+1)z d 
| elm+d) u gt2m:(m+h) Qu ED) eosh Uyrrs u, 


which gives the expression 


Po (y) = - eR (u2 —1)8" sin (n+ m)a 


ows (n + 3) U Bi 

o (24 + 2 cosh w)\™tk-” 

where Rim—n)>0, R(n+m+1)>0, R(u)>0, and the phase of 
# + cosh u is zero when p is real and > 1. 

) Incase m = 0, and R& (n) is between 0 and — 1, we have 

© cosh (n + 4) u au 

0 (2u + 2 cosh wu)? 


HH 18 


P, (yu) = ~ 2 sin na | 
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DEFINITE INTEGRAL FORMULAE FOR Q,,” (cos 6) 
482. When R(n + m+ 1)> 0, R (} — m) > 0, we have from (79) 


cos mi _. 


(cos 0 + 0.1) = 2". 211 (m — 4) I (— 4) ™ sin™ 6 


T 
= ferm ’ 

(l— 2uh + yet ai 
where 0 < 0< 37. 

We may take the path of integration to be along the real axis from 0 
to 1, then from 1 to e-® along an arc of a circle of unit radius with its 
centre at the origin. Along the straight line the phase of 1 — Quh + his” 
zero, and along the circular arc it has the same value as that of h. In the 
first integral we write h = e~", and in the second h = e-?; we thus have 
TI (3) 


Tet sin” 0 


Qn (cos 8 + 0.) = "2" 
2 e-(tbu F 6 penn thier 4 

Z [J (2 cosh uw — 2 cos @)"*3 2 ‘ (2 cos 6 — 2 cos 0)" 4 8]. i 

Next, we may take the path to be from 0 to — oo along the real axis, 


then along an infinite semicircle to + 00, then from co to 1 along the real 
axis, and from 1 along the circular arc to e~*. If we assume that 
R(m—n)> 0, 
the part along the infinite semicircle contributes nothing to the value of 
the function. In the first integral we write h = e~‘*.e", in the second 
integral h = e“, and in the third h = e~*. We have then 
Tl (— 3) 
T(-m—4) 
2 er(ntmtln eintiu © elnthu 
x | = - , du | 59 , du 
[ _« (2 cosh wu + 2 cos 0)"* 9 emt" (2 cosh u — 2 cos Ot 
6 ren (mtd 
I, emtb2= (2 cos ¢ — 2 cos Oy"44 as] a 
Both these expressions hold good if & (m) is between 4 and — i, andif 
Ratm+1)>0, R(m—n)>0. 
Multiply the first expression by e~* and the second by e™, and add; 
we have then 


cos m.Q, (cos 8+ 0.1) = eam om 


Q,™ (cos 0 + 0.0) = e2"".2" sin” 0 


LOE 39) ee 
mere a 6 


0 (2 cosh u — 2 cos 6)" #8 9 (2 cosh u + 2 cos O)"+4 


° cosh (n + 4) u oe le cosh (n+ 43)u | 


where R (m—n)>0,R(m+n-+1)>0, and R (m) is between — } and §. 
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If m = 0, we have 
) ie cosh (n + $)u 
0 (2 cosh u — 2 cos 6)? 
= ean | cosh (n + 4)u 
o (2 cosh u + 2 cos 6)"+4 


where 0< 0 < 37, provided R (n) is between 0 and — 1. It is to be re- 
membered that Q,, (cos @ + 0.4) = Q, (cos 6) — imt.P,, (cos 4). 


In case n = — $ + pe, where 7: is real, we have 


Q,, (cos 8+ 0.0 du 


Be (cos) — 4x. P_,,., (cos 8 ie costa 
B= (008 8) — de P_y +p (005 9) 0 (2 cosh u — 2 cos 6)? 


2 cos pu 
ver™ | = du. 
0 (2 cosh u + 2 cos 6)? 
Changing n into — n — 1, or — § + pu into — } — pu, we have 


“yp (008 0) — de P_ 8 fe ag08 Bue du 
pa (008 ) poe © ava (0080) 0 (2 cosh w — 2 cos 6)? 
— eRe iz = COE PS ab 
0 (2 cosh u + 2 cos 6s 
Since 
x a 
P,, (cos 0) = = cos (n+ ba } __ cosh (m+ 3)u 


0 (2 cosh u + 2 cos 6)? 


we have 


 P_3:. (cos 8) = = cosh a = OEE = P_,_.» (cos @); 
io ( = 5 00s @ Gousha Ss asoi size icon!) 
hence 
sup. (608 6 c ee du ¥ csinh 
peer. (008 8) 0 (2 cosh u — 2 cos 6)? 2 ie 
[ COS pu 


x | + __ du. 
0 (2 cosh u + 2 cos 6)? 


Thus 
cos pu 


HQ-s+m (008 8) + Q-1-m (008 6)} = | 


_—. 5 du 
0 (2 cosh u — 2 cos 6)? 


FORMULA FOR Q,,” (cosh ys) UNDER SPECIAL CONDITIONS 


183. When y is real and > 1, taking » = cosh %, we have, provided 
R(n+m+1)>0, RG—-—m)>0, 
II ( hatm 


cs =e 3) bane 
Qa (cosh p) = em." TE sink | ok FeeTh 
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Let h = e-*; we have then, taking the path of integration along the 
eel axis, 
* Q,m (cosh ys) = e™™* 2” = sinh y | ° 


e-mtbu 


(2 cosh wu — 2 cosh #) pa 


If we take the path to be from O to — along the real axis, along an 
infinite semicircle from — co to + oo, and then along the straight path 
-co. Zz oo 


0) 


NP 


from oo to = avoiding the point z by description of an indefinitely small 


semicircle, we have, aes R(m = n)> 0, 


h ae an IT (= ie Fate elntgiu 
Ae CES Oe Il (— m— pam off” 2 @cosh u + Scoshyyrt 


© elnthu 
. sone (2 cosh u — 2 cosh pra 


w elntdiu 
[- yem+d)™ (2 cosh % — 2 cosh u)™tt au. 


In a similar manner, by taking the semicircles above the real axis, w 
have 


fe = em Tl (= 3) Sa iE e(ntm+i)m e(ntdyu 
Q, (cosh) = € Te al _»@oshut tonk aa 
le elnthiu 


y e-Om+D™ (2 cosh u — 2 cosh b)™+3 


du 


¥ elntdie j 
lees (2 cosh & — 2 cosh w)™+4 an| % 
Multiplying the first expression by e+, and the second by. 
e-mtm+n, and subtracting, we have 
MI (= 3) 
T= m—) 


Q," (cosh #) sin (x + m) 7 = e™™ 2” sinh” & 


(nth) u 
x |sin (xn — m)z7 i eath du 
(2 cosh u — 2 = 
¥ cosh (n + 4 : 
le 20s nz | Cech — an Wate | eis (151), — 


where R(m)<4, Ram+m+1)>0, R(m—n)>0. 
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Ti m = 0, we have 


@ (cosh b) = | 


Co elnth) uw 


du 
y (2 cosh u — 2 cosh #)} 


! 1 
==9 Cot na | “25 Nosh (nae aes 
0 (2 cosh & — 2 cosh wu)? 


where & (n) is between 0 and — 1. 


EXPRESSION FOR Q,,” (cosh 4) WHEN 7 IS HALF AN ODD INTEGER 
184. Taking the expression (76) for Q,™(), if we denote by P and 


Q the integrals taken round closed curves which enclose the points 0 


tespectively, the initial phases being in both casés the same as the initial 
' phase in the expression (76) for Q,." (14), we have 


(F+0+,2--0-) is ; 
| (=o a Oe Po: 


also 


dh = P+ -@nsn Q. 


+04) ee 
| = 2uh + ey 


If we assume that n is real and half an odd integer, we have 


| G+04.2-.0-) fee 
| (1 = 2puh + hye 


dh 


G+ 0+) jnem = 
(1 — 2uh + hy 

_ Thus, in this case, the expression (76) may be replaced by 

IL (m — 3) M1 (— 
2a 


= (1 — e2(ntmzy ( 


Qa (2) = em" 2 Dys— ye 
: jon 7 


(= 2uh + dh. 


a 
aie 1 AZ 


__ Taking » to be real and greater than 1, say 4 = cosh, and assuming 
_ that R (m—n)> 0, R(£—m)> 0, we take the path of integration to 
consist of a circle of infinite radius, a straight path along the real axis from 
% to z, and a small circle round the point z, and lastly a straight path 


278 Spherical Harmonics of General Type [OH. V 


from z to 00. Subject to the conditions postulated, the circular paths, in 
the limit, contribute nothing to the value of the function. The initial 
phases of 1 — 2uh + h? and h are zero, initially at + «0; the phase of 
1 — 2uh + h? becomes 47, and that of h becomes 27, after the description 
of the infinite circle. We thus find 


eS ee 


(Cosh ak) — er 2 ®) sinhm ob 


e(ntm+1)u_ g2m(n+m+1) 


I ekrim+5) elm+3) 4 (2 cosh wu — 2 cosh f)"*4 a 


. elntmtl) u | e2m(n+mtl) a 

' 

, UW 
© dy etme) elmep“ (2 cosh wu — 2 cosh p)™3 7 


which reduces to 


Q,™ (cosh fs) = 2” im DUE d, sinh” & 
etnthu ie 
S if (2 cosh w — 2 cosh "+4 


© (nthe 
tecp let (EB ee pommel: | sie = ee cee 
ae a I; (2 cosh u — 2 cosh pyn+t au 


...(158), 


or to 


@, h Qm = aif? elfnth u 
a eek) = Trea Peas cE @ cosh w — 2 cosh yt 
where 7 is half a real odd integer, and R (m — n)> 0, R (4 — m) > 0. 


du, 


If we put m = 0, we have 


1f2 ela) 
» (cosh =| Us, 
on ¥) ¥ (2 cosh u — 2 cosh)? 


where x < 0. On changing n into — n — 1, we have, since 
Q,™ (cosh #) = Q™_n_, (cosh), (see § 131), 


h 1fe er(nthu 
Cent =, (2 cosh u — 2 cosh x)"#4 


where 7 is half an odd positive integer. 


EXPANSIONS OF SOLUTIONS OF LAPLACE’S EQUATION 

185. Results such as those in § 166 could be foreseen by a con- 
sideration of the fact that (z+ ex-+ By)” satisfies Laplace’s equation 
V2V = 0, provided « and f are any constants such that a? + 62+ 1=0, 
This is the case for complex values of n, and when 2, y, z are not restricted 
to have real values. Let « ccos (b = wu), 8 = — csin ( = we), then, 
since z= rp, x = ur (u2 — 1) cos d, y = uw (yu? — 1)? sin ¢, we have 


(+ ox + By)" =r" {u + (un? — 1)? cos (6 — f+ wu)}", 


184,135] Hapansion of Solutions of Laplace's Equation 279 


where ¢, # and u are taken to be real. We should therefore expect that, if 
{u + (u2 — 1)? cos (6 — + wu)}" can be expanded in cosines and sines of 

multiples of ¢, say D (Um cos md + Vm Sin mg), the coefficients w,,, Um would 
be linear functions of P,7" (u) and Q, (u). The condition that u should 
be real may clearly be removed, when it is convenient, because the imagin- 
ary part of u may be absorbed in J. 


We shall assume that RB (u) > 0; let w = (u2 — 12 e#@4+"); we then 
find that 


{ut (ne? — Ih cos ($ — yf £ ea)}” = (20) (w+ w— I (w+ w+ Yr 


ae 
Ti u< log ete [: one of the expressions (u + w— 1)", (u+w+t 1)” 


can be expanded in positive a andthe other in negative powers, of w. 
ptleP 

i= 
positive powers, or poth i in negative powers, of w, according to the sign 
otf + w. All the series are absolutely convergent. 


Ti, however, w> log | #5 , both expressions can be expanded in 


Case 1. Let w<log| ES * Ry) > 0. We have 


(Quv)-* (uw + w — 1)" (pb w+ 1) = 2" (4 y(t ea t"(+ ez ye 
: w pti 


\ 


if we take the upper sign of + ww, so that w= (pn? — 1) e+), we have 


a PaaS 
a A 
e+ if 


for all values of u in an interval (0, %), where uy is fixed and < log Fas = 


—1(t 
_ Also SF Coe =| <|2 Lad al e“0< 1. The case in which we take the lower 


sign in + w Jeads 1 a a similar treatment, so that we consider only the case 
in which the upper sign is taken. 


Let the Binomial series for e pe = \" be d + a + @ + ..., and that 


for (1 + =a be by -+ 6, + 6, + ...; these series are absolutely convergent 


for each value of 6 — ¢ and each value of wu in the interval (0, u). 


—i1 =|" 
Let a + @ + + ... be the expansion of Qa = (eae er ev) , and 


—1\-I1 
let By) + Bi + fe+... be the expansion of (a - ee z E ass ) ; all the 
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numbers @,, 8, are real and positive. We have now | a, | <a,, |b, |<, _ 
for all values of r. The Cauchy product ‘ 


By + (yb, + Ay bo) +... + (pb, + 46,4 + «2. + aby) +o. 
of the two absolutely convergent series a) + a, 


wal 
convergent, its sum being (1 + h—") (a 
convergent, since 
[| Qyby + Qybya +. + Ayby | < om B, + UBra t+ --. + &,Bo, 


and the expression on the right-hand side is the general term in the 
Cauchy product of the two absolutely convergent series with real positive — 
terms, % + @+...,P)+ fi +.... 


The series db) + (db, + a5) +-.:. can be rearranged as the double 
series 


Ay by + O10, + Gaby + ... + (yb, + aby + ...) + (Gybo + gb, +...) 
Hee (Ggb; + Oy Dp ay + --e) + (Gedy + Gyr, +... 


which is thus arranged in positive and negative powers of w, or in cosines 
and sines of multiples of 6 — 4 + w. 


We have | a6, + Gibypi +... | < Bp + Bra + 
| py + Grard + «| < @ By + Cray By + +e 


It is known that the series a 8) + (a8, + «%f)) + ... may be rearranged 
in any order without affecting its convergence or its sum. Thus the series 
of which the general term is p 


(Br + G4 Bris +--+) + (Gr Bo + Orisa Pr + ---) 
is convergent. 


‘The above inequalities shew, by applying Weierstrass’ test, that the _ 
series, of which the general term is 


(45, + Oy By ia + +e) + (G09 + Gpiyby + «.-); 


converges uniformly for all values of 4 — #s, and for all values of w in the 


1 eee ; 
interval (0, u), where u% < log | = [; to the sum Qa ae et Qi + at B 


It has thus been shewn that { + (u? — 1)? cos (6 — f+ vu)}” can be ex- 


pressed as the sum of aseries & (U,, cos md + V, sin md) which converges 
m=0 


uniformly for all values of the real numbers ¢ and u, and for all values of 
By 
uw in (0, U)), where u, is < log | = | 2 


3 | Lapansion of Solutions of Laplace's Equation 
We have 


2 ie {u + (u? —.1)? cos ($ — & £ w)}" cos mddd 

_ _2il (n) 
II (xn + m) 

by (106); except that U, = P,, (u). Also 
Vm = FE nam) Pa (u) sin m (Fe), 
“and Vo =P, (u). 
Hence we have the following result: 

Mu (uw? — 1b cos ($ — + ww)" 
=Pry) +2 3 pe 
when R (41) > 0, nis unrestricted, and the convergence is uniform for all values 


I 
+5). 


P,m (11) cos m (i ¥ ws), 


am (u) — (é —%+ w) ...(155); 


of ¢, 4, a ea < log 
If x is a positive integer, the series has only n + 1 terms, and the con- 
dition for u disappears. 
Changing n into — m — 1, and remembering that P,.” (u) = P”_n_4 (u), 


We = 2) ( Type) 
Il (m — 2 — 1) (nm) ’ 


we see that 
up re P,2” (uw) cos m ($ + 


m=1 
converges, uniformly as before, to 
{u + (u? — LF cos (f + wu)}-7. 
It is easy to deduce the corresponding theorem for the case R (1) < 0. 
Let 7 = — p, then we have 
et (v2 = IF cos ($ + w)}" = e&™ (G+ GG? — Lh cos (6 + aw)}", 
_ where the upper or the lower sign is taken in e*"™ according as I (u) > 0, 
or I (uw) < 0. 
Since {7 + (@? — 1)? cos (¢ + w)}" is represented by the series 
TI (n) 


P,, (@) + 23 Il@ +m) P,” (f) cos m ($ + w), 


a 2 sin 7: 
Pm (fi) = em (u) — "7 Q,™ (yu), 
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where the upper or lower sign is taken in the exponential according as 
T (un) < 0, or I (u) > 0, it is seen that the series which represents 


_ {e+ (ut — Ikcos (f + a}, 
when R () < 0, is : 


[P. (uy — 2807 a etn 9.m(u)| 


+25 Pe ()- een, | cos m ($ + wi), 


where the upper or rs lower sign is fess in the exponential, according as 
I (uz) > 0, or I (u) < 0. The feta is uniform as before. . 


2 sin nz 


Case 2. Tf w> log |# = ie ,R(u)> 0. 


In this case the expansion of {u + (2 — 1)8 cos (6 — 4 + )}" consists” 
of terms which are all powers of w of the same sign. If we take 


w= (pw? = 12 eo-veu) 
_ we have an expression of the form 


re 
(2w)-" (2 — 1)" E 7p — ate wa etobteu) | 


waht bin) 
xfi4n(Koaye BE o55 || 5 


where the series are both absolutely convergent, and are uniformly con- 
vergent for all values of ¢, , and for all values of u> wu», where Up is a 

etipP 
fixed number > log | eal : 


If we take w = (2 — 1)? e'¢—), we obtain an expression of the form — 


(2w)-" wen E +n (é ae a evan) | 
eel cos 


1? 
x|a +n — ge i) eb) 4 . 


We thus see that 


{u + (u? — 1)8 cos (6 — f+ w)}” 
has the form Zu,,e™¢-+), where m has the values — n, —n+1, 
—n-+ 2,..., ad inf., and 


{u + (u2 — 1)8 cos ($ — f — ww)}" 
has the form Zu,,e-™@-¥-), where m has the values n,n—I1,n—2,. 


It can be seen, as in the former case, that the series is uniformly con- 
vergent for all values of ¢ and %, and for all values of u that are 


> eS 
= Uy > log st 
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2: 


= 
F : 3 
Since 1h ett (m’—m) (vi) eb = 0, 


when m’ — m is a real integer, we have 


(py? — 1)? cos (6 — b + wu)}" EFM OVE dh 


2 5 
{Pym (u) — 3 em sin mr. Qa wh 
from (123). 
We thus obtain the formula 
(ut (ut — LP cos (6 — fp & ww)” 


II (n) = 
Tom | 2” (H) 


=y 


= 2 es - z 
= Speen me (b—vteu) 
2 erm sin ne. Qa” (u)} € 


where m has the values —n, -n+1,—n+2,...,0rn,n—1,n—2,..., 
according as the wpper or the lower sign is taken in the exponential. This series 
converges uniformly for all values of ¢ and %, and for all values of u such that 
Ey 

ut Bt > log| &* | 5 


It is assumed that R (yz) > 0. 


In case 7 is a real and positive integer, the series is finite, and it reduces 
to the same result as in Case 1, as is seen by considering the terms which 
contain the factors 

Ebr (b—etem) | exln—2n41) (owen) | 


If we change x into — n — 1, we have, for R (4) > 0, 
{u + (2 — IP cos (6 — f+ wr 


Tl (— = 1) Ze me (b—¥teu) 
=== =P in” (Hw) -— em sin 27.Q”_n—1 (e)¢ e™ Ee 
where the values of m are n + 1,» + 2,.... 

In the special case in which n is a positive integer, this reduces to 


{u + (v2 — 18 cos (6 — f — ww)" 


z (- iD yee 


Tales 


where m =” +1, + 2,...; a8 is seen by using the result (126). 


The cases in which n is a positive or negative integer were in- 
vestigated by Heine. 
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Case 3. If « is purely imaginary, say w, we have | a | = 1, and in — 


this case we have u > 0; and we see that the series 


lin a eee) 4 
Ed 


= INS 
d lin Gay) elovtuy a 
an ! 7 + 


are convergent if w is positive. Thus we have, for w = (u? — 1)? e@-¥-, 


{e+ (u2 — 1b cos (6 — + w)}" 
takes the form =w,,e™@-¥+™), the series being uniformly convergent, for — 
all values of ¢ and #, and for all values of u such that u = uw, when w> 0. ~ 

It is thus seen that the formula (155) holds good in this case when 
u > 0; the convergence is uniform for ~ = wu» > 0, and for all values of ¢ 
and p. 
. Also when n is a positive integer, we have 
{e+ (uw? — 1h cos (6 — f — am). 


y ec Ue 


“TI (n) II (m —  — 1) Qn (1) eva 


where m= n+ 1,” + 2,... ad inf.; in case p is on the upper part of the — 
imaginary axis. 


If we change the sign of ¢ — ¢, we find that 
{H+ (uw? = 1h cos ($ — fp + eu) 


5 (- Deas 


TT (a) 1 Gm — m — 1) 2” (Hw) emote 


FURTHER EXPANSIONS OF P,,” (12), Q,” (2) 


186. If we put nu? = p’, the differential equation (2) can be transformed ; 
into 


Ll 2m+3 ,.\ du | (n—m)(n+m+1) 
ae A u=0. 


dle 

pw (L— p’) dp” v (5 2 
We see that this differential equation is satisfied by the hypergeometric © 
series F (a, 8; y; u’), where «= }(m—n), B=} (m+n+1), y=}. It 
thus appears that the differential equation (2) is satisfied by either of 
the expressions 


(2 — 1)" pee (= UD) (t= peuyeeo— du, 


(py? — 1)" (ee Ge jo = peur) du, 
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where, as in the other cases, the integrals are taken along closed paths. 
_Itis unnecessary to obtain the exact expressions for the functions P,,” (4), 
9,” (u) in terms of integrals of these types, as all the results may be 
obtained from the two classes which have been already considered. 
The existence of three classes of integrals which satisfy the fundamental 
differential equation (2) is equivalent to the result, obtained by Olbricht, 
that the equation is satisfied by three distinct Riemann’s P-functions: 


“pt (uw? — 18 
2 (ut 


2 


—in 
EQv+l) -im 4 
We proceed to obtain expansions of P,,” (u), Q,’" (u) in powers of 
p+ (we 1 


"2qA= DF 
187. In the formula (76) 
TI (m — 3) I (— 3) 


= jelm—n)m 9m 
Ma (u) = a 47 sin (n+ m) 7 


(p? — 1)" 


ah, 


lee esl 
(G+-0+,5-.0-) jnem 
x] (= Quh + hays 
where the point z is not within the contour, we change from fh to u as 


independent variable, where h = : (1 — u); we then have 


gm UH (m— 3) (-3) (u2 
47 sin (n+ m)7 (2— 13 
pe 


q Q, (p) = — pelm—n)m | 1)2” 


um (1 — nem (a tay i) * du. 


Let it be assumed that | 2? — 1| > 1, then the path of integration can 


x 


_ be so chosen that 1 | < 1 for all the values of wu. The factor 


gr 
uw \~™-t 
Q sy f= i) 
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in the integrand can be expanded by the Binomial theorem in a uniformly 


convergent series of powers of and term by term integration is 


u 
z— 1’ 
applicable; thus we have for Q,” (1) the expression 


Timp) 2, 
47 sin (n+ m)7 (@— 1) 


— elm—n)m Om 1)2” 


x S(-1p U(m—43+r) 1 = > ae 0 


r=0 TL (7) I (m — $) (= 1p 


On evaluation of the integrals, in the coefficients, we find that 


1(—3)Um+m) 2 2 
HEE (+4) @= TW anes (? 


Qn (uw) = om 


A 
Be 


a 
xF (m4 m+ 530 4 


— 2_ 1) 
_ which gives an expression for Q,,” ().in powers of a ae » which 
zi (eS 
convergent over the part of the plane over which this expression has its 


modulus less than unity. 
In case | 2? — 1 | = 1, the result will hold good if it be possible to choose 


the path of integration so that the condition al < 1 is everywhere 


satisfied. In case yp is real and between 1 and — 1, we have 
1— #= 1 — cos 26 — csin 20, 


and 6 cannot have the values 0, 7. Accordingly, the formula is valid 
only subject to the condition « < @<7a—, where ¢ is an arbitrarily 
chosen positive number. 


The formula becomes nugatory if n + m is a negative integer. Using — 
the formula (31) in which P,™ (x) is expressed in terms of Q,. (u), 
Q”_,-4 (u), we find from (158) that 


nage ; ! = m—n 
Be (yy oe a en Zz 


a \I(@+4)  cosm — (2 — 1ynts (H* 


x F(m4 


_Ua@— 4) geen Ps al 
* TT (nm —m) @— tyes (H* — DP F(m "3? 


By the known formula for the transformation of a hypergeometric 
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series whose fourth element is 1 — x into a linear function of series whose 
fourth element is x, we find 


TI (n — 4) I (a 
ee 


and thence, after some reduction, we have 
2mTT (— $) Tl (n+ m) 


Bm (ue) = —— T@+h 


m—n 


z 
@ 1s 


canis ‘ai 2 
tea mt 5ip—s = .(159). 
Bet (Ww 17 

2 (y2— 18 
It is here assumed that both series are convergent, and that m + 1 is 
not a negative integer. 
188. Let = cos @, then remembering that 
P," (cos 6) = e*”" P,.* (cos 0 + 0.0), 


x jew 


This formula expresses P,,” (4) in powers of the numbers 


we have 
a _ 2mTl (— 3) (n+ m) 
P,” (cos @) = a ee Emm sinm @ 
(gee 1 
Se (2 sin 8" -F( 


gt M5 


ete 1 
y ae gt ™>5 
(2e? sin 6)™+4 


Hence 


P," (cos 8) = 2s eS i) 


a Tl (xn +4) 


[eis 2)@- 3+ 7S], nam f(t a)! ata 


(2 sin 6)2 2 (20 + 3) (2 sin 6)£ 


i Sar Ni 
(12 — 4m?) (32 — 4m) “* it ee a | 160 
oe a ee +... | ...(160). 


x 
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This series represents P,” (cos 6) for unrestricted values of n and m, 
provided it is convergent, which is the case when 17 < 6 < a7. Tin + Fis” 
a negative integer the series requires readjustment. 


To find the corresponding expression for Q,.” (cos 8), we have from (158) 
Q,” (cos 8 + 0.1) = emma, TI (= 4) TI (n + m) em" (e8* sin ym 
n 


Tl(n+s eumey)6 am : 
¢ ®) (2e? sin 6)”+2 


1 1 380 —ee yy 
x FS +m, 5 ~mint 5s = 
2e? sin 0 


or 
a + mye Es TEE 


a) (2 sin 6)? 


iE 
Pee a 


)t 
II (n 


eee eG) 
| 2Qn+3) sind 


_ (19 — 4am) (32 — 4nd) e= * (#4) 
" 2.4 (2n + 3) (Qn + 5) @sind)? : 
‘We find for Q,,” (cos 6 — 0.1) the series obtained by changing 


-(nt+e- 2, (nt0+ FS 
e c= intone. 


then, using the relation (57) expressing @Q,,” (cos 9) in terms of 


Qn™ (cos 8+ 0.0), Q,™ (cos @— 0. t), 


we find 
if I 7 mr 
Qn" (cos 8) = alinem eesti 3 
T@+4) ee 


( 3 mar 
12 — 4m2 68 {(n + 3) 6 ee a+ + 
~ 2 (n+ 3) (2 sin i 


(2 émt (94 — sme) 8 (04 3) 9+ +S = | (161); 
: in Dian) — — ae epee: 
the convergence condition for this series is the same as for (160). 
It may be remarked that the series (158) is convergent z ‘wisa positive — 
number cosh ¢, > 1, provided €> $ log 2, or cosh €> ——. The corre- 


i 


sponding series (159) for P,” (cosh é) is not convergent. 
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RECURRENCE RELATIONS FOR SUCCESSIVE VALUES OF 2 AND ™ 


5 htm 
189. Let the integral hoe Duh + hye dh be denoted by U (n,m), 


where the integral is taken along any closed path, that is, one in which, 
after completion, the integrand returns to its initial value. 


We find that 
dU (n,m) : [EEE : 
A (2m 4 ‘=e (2m + 1) U (n, m+ 1); 
poh 2m -i1 


GT 2h a ph pe mt DY is aye 
Hence, we have 


dU m) = — 2m z ae —h 3 
oe }) =f oe ia Sama aS ae aa a 


poh 
= uh + Py 
2mU (n 4 1,m) — (n+ m + 1) {uU (n, m) — U (n+ 1, m)}, 


Lone (n+ m+ 1) h**" dh 


-) 2m) (n—m+1)U (n+ 1,m) — (n+ m+ 1) pU (n,m). 


Referring to the formulae (76), (83), for Q,” («), P,™ (4), we see that 
P,” (x) is of the form c,, (u2 — 1)?” U (n,m), and Q,” (z) is of the form 


eon 


ae , Ves dm ’ 
aim (uw? — 1)2" U (n,m), where Cm, Cm’ depend only on the 


enn 
sin (n + m) 7 
obtain the formulae 
aP,” (u) 
fe 1) GF fi ( 
dQ,” (») 
(w? — 1) du 


yalue of m. Since is unaltered by changing n into n + 1, we 


mM — m+ 1) P43 (yu) — (m+ m+ 1) p,m | 


= (2 = m+ 1) Qaaa(H) = (n+ m + 1) WO," | 


Next, let V (n,m) = U (— n—1,m); we have then, by changing » 
‘into — n — 1 in the relation found above for the functions U, 


dV (n,m) _ 
ae 


(uw? — 1). 


HH 


— (n+m) V (n— 1, m) + (n— m) pV (n, m). 


19 
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Special cases of this relation are 
dP,” 

(ae ee) 


= (n— m) wP,™ (wu) — (nx + m) P™,_, (p) 


(1) sos = (n = m) 1Qg (12) — (2 + m) Qa (1) 
du 


From (162) and (163), we have at once 7 
(20 + 1) wP,™ (w) — (m — m + 1) Py (mu) — (m + m) Py (we) = of 
(21 + 1) pQn™ (um) = (@ — m + 1) Q™ aya (MH) — (w+ Mm) Qa (H) =O 


These recurrent relations between the functions, for different values of 
n,-hold for general complex walaes a n and m. In particular, we have the 
relations 

(2m + 1) pPy (1) — (+ 1) Pras (2) ~ Ppa (w) = 4 
. (2m + 1) Qn (H) — (% + 1) Qnia (H) — 2Qna (Hv) = 0 


The relations (165), for real-integral values of n, were given, in sub 
stance, by Gauss; and afterwards* by Bonnet. The completely general 
form (164) was givent by Hobson. 


190. The function U (n,m) has been shewn in § 115 to satisfy the 
differential equation 


(l= pi ae 2(m+1)p Fe + (um) (n+ m+ 1) T= 0 


and since ee 1) ene 1) 0 (nm 3), 
P3 
ae (2m + 1) (2m + 3) U (n,m + 2), 
we have 


(1 — p®) (2m + 1) (2m + 8) U (n, m + 2) — 2 (m+ 1) (2m 4+ 1) 
x pU (n,m + 1) + (n—m) (n+ m+ 1)U (n,m) = 


Referring to the formulae (162) and (163), we see that, as special cases 
of this result, 


Pg? (u) + 2 pj 2 
4) +241) 


P,"* (4) — (n —m) (w+ m+ 1) Py (uw) =0) 


Qu"? (4) + 2 (m+ 1) 


E Qu™*1(u) — (nm — m) (m+ m + 1) Q,"(u) = 0) 
(2— 1) 


* Liouville’s Journal, vol. xvit (1852), p. 252. 
{ Phil. Trans. vol. cLxxxvu (1896), p. 522. 
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These formulae have been given, for the case in which m and 7 are real 

integers, in § 66. 

Tf » = cos @, we see, since P,,™ (cos 8) = im P@ (cos 0 + 0.1), with 

"the corresponding expression for Q, (cos 0), that these formulae become 

P+? (cos 8) + 2 (m + 1) cot 0.P,"*1 (cos 4) 

+ (n — m) (n+ m + 1) P,” (cos 0) = 0 

Q,t*? (cos 8) + 2 (m + 1) cot 0.Q,* (cos ) 
+ (n — m) (n+ m + 1) Q,”" (cos 0) = 0 


These formulae have been given, for the case in which n and m are 
teal integers, in § 66. 


EXAMPLES - - 
1, Prove that 


4 ze I (n+m) 1 2 I(n—m+i)0(n+m+t) 
[ewe aay me m) 2U(—n—m—1)i(n—m),-of! (Qn +1 +8) (+n +3)’ 


where R (7m) <1, except when 7 is half a real negative odd integer. 


Shew.also that, when 7 is not half a real negative odd integer, and R(m)<1, and 
m+n is a positive integer, or zero, : 


Uae OE 
[em wree=eee ae oa) 


‘and that this result is also valid when m and n are positive integers, such that n 2m 20. 


2. Shew that, for general complex values of n and m, such that R(m) <1, 
1 
(2n4 1) (n—m) (nm 1) [Py (de, 


together with the same expression with  — 1 written for n, is equal to tS and in 


particular, when m=0, 


2sinnz 
On +1) f° Paley dn— On =D) f Pa a} du= 222 
3. If R(m) <0, shew that 
peer 
i Tee a 
4 __ 1@+m) 1 2 T(n—m+t)U(n+m+t) 


=~ dm (n—m) 20 (n—m)M(—n—m—I) of (Qn +é4+ V(Etn+I)’ 
; 
and in case R(m) <0, and if n +m is a positive integer or zero, 


[eens __ 1 U(n+m) 


o 1-2 “PO” kn (2 =m)" 
Tf n and m are both positive integers and n > m > 0, 


i 1{PA™ (uw) 1 O(n+m) 


A ee I= om T(m =m)” 


19-2 


292 Spherical Harmonics of General Type [ cH. 
4. If R(m)<1, R(n) > —4, shew that 


(2m +1) ST) [, Qui ode — 2m — 1) RMD | (0 a} de 


_ sin? (n +m) m I (— m) I (m) 
sin? nz n? — m® 


7 
where the notation of Barnes for Q,,(u) is employed. 
5. If x is a positive integer, shew that 


[fj Pate Qn(e du=J—OF (Ay - ge taes-aat) 


Qn+1l\n+1 n+2 n+3 ni 


ay Bon Hen D—4Ge eM 


where ¥ = Ltog T(z). 
6. If R (m) <1, prove that, if wu,” denotes : 
1 
I (n —m) 1 (—n—m — 1) (2n+ sin ne f Py™ (1) Qn™ (u) dus 


amcos}mz | n7cos (m+ 3m) a 
m2 —n? mm — n2 


then Mee 


7. Prove the generalization of Rodrigues’ formula, that, for general complex values 
of n, and for positive integral values of m, 
(2 — 1) qn 
m—n (4) = ay 
: Pim" (un) = Party dum (2—1)", 
when » is not in the cross-cut (—«, 1). Also when —1<, <1, and for similar values of 
n and m 
fil= peajeom—) qm 


(—1)™ Px” (nu) = Sy a am (1 — n?)”. 


The examples 1-7 were given by Barnes (Joc. cif.), and example 5 was also"given [by 
Hargreaves. fs 


CHAPTER VI 


A PPRO XIMATE VALUES OF THE GENERALIZED LEGENDRE’S FUNCTIONS 


191. In order to obtain expressions which may be employed for the 
alculation of the values of the generalized Legendre’s functions, and the 
sociated functions, especially for large values of the degree or order, 
ymptotic values of the functions will be obtained which may be em- 
ployed for this purpose. Certain theorems will also be established which 
insome respects, less restricted in their application than the asymptotic 
pressions, and are of value in investigations relating to the convergence 
rsummability of series of Legendre’s functions. 


ASYMPTOTIC EXPRESSIONS FOR P,, (cos 8), Q, (cos 6), WHERE ” IS REAL 


It will be shewn that the expressions obtained in § 188 may be em- 
loyed for the approximate calculation of the functions in certain cases 
mere the series are not necessarily convergent. 


_ Letm=0, in the expression (76) of Chapter v for Q,,"(u); we have then 
A (E+:0+,2-,0-) 7 

4 sin aa aS Quh + 1b 

when the point z, which denotes » + (u2— 1)3, is outside the contour. If 


Qn (H) = ve 


we change the independent variable to u, where h = 2 (1 — u), we have 


gn 


1 jee aa yn (1 : u \ta 
qd (AS U —4U U. 
ee acinus (@— Ip a1 


In this expression the initial phases of u and 1 — u, at some point on 
the real axis of u, between the points 0 and 1, are both zero. 

_ Ifwe assume that R (n + 1) > 0, the path of integration may be taken 
to consist of circles round the points 0 and 1, and of straight portions 
along the real axis of w. By making the radii of the circles converge to 
zero, we find the expression for Q, (u) to be given by 


0) = A Pada uy (14 5) de 


Bick = cos 6 + 0.+; we then have 


e [(@+2) ont]: 1 


, Wa Nek 
| 9, (cos 8 + 0.0) = @sin bi I, ut (1 — u) (1+ 4) du. 
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We shall now assume that-n is real and greater than — 1, but not 
necessarily integral; and we shall adopt a device employed* by Stieltj 
We write 


dw 


uu ay 
greey oe v 


We thus obtain 
Pr Ga Nook il: i 
= (SS 
Qn (cos 8 + 0.1) een oS (* [ies Con 2 


ut sin?" y 
1— 2) 
( 4 


ae Se 
-—1 


The expression on the right-hand side is equivalent to 


Poles 3) ety |: a (n) a f 1 LB ee ao) 


TI (n + 4) (2sin 6)! 2 (2n + 3) (2 sin 6)? 
12.32 e-% (0442) 
2.4(2n + 3) (2n + 5) (2 sin 0)? 


12.32... (2r == aye (- ines en (7-1) ¢ (8-432) 
4... (7 — 2) (Qn + 3)... Qn + 2r—1) Qa dys 


PaGp ars 
(2. sin 0)2 x 


=(1(—lywt(l—u)*sin® vo ; 
a i‘ @i sin Oy es Q + 


To estimate the value of the modulus of the last term, we see that 


uu x a 
1 sin? v) dudp. 


sin? v | ween? (cos 8 vsin 6) | 


=1 


u ‘ 
i ane ane 
F 5 sin? o 3 ¥ cot @ sin? v |, 


and this is, for all values of 0, => 1— 5 © ein? v, which is = 4, for all the values 


* Annales de Toulouse, vol. tv (1890), p. G. 5. 
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6fv and v. Thus.the modulus of the integrand of the last term when the 
integrand is replaced by its modulus is less than 


2 ial : 
@sn Oya I. ip ur (1 — u)" sin*’v dudv, 
2r—1 
Me ij)? 1.3.5...Qr-1 “2° Dr 2 ) 
QandO (+4) 2.4.6...2 “Merthy@tr—symrits) 
which is 
Int TI (n) 12,32... (2r — 1)? 
@sin OFT (v $$) 24.6... 2r (Qn + 3) (Qn + 5)... (Qn + 2r +1)’ 


and this is double the modulus of the corresponding term of the series. 
Since Q,, (cos 0 + 0.c) = Q,, (cos 8) — 4mP,, (cos 8), 

we obtain the following expressions for P,, (cos 8), Qn (cos 8) by taking the 

teal and the imaginary parts of the above expression 


3 
I (n) | i 4 yp 098s [m+pe- FI 


2 
(cos 6) = — ae ae ee 
=) ai Il (n + 3) (2 sin 6)2 + 3n+3) (2 sin 6)2 


7 — 2 (2n + 8)... (2n + 2r — 1) (asin 6) F 


+ Pn,r (Os 8) (1), 


2r—1 2r—la 
12,32... @r— 3)? cos [(n+ 5 )e- 4 } 


4 I (n) 12.32... (2r — 1)? ia 
pill(n + §) 2.4.6... 2r. (Qn + 8)... (2n-+ 2r + 1) (2sin #8” 


: TI (n) 2 [am +4)0+ ;| 2 
(cos ®) = 7 TT (m + 2) —@snde 2 (2n + 3) 


By, (008 8) | <= 


cos [(n + 5") 0+ 


12.3? ... (2r— 3)? 2 


2.4.6...27— 2 (2n+ 38)... (2n+ 2r —1) 


F(-1) 
(2sin @) 2 
+ n,r (cos 4) 
where 
II (n) 12,32... (2r — 1)? 1 
4 
[n,, (0089) | = 208 TO 5) 2-4... Or. Qn + 3)... Qn + Or + 1) sin yt 
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5 IT (m) 
It will be shewn below that, when 2 > 1, T+) = 


that 


ee it thus appears — 
nt 


@. 
| Dn, (cos 8) | < (wsin OF 


B, 
(n sin 0)'+3 
where a,, 8, are fixed numbers, independent of n and 0, and n is = 1. 
For a fixed value of 6 interior to the interval (0, 7), we see that 
1 1 
| Pa,r (cos 8) | = O (Ga): | Yn,r (cos 6) | = O (=a) 


If @ be confined to have values such that « < 6 < 7 — ¢, where < is an — 
arbitrarily chosen positive number, as small as we please, we see, since — 
cosec 8 < cosec e, that : 


| @n,r (cos 8) | < 


n+? py, (cos 8), nF qn, (cos 6) 


are both less than fixed numbers, independent of m and 6, and depending — 
only on e. é 


We have thus obtained asymptotic values of P,, (cos ), Qn (cos 8). So — 
far as the function P, (cos 6) is concerned, the above expression was — 
obtained, for the case in which 7 is a positive integer, by Stieltjes. : 

The expressions (1) and (2) may be employed when n >— 1. 

It is important, with a view to application to the investigation of series 
of Legendre’s polynomials, to obtain an estimate of : 


dn,» (cos A) dpr,r (COs 8) 
digo, ea 


For this purpose we differentiate the expression 


dudv 


1 ca 
oe Leta" 647] z [ Ly-t (1 — wu) sin? v 
~ om (2 sin 05 } Se eee 


0/0 


iu in2 
La SS ] 2 v 


with respect to 0; we thus obtain the expression 
iS (wthHr)e (r+ 4)cot 4] fi {: ut- (1 — wu)" sin" v 


am (2sin @)'+# = (2 sin O)F+4} Jy Jo 1+ gt sin?» 


dudy 


3 dudv 


1 if utd (1 —u)?sin®+2y — Quiz? 
eee ee 
(1+ 344 sin ») 


~ am (28in 0)" Jy 


malaphetby oltre 
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The modulus of the first term is of the form O Gi A =) , when @ is confined 
 toan interval (c, 7 — ¢), and that of the second term is of the form O (= z a) 


as is seen by utilizing the fact that | I+ aes = sin? v S < 2, as above. 


F {Pur (COS 9)} 4 E{Inyr er §)} 
d (cos @) gee d (cos 6) are bobl 


given by O (a) when 6 is confined to an interval (e, 7 — «). 


_ It thus appears that, for n = 1, 


‘In particular, we have 
5 
P,, (cos 8) ( z 4) He) sin G ye 


asin 6/ II (n + $) 


7 : TI (n) 


Qn (cos 6) = Gana Weep [( +4$)04+ 5 


where 7 is any real number = 1, and @ is confined to an interval (e, 7 — e). 
The differential coefficient of the second term is in each case of the form 


ola) 
_ Also, we have 


P,, (cos 0) = nT mee y (<a om ay: { cos [( + 4)0-— ;| 
1 cos [e+ e- 3) 


+ ¥@n 43) Zand. 


0, (0088) = ph (5,79) {008 [in + 8) 0+ 3 | 


cos [( + $) 


1 
~ 2(2n + 3) 2 sin 0 
subject to the same conditions as before. 
The differential coefficient of the last term is of the form o(4 +4) in 


each case. 


192. In order to estimate the value of we employ Stirling’s 


_I(n) 
II (w + 3) 
theorem in the form 


logll (n)= (n+ $)log(n + 1)— (m+ 1) + Flog(2n)+ a 


Die 
Z(m+1) 3.4(m+ 1)” 
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where is between 0 and 1, and the Bernoullian numbers B,, B, have the 


values % and =, 


From this expression we obtain 


ie < (2) 


(n+ 2) 


— (n+ 1) flogn + 3 = 


+ 


= (n+ 9) flogn +5 — 


DS pb: 
2n? = 3n3 


3 


j+ 
9 90’ 
yoo 


B, AB, VB, 


4 (n 4 
where 6, 6’, A, A’ are all between 

This reduces to 
TI (n) 


+ 1) (n+ 3) 


12 (n + 138 12 (n + 33” 


0 and 1. 


96" 1 


log Fy eas dlogn a 


mts 


+ Za) 
4n8 


(Ge 
n2 | 


AB, VB, 


8 n8 


By 


TT@sHNesD 


3 


Bat+ipt 249 


flogn 
II (n) 


8n 


(3) 


Hence 


Tl (n+ 4) 


iL 
1 
a 


Ié is clear from this result that 


in) + (3) 
_U(@) 


1 
Tash z= ae when 2 is sufficiently 


large. It will, however, be shewn that it is true for n> 0. 


II (n) 


Assuming that Ta+h a 


Ta 1)e 


T(n— 
TI (x) 


<5, it can be proved that 


1 
(n — 1)2 
TI (xn — 1) 


)~ 
1 


Ir (7 +4) 


hence ime) 


and we can shew that 


T(n—1)_ 


142 ee 
2n 


(ts 


1 


D<(1* a5) 53 
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~ Since this holds for all positive values of n, it follows that, starting from 


any value of n such that the inequality nS < a holds, it also holds 
Il (n+ 4) ~ n2 
when 7 is diminished by any positive integer so that the new value is 
positive. 
It has been established that 


Teed a sn) + 9(4)> 


II (x) il 
Gee gh 0. 


and that 


Tt may be proved in exactly the same manner that, if m < n, and m is 
fixed, and > 0, : 


TI (2) 1 m(m+1)) , iL 
Il (n+m) 2™ 2 = Ip, | ee (sax) 
TI (n) 1 
IE (w+ m)~ nm’ 
198. From the expressions (6), (7), we have, employing the value 


and that - for n> 0, and m> 0. 


3 
ne 


P, (cos 0) = _. din [om +047|+0 (4) ...(11), 


Q,, (cos 0) = = cos [( t=|+0 (5) a(12)s 


2n sin 


where n is any real number = 1, and 0 is confined to an interval (e, 7 — e); 


the expressions O (4) depend on the value of ¢. The differential coefficient 
n s 


of the remainder O (4) is, in each case, of the form O (5) : 
yi 


£ 
2 
The expression for P,, (cos 9) is the exact form of the approximation 


2 2 * 7 
(arane) = [tm INE ;| , 
given by Laplace for the case in which n is a positive integer. He gave 


two proofs of the validity of the approximation, neither of which is 
_ tigorous in accordance with present standards. The approximation 


7 2 T 
ae an 4) cos [a +4)0+ ;| 
for Q,, (cos 9) was first given* by Heine. 


* Kugelfunctionen, vol. 1 (1878), p. 175. 


. interval (¢, 7 — «). 
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If we introduce the value of given in (10) into the expressions 


TI (n) 
I (n+ 4) 
(8) and (9), we obtain the formulae 


P, (cos 8) = (—— = a) f(a zn) bas G +4) 0— i 


i : 1 
+ g, cot Osin [(n + 4)0~ 5]! +0 (5) 


Qn (cos p = ee ‘(a = za) cos [m+ *eO+ i 
2 + J cot sin [in +4) 0+ 7]} +0(%) 


the expressions O cB depend only on the values of « and 6. Also their — 
xp! Pp y, 
a ; 


z 


differential coefficients are of the form O (G4); where @ is confined to an 
ni 


ASYMPTOTIC EXPRESSIONS FOR P,,” (cos @), Q,,” (cos 0) WHEN ” AND m 
ARE REAL 


194. If we take the expression (76) of Chapter v, for Q,” (), 


A li\ een oo Le) ts 
i (ju) = velm—ndze | om an ere (uw? — 1) 
(+.0+,3-.0-) ioe 
x| a i, 
(1 — 2ph + hye 


where the point z is outside the contour, and change the independent 


variable to u, where h = : (1 — u), we have 


om Hi (m — 4) (— 4) a in 


m —— (m—n)re 2 
Oe ee OO inte 


u-m+d) (1 — y)rtm (a + i du. 


(0+, 1+, 0-, 1-) 
J 27 
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It has been shewn by Darboux that, if ¢ is complex, Maclaurin’s 
theorem takes the form 


HO=F0) + 470) + HF" (0+... + HAF 6D, 


where 6’ is in the interval (0, 1), and A is some number such that | A | < 1. 

Tf we let € = (a + le we see that the remainder after r terms in 

the expansion of Q,,” (cos 0 + 0.) given in § 188 is 

M(m—PM(—4) a (2 1)" Th (m= $+) (— 
4x sin (n + m) 7 (22— 1)"*4 (2-1) ° I (m—34) I(r) 


(0+, 14, 0-, 1-) 
* | 


ae: pelm—n)me 2m 


ume" (1 — uri d Q 


VON Se 
ease i) du 
Let us assume that m and 7 are real, and that n + m + 1> 0, and also 
that r is so large that r — m+ 4> 0, then, by choosing the path of in- 
tegration to consist of circles round the points 0, 1, and straight segments 
of the axis of x, the integral factor in the expression can be replaced by 


—4sin(m—4+7)7sin(n+m)z7 


S (a= (1 — ut Qa fi O'u ie 
0 


Pol du, 
where the integral is now taken along the real axis. 


If u = cos 6 + 0.1, where 0 is in the interval (0, 7), we have, as in § 191, 


Ou 
jt+aoa|2h 
, ~—m-} 
hence [i+ Es | < Qmir+t, 
z—l 


provided m+7r+4> 0. 
It follows that the moduli of the real and imaginary parts of 


1 Ou \~m-3t 
—m—hy — yr = 
[x “BH (1 — u) A(1+ 24) du 
are both not greater than 
1 
amarek [umm (1 — um du. 
40 
The (r + 1)th term of the series is obtained by putting 0’ = 0, A=1 
in the expression for the remainder after r terms. It has thus been 
shewn that the modulus of the remainder after r terms in the series for 
Q,™ (cos 8) or for P, (cos @) does not exceed 2”+2+" times the modulus of 
the (r + 1)th term of the series; and this holds good whether the series 
converges or not. 
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We thus obtain the expressions 


T mr 
pie! +m {oo [m+ DO-F4 | 
at (n+) (2 sin 6)? 
— 4m 0° [w+ e-F+ | 
a (2 sin 6)2 
_ (12 — 4m?) (8? — 4m?) ... {(2r — 1)? — 4m?} 
7 T 94... (2r — 2) (20 + 8)... (20 + 2r— 1) 


x 00s |(n ! —— == | oan \ 


2M (n+m) (12— 4m?)... {(2r + 1)? — 4m il 
at I (n+ 4) 2:4... 27 (2n + 8)... (Qn + 2r + 1) (2 sin 6) 


P,” (cos 8) = 


Ele Qmirrk 


mT 

ere eed 

ft TI (n+ $) (2 sin 6)3 

12 — 4m? 28 [m+ pos. 

~ 2(2n + 8) (2 sin 6)? 

: aa (12 — 4m?) ... {(2r — 1)? — 4m} 1 
-+ CW oa ar 1) Gn +3)... On + 9-1) Gamay 
I(n--m) (12 — 4m?) ... {(2r + 1)? — 4m} il 

Th (w+ 4) 2.4... 9 +1 (2n + 3)... (2n+ 27+ 1) (2sin "4 


Bi Qmtrey 


where |&| <1, |&’| <1. It has been assumed that m and n are real, 
ntm+1>0,r—m+4>0,r+m+4>0. In the case m= 0, these — 
conditions are satisfied by r= 0, 1, 2,..., but a closer estimate of the 
remainder has been found in § 191. The series (160, 161) of Chapter v are 
in agreement with these results in case the series are convergent. But the 
results here obtained hold good whether the series are convergent or not. 
195. If 6 is restricted to lie in an interval (7, 7 — 7), so that 
cosec 8 < cosec n, 


we see that, when z is large compared with m, 


6 TT mr 
Il (n) A _ at Tn) cos [m+ 3) 5} | 
Tore m2" 0 9)= (2) need panes p TONG 


TI (2) p>» _ (at _ I (n) eal 
Tw m) 2" 89)=(5) ramen g) 


a laranes 


sin? 6 
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: II (n) 1 
_and since Tmt) S(2 an) + (5 ;): 
we have 
T(@) pam af NE at me fi 
Wot me (c0s 8) = (<5) cos |(n + )0-F 4+] 4 0(4 
RS 8 er (17), 
TI (n) nn = 7 2 5 be iA 1 
Tor ray "(005 ) = (55g) coe [m+ 4045+ | + Of; 
«hh of ae ee ae ee ee ee (18); 
which give approximate values of 
_ U(r) pm TI (x) 
iG) P,” (cos @) and geen Tot myo (cos 6), 


when nis large compared with m, and @ is confined to an interval (e, 7 — «). 
Tf 6 has a fixed value O (4) may be taken to depend on @, and their 
a ; 


differential coefficients are of the form O (4)- 
Ny 


These expressions are a generalization of the theorems of Laplace and 
Heine for the case m = 0. 
If we employ the theorem 


rem al mirth og qi 


‘we have 
2-\t 1 
— P,.” (cos 6) (ar) cos [ + 4)0 i + | ; 0(-;)> 
LLL. 


sn On” (cos 0) (a5 a a cos [ + 3)O+ 54 *| t 0(5). 


A more precise formula is obtained by taking two of the terms in the 
series, with the corresponding remainders; we have then 


3 P,” (cos 8) 


(eras) (0+ P@AEPE ED) cos [in + 0-34 
6 


Witte [( + 8) +l | ; 


Q," (cos 6) 
=( g ) (a+ (2m — Der 2)) cos [@ rete = 


2n sin 
24 - 
m Fos | (n + ao+ T+ +o) 


2n sin 0 
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As before, this holds good when m is fixed, and o(- —) is, i in each case, 


dependent on m and 6. 


If @ is confined to the interval («, 7 — «), we may take O (5 :) to depend — 


on e. This gives approximate values of P,,” (cos 6), Q,™ (cos 0) when m is — 
fixed and n very large compared with m. 


The general formula for P,™ (cos 6), when 7 is not necessarily real, is 


P,m (cos 6) = 1 (2 ) fein 4) 0+ bred] (1-4 *) 


II (n — m) \nzsin 6 


— + (mt })cot Osin [in + 9)0-+ drm — tI} £0 (5) i (21), 


provided | argn | <a7—e. 


These asymptotic expressions for P,,” (cos 0), Q,." (cos 6) were given by 
Watson and also by Barnes, except that Barnes etiablshed (21) only for 
the more restricted range | arg n | < $7 — «. 


The asymptotic value of P,™ (u), for » = cosh £ = cosh (€ + um), may 
be obtained from the formula 


P, (2) Tem (O44) Pets, nj 1 m+") 


by employing the transformation (B) of § 198. We thus obtain for P,,” (#) q 
the asymptotic value 

II (n) ent [e Gs 
II (x — m) (nz)? (1 — e-*) 


2 oI (s—4) 
voye Sy ue Ne ey) 
s-o Il (— 3)” 


“} eFlmBxe pins DE 3 ene 


Tl (— 3) n° 


which is valid for 47 — w, + e< argn< 347+, + 8. 
The formula (21) may be deduced from this, remembering that 
P,™ (cos ») = e""P,,” {cosh (0 + em)}. 
196. Let » be real and greater than unity; let ~ = cosh é, then z = ¢, — 
The series (158) of Chapter v becomes 
U (—4) I (n+ m) e~m+mene 
II (n+ 4) (1 — e-2)m43 


x F(m + 4,—m+4; n+ $;- : ). j 


Qn™ (cosh £) = em .2™ sinh” é 


This series is convergent when e”* > 2, or when cosh é > ——— 


na 
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When cosh  < ——_ — the remainder after r terms is seen to depend 


on the value of 


qi 1 Spee 
j, u-m—44r (1 — y)ntm (a + =) = du, 


where 6’ is in the interval (0, 1). 


Since 1 ae a ve pF > 1. we see that, when r + m + }> 0, this integral 
is less than 
- 
| uma" (1 — unin du, 
tt} 
Itis now readily seen that the remainder after r terms of the series is less 


numerically than the (r + 1)th term, and accordingly the series is asymptotic. 
Hence also the series (159) of Chapter v, for P,,” (cosh é), is asymptotic. 


From (158) of Chapter v, we see that the approximate value of 
Win) on” (cosh &) 


_ for large. Hons of n, when m is fixed, is 


ema ey 5 (1 2 el gc ta! i 
7" e in) (sinh ét 4n (1 ej’ 


m\E em (mtpe { 
(2 sinh é)2 


and an asymptotic value is 
EY en (nthe 
enn (7 @ 
(2 sinh £)? 
From the expression on page 286, for P,™ (cosh é), we have as an 
approximate value of P,.” (cosh €) when n is large, 
: 1 (Il(n+m) sin(n+m)a e-mpEe 1—4m? e-f 
m ae 
pe (cosh é) at | (n+4) cosnz (2 sinh €)2 Q 4n  2sinh a} 
=r {t (n—4) _ettbe ( 1—4m2 e-t )} 
© at UL (w= m) (2 sinh é)2 4n 2sinhé 
Except when the positive number n is nearly an odd integer, the first 
term is very much less than the second, on account of the factor e-!"+)£: 
hence 


II (n—m) 


TT () P,™ (cosh €) 


4 
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has the approximate value 


1 (1 = elntpe ee 1— 4m? e-% | 
(an)? 8n/ (2 sinh €)? 4n 1—e-*8\? 


or 
Il (~—m) 5 » 1 Erte m= 3 _1—4m? 1 
aay eons (nm)} (2 sinh £)3 iv + bn tm Ine® 
= (23). 
An asymptotic value of ca P,” (cosh €) is 
1\2 elms 1 
=) ma? ee (24). 


197. Laplace gave* two investigations of the formula (11) without the 
remainder, for P,, (cos 6), in the case in which 7 is a positive integer. These 
investigations, as also that} of Bonnet, are not rigorous in accordance with 
the present standards. Heinet investigated the formulae for P,, (1), Qn (#) 
when n is a positive integer and p is complex, but he gave no estimate for 
the remainder, and thus did not strictly establish the asymptotic character 
-of his results. Darboux§ investigated asymptotic expressions for P,, (j1),, 
Qn (4) when n is a large positive integer, estimating the remainders; he 
considered the cases in which 7 is a large positive integer, and yp is either 
real, and between 1 and — 1, or is complex. The asymptotic value of P,, (4) 
when n is a large positive integer, and » is real and between 1 and —1, 
was treated|| by Stieltjes by the method of contour integrals. The more 
general case in which m and 1 are real, n is large and positive, but not 
necessarily integral, and yz is between 1 and — 1, was treated by Hobson], 
who also obtained asymptotic expressions for P,,” (u), Q,” (w) when p is 
real and >1, and of the real numbers n and m, n is large. Still more 
general investigations were made** by Barnes, who investigated the asym- : 
ptotic values of Q," (u), when m,n, and yw have general complex values, 
and | 7 | is large, and | arg n | < 7 — e, where e is positive and arbitrarily 
small, but independent of n. He also obtained similar expressions for 
P,™ (w) when | n | is large, provided | arg + n | < 7 — e. The determination 
of asymptotic expansions of the functions was }{ treated by Watson by the 
method of steepest descents. He found that, in the case of P,,” (yu), the 
range of values for which the asymptotic expression is valid is greater 


* Meéc. Celeste, vol. v, Bk. xt and supplement to vol. v. 
{ Liouville’s Journal, vol. xvi (1852), p. 265. 

t Kugelfunctionen, vol. 1, pp. 175-182. 

§ Liouville’s Journal (3), vol. tv (1878), pp. 5 and 377. 

|| Annales de Toulouse, vol. rv (1890), p. 61. 

q Phil. Trans. vol. cuxxxvit (1896), p. 486. 

** Quarterly Journal of Math. vol. xxx1x (1908), p. 143. 
tt Camb. Phil. Trans. vol. xxi (1918), p. 290. 
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than that assigned to it by Barnes; the condition | arg + |< —e he 
replaced by | argn|<a—e. Other investigations of asymptotic ex- 
pressions, starting from the differential equation itself, have been made 
by Nicholson*, and for the zonal functions by Blumental}. Only the 
most important cases of asymptotic values have been given here; for the 
more general investigations the reader is referred to the memoirs of 
Barnes and Watson. 


198. The following asymptotic expansions have been obtained by 
Watson: 


te WO lay a eae eye 
() F(atAa+a aloe B+ 2A+1; 7-5) 


= 248 TI (« — B + 2d) 
I(@+A—y) I (y—B+A—1) 


e-@+0F (1 — e-8)8-7 (1 4 e-f)y-=-8-4 


“x E me II (s — $)A-8-3 
s=c 


which is valid when | A | is large and | arg A | <7 — e, where ¢ is an arbi- 
trarily chosen positive number; 


Pata, B—A;y;4— $n) 


| ~MG pene et}? (1 4 etree 


x“ [eo E oI (¢— p)aeb 4 ered eo F oT (s— J) A | 
8-0 s=0 


where | A| is large, and $7 — w, + «< argh< 427+ ,—5; the upper 
or the lower sign e™™-”) is to be taken according as I (u) = 0 and 
1— e& = ef (1 — e-4) e+. In these formulae ¢ is given by 

p = cosh £ = cosh (€ + mm), 
and @, = tan-1 pb —a,= tant = 


when 7 = 0, and 


@, = tan-t 7 : aS w,= tan ul 


é 
when 7 < 0, each angle denoted by tan- being acute, positive or negative. 
The numbers ¢, are such that 
G=1, co =$(L+ Mes + Ne*)/(1 — e%), 
where L= (e+ B—2y+1)?-a+f-h, 
M=—2(a+ B—1)(a+ B—-2y+1)), 
N=(a4+f-—1)?+e¢—B+H. 
The value of ¢,’ is 1, and that of c,' is derived from that of ¢, by changing 
the sign of ¢. 


* Quarterly Journal of Math. vol. xx (1910), p. 241, and vol. xm (1912), p. 53. 
+ Arch. d. Math. wu. Physik (3), vol. xrx (1912), p. 136. 
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APPROXIMATE EXPRESSIONS WHEN 7 IS LARGE COMPARED WITH ” 


199. In order to obtain an approximate expression for P,,~”" (4), when 
m is large compared with n, we have 


P,-™ (p) oo F( nm+1;l+m~sH), 


where | 1 —1|<2. Employing the approximate expression 


if 
II (m) = (27m)? e—™ m™ (a + Tam t i) 5 
we have 


P,om (u) = (2m) termed (HEIN (14 9) 


ips\© 
x fi+ SOD (Be) + 


In case m is a real integer we have 


Pm (n) = POE”) pm 


and thus we obtain an approximate expression for P,,” (u), when 


[u-1l|<2. 
Since 


P,,— (cos 6) = e-3"""P,,—™ (cos 0+ 0.) 
1 1— pi” 3 
| me : 1: sin2i 
item i eae mar ana 
we have 


P,,—” (cos 0) = (2a)-te™m-"-4 tan” g ( 


More generally, if we take in Theorem (B), of § 198, 


A=m, «a n—m, y=m+i, 


we obtain, corresponding to 
F(-2, n+1;l+m; 4), 


the asymptotic expression 


II (— »— 1) I (m) 
wil (—n + m— 1) 


1 
matt 


(1 — e-$)--4 (1 + e-$)m-4 [eines 3 c, II (s — 4) 
s=0 


4 enamine S 6 T (s— 4 


s=0 
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Hence an asymptotic expression for P,,— (py) is 


Ii(~—m) sin(n—m)a 
W(x) (m)  sinnz 


(est [emins E od) ag 


eS 1 
Fm (F—m)o-+ng ’ ay ee 
+é —m)g-- 2% Il (s Daal 


the upper or the lower sign being taken in the expenpnial, according as 
I (uz) 2 0. This holds when 


_ tan —a,te< arg m < tr t+ a,— €. 
Other expressions for P,,” (4), Q,” (1) are given by Watson and by Barnes. 
It should be observed that approximate expressions for the functions 


P,” (cosh €), Q,™ (cosh €) in powers of = can be obtained from the corre- 


sponding approximations in powers of : by employing Whipple’s trans- 


formation (§ 192) and making appropriate changes in the notation. 


GENERALIZATION OF THEOREMS OF STIELTJES 


200. The asymptotic expressions for P,, (cos 6), Q, (cos @) given in 
§ 191 are restricted by the condition that they are valid only in a range 
€<0<7—e, where « is a chosen positive number which may be taken 
to be arbitrarily small. In the following theorem, this condition does not 
occur: 


If n be any real number, not necessarily integral, which is = 1, 


| Qn (cos 4) vi<( 


for 0<0<7. 


ay » | P, (cos 6) |< 


eSxcae 
(nz sin 6)? 
Tn the general expression (78) of Chapter v, for Q,” (u), if we write 
= (1 — u)/z, and change the independent variable from h to u, we have 
gm UL (m — 3) TI (— 3) mee (u2 
4nsin (n+ m)a (2— 1 Y 


fe 1+, 0—, 1—) 


Q," (pt) = — elm—n)m Om 1)2” 


x 


~m—-$ 
um (1 — u)ntm (a + =) du, 


where the initial phases of wu and 1 — u, at some point on the real axis of u, 
between the points 0 and 1, are taken to be zero. 


If we assume that R (n + m+ 1)> 0, R (4 — m) > 0, the path of inte- 
gration may be taken to consist of circles round the points 0 and 1, and 
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of straight portions along the real axis of u. By making the radii of the 
circles converge to zero, we find that the formula becomes 


Qa (ys) = erm 7 SO8 ME Ty (mm — 4) TH (— 3) aoe (wy 


= (l = Wp Parke 
ume t uf(e— pea 
where R (n + m+ 1)>0, R ($ — m)>0. 
If we take m= 0, R (n+ 1) > 0, we have 
gn c- 1l—y) 
N= eel Tere pe 
Now let » = cos @ + 0.1, in which case z = e”; we then have 
erln+h) O4de]e f. (l—u)" 
(2sin 6)? Jo ut{1+ u/(z?— pp 
Since Q, (cos 6 + 0.c) = Q,, (cos 6) — 4aP,, (cos 8), 
we see that, if x be taken to be real and > — 1, | Q, (cos @)| and 
$7 | P,, (cos @) | are both less than 
1 E (l—u)" 
(2sin 6)? Jo ut 
when 0<0<7. 
We have 


Qn (cos 8 + 0.2) 


ee Ace ee ue 


u We ri Fi 

= 1+ 3 an 0 -1—}u— fw cot, 
and =|1—4u— 4.wcot 6| = {(1— $u)? + du2 cot? > 1— ku, 
for all values of @; also the least value of 1 — $w is }, for all values of u in 
the interval (0,1). It thus follows that, for all values of @ within the 
interval (0, 7), 
: | 1(1— uy" 

0 


ut 


lta 


fs Il (n) 
ren! du< 24 |’ w= up du< Qn) Ge. 


It has thus been shewn that, when 2» is positive and real, but not 
necessarily integral, 


| Qn (cos @) | < ay re ep | P,, (cos 0) | <- = — ees 
It has been shewn in § 192, that 
_U(@) _ 
T@+i)~ 
The theorem has therefore been established. 


,»forn=1. 
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The theorem that |P,, (cos @) sin? @ | is less than a fixed number, inde- 
pendent of n and @, was given, for the case of the function P,, (cos 6), where 
n is a positive integer, by Stieltjes*, who stated his result in the form 


MC, 
| P,, (cos 6) |< @s @sin oF’ 


where C,= 


aa t® 
and ¢ converges to zero with 1/n, where M is a number which varies between 
land 2. A proof that | P,, (cos @) sin? 6 | is less than a fixed number was 
given independently} by Hobson, and a later proof, which also applies to 
Q, (cos 8), was givent by Jolliffe. 
4 

(2am sin 6)2” 
for x a positive integer; this formula he deduced from the asymptotic 
series obtained by Stieltjes for P,, (cos @). More recently an elementary 
proof, not involving the use of asymptotic series, or of definite integrals, 
has been’ given by Fejér||, that for a positive integral n, 


In 1913 it was shewn§ by Gronwall that P, (cos 6) < 


8 


| P,, (cos @) | = (mn sin OF 


The above extension to the case in which x is not necessarily integral, 
and to the function Q, (cos @), was given by Hobson, who employed the 
proof given above. 


201. The theorems of § 200 were extended by Hobson (Joc. cit.) to the 
functions P,+” (cos 6), Q,*+” (cos @), where m and m are real, but otherwise 
only restricted by the conditions n —m+1>0,m=20. 


In the expression for Q,;" (uw) given in § 187, if we change m into — m, 
we have, if R(n —m+ 1)>0, R(m+4)>0, 


enmr 


Qa (1) = 2" cos mem TL (—m — 4) TL (— 4) 7 p2— 1m 


fou qa as ea ahs 
ou” lt uf(2— Dye 


* Annales de Toulouse, vol. tv (1890), p. G. 6. 

+ Proc. London Math. Soc. (2), vol. vit (1908), p. 25. 
Mess. of Math. vol. xii (1913), p. 85. 

§ Math. Annalen, vol. txxtvy (1913), p. 221. 

|| Math. Zeiischr., vol. xxtv (1925), p. 290. 

{| Proc. London Math. Soc. (2), vol. ¥xx (1929), p. 239. 
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On taking » = cos @+ 0.1, we have 
(-4 e—}lm-tn)6@ fone 


Tl 
Qn” (cos 6 + 0.1) = 2-™e ines (er DF" sin é 


1 ad <= Tea 
= I, FO sale- pe 
or 


ae : 1 \? Il(-—4) Sie yn the 
Q,~” (cos 6 + 0.) (sana) Vere (n+$)0 +37] «me sin” 9 


[; (l—u)r—" (sin 0 — f ewe" 
x ; - Mt. 
o uk™ {1— 4m (e~*/sin 0)}2 
Hence the moduli of the real and imaginary parts of 

sin” 0 Q, (cos 6. + 0.c) 


are both less than 


J) = | sin 6 — $eue~* |” if 
(2sin 9)§ WT (m—3)Jo uk ™ (1 — 4u)?+ 4 u2cot?t 
Now =| sin @ — 4ewe* | = {(. w — sin? 6)? + sin? 0 cos? 6}; 


and the greatest value of this, for a given value of 6, in case 2 sin?0 < 1, 
occurs when u = 1, and this value is then }. When 2 sin?6 = 1, the greatest 
value occurs when u = 0, and the maximum value is then sin 6. It follows 
that'| sin 0 — Liwe~? | < 1, for all values of u and 0. 

It has thus been shewn, when m = 0, since 
[1-—4u—4.weotd| Sh, 
that the moduli of the real and imaginary parts of sin” Q,-™ (cos 6 + 0.1) 
are both less than 


Ste Hs ty, 


(sin 6)3 I (m—3)Jo yam 
Il(n—m)/ a \* 
or than Tse) (a=) E 


It is known that 
Q,—™ (cos 8+ 0.1) = e-8"™ {Q,,-™ (cos 0) — $m P,,— (cos 6)}; 
hence the real and imaginary parts of Q,-™ (cos 0 + 0.1) are 
cos $mm.Q,,—” (cos 0) — $7 sin 3mz.P,,-™ (cos 0) 

and — {sin $m7.Q,,—” (cos 0) + $2 cos 3mz.P,,- (cos 6)}. 

Accordingly we see that 

| cos $an7.Q,,—™ (cos 8) — $7sin 3mz.P,—™ (cos 6) | sin” 0 

and | sin 3m.Q, (cos 8) + $2 cos 3m. P,,— (cos 6) | sin 


II (n — m) é T : 


are both less than ne) ame 
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Since | cos 8mz | + | sin 8m7| < 23, and, when mis integral, it is less 
an or equal to 1, it follows that 


oa 2 ee | 7 : 


II (~) \nsin I[(n) \nsin@ 


| Q,,7” (cos 8) | sin” @< 
and 


ae 8 ie fy 4 a 


em e 1"! = Gy aa aind Tm) \nrsin 


cording as m is not restricted to have an integral value, or is so restricted. 
Tt has been assumed that n > 1,n—m+1>0,m=0. 
Since 
em Q™(cos8+ 0.1)  e™" Q,-™ (cos 6 + 0.1) 
Il (n+ m) . Ua=m) i 


see Chap. v (21), it can be shewn as above, that 


| Q,’" (cos 8) | sin™@< 


“iar (awe) °° army ase) 
and 


| P,” (cos 8) | sin” 0< 


Nites” Garam) & rey (am) 


na sin 
according as m is not restricted to be integral, or is so restricted. It has 
thus been shewn that: 


[f0<0<7,n21,n—m+1>0,m=0, then 


5 ng U(mim)/( 20 \3 T(n+m)( m7 \2 
| Q,*” (cos 8) | sin” @< TT (n) =. or TT (n) (ma) 


and 


<— Il(n+m) 8 3 Il (w+ m)/ 4a \* 
| P,#” (cos 6) | sin™@< ie = or ne a 


according as m is not restricted to be integral, or is so restricted; when n is . 
not restricted to be integral. 


202. From the expression given in § 200 for Q, (cos @ + 0.1), we have 
Q, (cos 8 + 0.+) — Qnis (Cos 6 + 0.1) 
en l(n+g)e+4r]¢ [ (ql = u)® bl en qd oe u) 
(2sin6)? Jo wt {1+u/(2?—1)}2 


zi du. 


It follows that, when n is real and positive, 


| Qn (008) ~ Qu1a (cos 6)| and 4n| P, (cos 6) — Py4s (008 6) | 
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are each less than 

1—e-*#(1— 4)? 
(+ a/e— 1} 


1 — 
(2 sin 6)2 Jo ub 


or than 


1 if (1—u)" {1 — 2 (1 — u)2 cos 20 + (1 — ub 
2 ub {sin? 6 (1 — 4x)? + fu? cos? 6}4 
The expression sin? 6 (1 — 4u)? + }u? cos?@ may be written as 
(4u — sin? 6)? + sin? @ cos? 6. 
In case 6 = 0 or z, the expression 
{1— 2(1— u)? cos 26 + (1— u)§2 
{Qu — sin? 4)? + sin? 6 cos?6}# 
1—(1—u)? 
(gu)? 


becomes or 2ut(2— 4), 


which does not exceed a hence the expression (c) does not exceed 


dl 


es ae (= oo du, and this is less than 5 3(z 
o ut 


3t zr 


3n. 
If @ has a fixed value such that 2 sin?@ > 1, the least value of 
4u — sin? 6)? + sin? 6 cos? 6 : 
occurs when uw = 1, and this least value is $; hence, for all values of u in 
the interval (0, 1), the value of 


{1 — 2(1— u)? cos 26 + (1— u)? 
{fu — sin? 6)? + sin? @ cos? 634 
is less than 22 {1 — 2 (1 — u)? cos 20 + (1— u)83, 
and this is less than 2? {1 + (1 — u)%}, or than 22, Hence (a) is less than 


1(1—u)" a\t 
a ao ae or than 2(2)". 


When @ has a fixed value such that 2 sin?0 <1, or cos 20 = 0, let 
u = 2sin?6 + v, and thus 1 — u = cos 26 — v; the expression 
{1 — 2(1— u)? cos 20 + (1 — uw) 
{Gu — sin? 6)? + sin?0 cos? }4 


is then less than 


ok 1 — 2 cos 26 (cos 20 — v)? + (cos 20 — v)#)?_ 
dv? + sin? 6 cos? 0 z 


since 1 — 2 (1 — wu)? cos 26 + (1— u)# S 2, for cos 20 = 0. 
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_ The expression 
1 — 2. cos 26 (cos 26 — v)? +-(cos 20 — v)* 
may be written in the form 
1— 2.cos® 20 + cos* 20) + 8v cos? 26 sin? @ 
+ v2 (6 cos? 26 — 2 cos 20) — 4v? cos 26 + v*; 
and the fraction obtained by dividing this expression by }v? + sin?@ cos?@ 


1— 2cos* 20 + cost2@ , 8| v| cos? 20 
~_ sin?@.cos? 0 cos?@ 


+ 4cos 26 (6 cos 20 — 2) + 16 | v| cos 20 + 4v?, 
or than : as 


12 cost 20 


4sin? 26 + + 8 cos 26 (3 cos 20 — 2) + 16+ 4, 


since |v | <1, and cos 20 is not negative. Consequently, the whole ex- 
‘pression is less than 44; thus the expression (c) is less than (22) (a/n)?. 
It has now been shewn that: 


_ For all values of 0, such that 0 < 0 <a, and for all real values of n, not 
necessarily integral, but.greater than or equal to 1, 


Be 


| Qn (cos 8) — Qnsz (008 8) |< C a: 


g 
| P, (cos 0) — Py49 (cos 8) |< 2C >) 


where C is a fixed number, independent of n and 8. 


This theorem was given for the function P,,, where is a positive 
‘integer, by Stieltjes*. It has frequently been employed in the theory of 
‘the convergence of series. 


203. The last theorem can be extended to the functions Q,,” (cos 9), 
Pi (cos @). We find from the expression for Q,-™ (cos 6+ 0.1) in § 201, that 


{Q,-™ (cos 6 + 0.1) — Qnia-™ (cos 6 + 0.1)} sin” 6 
is equivalent to 


1 Il ( 4) erl(n+$)8-+pr] enn 
(@sin 6)3 I (m — 4) 


1(1—a)rm™ —(1—4u)?e** 
6 —8\m 
2 J oe 2 eee ie 


* Correspondance d@ Hermite et de Stieltjes (Paris, 1905; Letters 309, 310, pp. 174, 177). 
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Referring to § 202, we see that the moduli of the real and imagina 
parts of 
sin” 6 {Q,-™ (cos 8 + 0.) — Qn io (cos 6 + 0.1)} 
are each less than 
1 i. (1— u)"*" {1 — 2(1— u)? cos 20 + (1 — u) 92 
Qe 


ue {sin? 6 (1 — $u)?+ 1u2cos?6}2 
7 211 (n—m) 
or than ( ) T@+h 5) C~7 


where C is a fixed number. It now follows, as in § 202, that 


= ar\ 2 
sin™6 | Qu (C08 8) — Qs (2088) | < AYP) (22) “ 


nm iP = = ame 
sin” 6 | P,-™ (cos @) — P,;.5-™ (cos 8) |< IT) =) Cc 
Proceeding as in § 202, we now obtain the following theorem: 
IfnZ=1,n—m+1>0,m=>0,0<60<z, 


| Qn*” (cos 8) — Qnsa*” (cos 8) | aro Ge Ga 
b.D,; 


| P,2” (cos #) — Pris” (cos 6) | sinng < Lm + ™) ¢ ( aa 


when n and m are not restricted to be integral. 


THEOREMS OF BRUNS AND MEHLER 
204. If n is any positive number, we have by (28), 
(nsin 6)? | P, (cos 6) | <k, 
when 0 < 6 <z, and kis a fixed number independent of n and 6. 
It follows that 
k Kk’ 
(sin )8 ~ (nb? 
where &’ is a fixed number, provided that @ has a value <7 — 9, where 9 
is a fixed positive number. It is now seen that if m be increased and 
6 diminished, in such a manner that n@ > co, asn > oo, P,, (cos @) con- 


verges to zero. This result* was given by Bruns; in the proof given hog 
it is not assumed that 7 is integral. 


| P, (cos 8) | < 


In particular, let 6 = = , when 0<A <1; we then see that, p being a 


fixed positive number, P,, (cos 4) converges to zero as n > 00. 


* Crelle’s Journal, vol. xc (1881), p. 322. On this and related matters, see Heine’s 
Kugelfunctionen, vol. u, p. 361. 
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In case A = 1, it was shewn* by Mehler, and later independently by+ 
rd Rayleigh, that pal EL, (cos? f)= J,(p), where J,(p) denotes the 
essel’s function of order zero. This may be proved as follows, by 
mploying the expression F (n +1,—n; 1; sin? £) for P, (cos e) 5 

The general term of the series is 


_,(# +7) (n+r—1)...(n—7r4+1) 
7-1 Qr 
C} P.2?... sin 5 


and the ratio of the next higher term to this one is numerically 
(wtr+l)(n=7) 4p 
(r+ 1)? saat 2n’ 
oe p? rt 1) ( r 
Which is <a yet a it ry, 


For simplicity we may suppose n to be integral, so that the series 
finite, and r + 1 <7; the ratio is then 


Bese Qa he = : 
4(r + 1p n 
For all values of r greater than a fixed value s, dependent on p, this 


atio is less than unity provided n = 1. Since the terms of the series 
re of alternate signs, we see that it may be replaced by 


(n+1)n.. . p 1 (% +8) .. a p 
1 E sin? on +... + 8(— 1)s4 Ee. sin? on? 
where 9 is a number in the interval (0,1), and s has a fixed value, 
independent of n, provided that 7 is sufficiently large. Letting n increase 
definitely, since the number of terms is independent of s, we have, for 
the limiting value of this expression, 


2 4 28 


= P 
eee Oe aa 


22,42 92.42 62" 
when 6 is in the interval (0,1). It follows that Jy(p) is the limit of 


- (cos e) 5 
Extensions of the theorems to the functions P,,” (cos 6), Q,” (cos 6) 


may be made by employing the results of §§ 119, 132. 


* Crelle’s Journal, vol. uxvu (1868), p. 140. 
{ Proc. Lond. Math. Soc. vol. 1x (1878), p. 61. 


The finite sum 


CHAPTER VII 
REPRESENTATION OF FUNCTIONS BY SERIES 


THE LEGENDRE SERIES 


205. Conditions under which the Legendre series (see § 27) 
A 4 
¥ (n+ 4) P, (2) ie FQ, @)de (1) 


may converge for all, or some, of the values of x in the interval (— 
will be now investigated. - 


The partial sum of n + 1 terms ei the series is given by 


an (e) = [0  Cn-+ 1) Py (2) Py (a) f (2!) de 


3 (n+ 1) Px (2) Py 2’) 


was obtained by Christoffel, in the form 


Pr, (#) Pris (@') ~ Pris (@) Pn (@') 


(ate) a — 2 


This may be found by consideration of the recurrence equations 
(2n + 12 P, (@) = (m+ 1) Pas (@) + Pra (@), 
(20 + 1)2'P, (@') = (w+ 1) Pais (@’) + 2 Py (#'). 


Multiplying the expression on both sides of the equations by P, @ i 
P,, (x) and subtracting, we find that 


(2n + 1) (#' — &) P,, (a) Py (a) = (m+ 1) {Pr (&) Pasa (@') — Pris (2) Pr (@')} 
— {Pr (#) Py (2') — Pp (2) Pra @ Ys 
changing x into n — 1, n — 2, ... 0, and adding, we have 


(x' — x) z (20 + 1) P, (2) Py (@') = (w+ 1) {Pa (#) Pass (@')— Pass (2) Pa (@)h 
Tt thus appears that 
Py (0) Pas (0!) — Prin (@) Po) pa) gat 


1 a a 


&,(2)=3 (n+ | 


and the investigation turns upon the investigation of the limit or limits of 
this expression as n > 0. 
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Tt will be assumed that the function oe is summable in the 
eae: 
interval (— 1, 1), of x. This is equivalent to the assumptions that f (x) is 
FAC?) f (@) 
(1-2) + 2} 
_ mable in neighbourhoods of the end-points 1 and — 1 respectively. 


summable in the interval (— 1, 1), and that are sum- 


If x= cos 0, the assumption is equivalent to that of f (cos 6) sin?é 
" being summable in the interval (0, 7) of 6. It will first be shewn that « 
can be so chosen that 
{ Siete = 
il ss k(n + Mf (x at) Pa (#) Pra (#) Psa (%) Pr (©) ays 


-1 a — a 


<¢ 


for all values of x, where ¢ is an arbitrarily chosen positive number, pro- 
vided & => —1+e¢+p, and x<1-—e-— gp, where pis a prescribed positive 
number. 

Since (nm + 1)3 (1 — 22)! P,,,, (2’) is numerically less than some fixed 
positive number &, for all values of n and x’ (see § 200), we have 

—l1+te ere. sf 
Jone vel” “Poel rey at < | See 
q 1 E (1— 2k 
for all values of m. The number « can be so chosen that 
(2 | £@ law 
-1 !—2)t 

is arbitrarily small. 

Since (n + 1)? P, (x) (1 — 2?)t is less than some fixed number, inde- 
pendent of n and w, it now follows that, for all values of x in the interval 
f-l+e+ p, 1—e—yp), 


Fatal 


_ isnumerically less than an arbitrarily chosen positive number, if ¢ is taken 
_ sufficiently small, for all values of 2 in the interval (—1+¢+p, 1—e—4); 
the number p having been first fixed, and then e chosen. 


lteP, (x) Pa 
ae 


+1 2) F(@) Fine 


Similarly it can be seen that 


a — 


3 (n+ pf as a dx! 


_ has the same property. It then follows that 


“he Py (@) Pros (2) — Pris (2) Pp (#') 
= fs, 


fa’) de’ |<, 


_ where ¢ is an arbitrarily chosen number, for all values of x in an interval 
(-1+ e+ p,1—e—p). When ¢ and yp have been arbitrarily chosen, 


bata] 
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« can then be chosen. If x is a fixed point interior to the interval (— 1, 1), 
and { has been chosen, » and ¢ can then be chosen, so that the inequality 
is satisfied. 


Similarly it can be shewn that 
FG } v I Py, (&) Pass (@') — Pas (2) 


qe a — 2% 
under similar conditions. When ¢ and » have been chosen, ¢ can be i) 
chosen that both inequalities hold provided 


Pale) 5 (a) dat |< 


~ltetpSeaSl—e—uyp. 
Tt will next be shewn that 
E(n+ yi [Pate Pes) — Pons) Pale ) # (c!) dee! 


7 
ct vx 


converges to zero, as 2 - oo, uniformly for all values of x in the interval 

(~1+¢+ p,1—6¢-—,). In order to prove this we have to shew that, if 

Pr (@) Pasa (@') — Psa (@) Pr (2’) 
a — 2 


z(v+1) F (x', x,n) 


in the intervals (— 1 + <,x— mu) and (w+ p, 1— 6), and F (a’, x, n)=0 
everywhere except in these intervals of x’, then 


[fF @)F @ 2m ae! 


converges to zero, uniformly for all values of x in the set G, consisting of 
all the points of the interval (— 1+ ¢ +, 1—¢— yp). We apply for this 
purpose the general convergence theorem*. 

We have first to shew that | F (x’, x, 7) | is less than some fixed number 
independent of n, x and 2’. 


Since P,, (%’) < a for all values of x’ in the interval (— 1 + «,1— €), 
i ) 


when A is independent of x and x, we have 


2 
[P@enle 
Qn nt (n + 1/8 
when «’ is in the interval (— 1 + «, 1 — ¢); and otherwise F(z’, x, n) = 0. 
This proves that the condition is satisfied. 
The second condition to be satisfied is that, for any interval (a, f,), 
contained in the interval (— 1+ «, 1—.«) of 2’, 


i (25 an) dz’ 


* Hobson, Theory of functions of a real variable, vol. 1, 2nd ed. (1926), pp. 422 and 443. 
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converges to zero as n > oo, uniformly for all the values of x. It is clear 
that any part of (a, 8;) for which F (x’, x, n) vanishes may be left out of 
account; and therefore we need only consider the case in which (a, f,) is 
such that it contains no interval throughout which F (a’, x, 2) is zero. 
We have then 

a n+l & Pags () Py (2!) ay 
[Pe.amar =" fP, Oe da! — Puan (@) | GP ade 


_ Pra (2) ee rt P, (2) de | 


&— 2x 


a(t) (* Praag (0!) dee! 


when é,, & are both in the interval («, ;). This is obtained by employing 


is monotone. 


the second mean value theorem, since eas 


Tf we employ the formula 
AP yay (0) AP ys (2!) 


(n+ 1)P, (2) = le) 
we have 
n+1P,, (x) (& ; n+1 PP, (x) 
=> pe | Pes (x) 2 (2n + 8) am — 2 {Pas (&) — Pass (41) 
— PalGs) + Pa (ti) 


and since | P,, (x) | <a us , for all values of « in (~ 1+ €, 1— €), we see 
that the expression on on right-hand side is numerically less than 


_ , or than Ng 
ae | rep 


since no point of x is interior to (c, — », 8, + ~), and oe is independent 
1p 

of n and x. A similar argument is applicable to each of the other three 

terms on the right-hand side of the expression for 


A 
| Pye nydes 


and this expression accordingly converges to zero, as n > 00, uniformly 
for all the values of x. Therefore the second condition is satisfied. 
It-has now been proved that 
Ce l-e =e 
nea {f+ [pee 1 (2) Pras (2) — Pan (@) Pa 2!) p(y ay 


ite etn, a — 2% 


converges to zero, as n > oo, uniformly for all values of x in the interval 
(-1te+n), (l-e-p). 


HH 2 


322 Representation of Functions by Series 


The expression 


4(n+1) {[n"+ a ; Pa (@)cBrra (ie Pn q Olen 2) 6 wy d 


ca 


is less than 3€, if is not less than some fixed value, independent of a, for 
all values of 2 in the interval (- 1+ ¢+p, 1—«— yp). Thus the ex- 
pression converges to zero, as n + 00, uniformly for all such values of a. 


It is now seen that the limits of s, (x) at a point x, in the interval 
(— 1+e+ 4, 1—«-— yp), depend only on those of 
He H), dep MP 


_= (a) Pra a) me Pris (2) IES @’) 62’) dz’ 


7 
2a a2 


3(n+1) 


and thus only on the behaviour of the function f (x’) in the neighbourhood 
f(z’) 


(% — p, x + mu) of x, subject to the assumption that fn ae is summable 


in neighbourhoods of the points — 1, 1. 


We shall accordingly oust the behaviour of this expression as_ 
n>. 


It has been shewn in § 191, that 


2 TI) cos [m+ ne-3| 
a2 Il (nm + 3) (2 sin 6)? 


37 
(= nm | : selenite ills () 
Pra OO AI + ¥ [2 (Qn + 3) (2sin 6)! ie 


@ a 4) 


P, (@) = + Pn,1 (8); 


where 


where p,,,2 (0) is of the form - , and p’, > (8) is of the form B (m, 
nN 


and a (n, 6), B (n, @) are ponaea with respect to n and 6, provided 6 is 
confined to lie in an interval interior to (— 1, 1). 


We shall consider separately the parts of the integral which arise from 
the separate terms of the expressions for 


P,, (), Pn (2), Pasa (@), Poss (2’). 
We take first the expression 


as [m+ eel cos [m+ oer -7 


— cos [m+ no-7] cos [m+46'-3 


u 
T 


4 


iz (cos 6’) da’. 


(cos 6’ — cos 6) (sin 6 sin 6’)? 
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The expression in the numerator of the fraction in the integral can be 
reduced to 


6’ 


sin [(n + 1) (0 éyjsin 5° cos [(m + 1) (64 éyjsin = 


Thus the expression becomes 


1 O@0m@+1)~@+1) 
Mm (sin bjt Win +4) (a+) 


9 (sin [(w-+ 1) (0@— 6) _ cos[(n+1)(0+6')]) . 2, eat 
x| { sin$(0—0) sin$(0+8) gen 7 fost )ae- 


b=7'5 


_ where cos (9 + 7s) = 2 — p, cos (8 — 7's) = 2 4 2; the numbers 7 and 7’o 
_ are functions of p and 0. > 


When @ is confined to the interval which corresponds to the interval 
(-l+p+¢,1—p—e) of a, 7; has a finite minimum 7; and similarly, 
it can be shewn that 7’. has a finite minimum 7’. It is convenient to 
be able to replace the limits @ + ys, 0 — 7's by 64 7, 0 — 7 respectively, 
where 7, 7’ are independent of @. It will in fact be sufficient, in order to 
justify this, to shew that 


(sin [(n + 1) (0— 6')] cos [(n + 1) (0+ 6)]) .., 
: 7 — ; in? 6’ 6’) do’ 
ieee cers sing (+o) fm PF (cose) 
converges uniformly to zero, as n > oo, for all values of @ in the interval 
corresponding to the interval of x, (e+, 7—e— yp), together with a 
similar result for the integral over (6 — 7'¢, 8 — 7’). The functions 


cosec $ (6 — 6’), cosec $ (0 + 6’) 


are monotone in the interval (9 + 7, 8 + yz). The first part of the integral is 


é ; 
0062 Fy = sin [(n + 1) (6 — 6’)] sin? 6’ f (cos 6’) 46” 


6+n 


= cosee 46] * sin [(n + 1) (0 — 6’)] sin? 0 f (cos 6’) 46’, 
& 


J6+ 


where € is between 7 and 73. 


The function sin? 6’ f (cos 6’) being summable, by a known theorem* 
_ the integrals converge to zero uniformly for all the values of the limits 
9+, 9+ £€, 0+ . A similar argument applies to the second part of 
the integral. Thus in the expression we are considering, the limit @ + ne 
may be replaced by @ + 7, where y is independent of 6. Similarly 6 — no 
" may be replaced by 6 — 7’. 


* Hobson, Theory of functions of a real variable, vol. 11, 2nd ed. p. 514. 
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We have accordingly only to consider the expression 
1 II (n) I (nw + 1) (n+ 1) 

Qrsint@ (n+ 3) I (w+ 3) 


9+a (sin[(n +1) (@—6’)] cos[(n+1)(@+86)) .4,, ; 
x | { sin} (6-0) sind @+0/) | sin? 6 f (cos yd 


Je—1! 


We may apply to the integral 


Git ere psoalint Uy \O+ ON) apy 
2 See See AS es 
[se & f (cos 8’) m3(0+0) dé 


the general convergence theorem. 


eed (0+ 6')] 

30+0)  ” 
when 6’ is in the interval (9 — 7’, 8+»), and let F (6’, 0, ) have the 
value 0, when 6’ is not in this interval; 6’ being taken to be in the interval 
(é, 7 — @’) which corresponds to the interval (— 1 + «, 1 — &) of x’. 

The set G to which @ belongs consists of the points of an interval interior 
to the interval (, 7 — @’); thus 4 (@ + 6’) is always in the interval (é, 7 — €) 
and hence cosec 3 (8 + 6’) is always greater than a fixed number depending 
on é and @’. It follows that the first condition of the general convergence 
theorem is satisfied, that | F (6’, 8, ) | is less than a fixed positive number 
independent of the values of @’, 6, and n. To shew that the second con- 
dition is satisfied, we have to consider an interval (a, ) in the interval 
(@, 7—#). Only the part (¢,, 8;) (if any) of this interval which it has im 
common with the interval (? — 7’, @ + y) contributes anything to the value 


By 
af i. F (6', 6, n) 0’. This integral { F (6', 6, n) dé’ is equivalent to 


Let F (6',0,n) ="! 


cosec $ (8 + a) 2 cos[(n + 4)(@+ 6’)] de" 


A 
+ cosec $ (0+ aa) | cos [(n + 4) (6+ 6’)] de’, 
ae 
As 
where 6” is some point in the interval (@,, 8;). The integral | F (6", 0, n) dé’ 


is numerically less than a number where K is independent of 


K a 
n+ 4’ 
8 and n; and this converges to 0 asm > oo. 


In accordance with the general theorem of convergence, the integral 


ie aie sin? 6’ f (cos 6’) dé’ 


ea sin 4 (0+ 6’) 
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converges to zero uniformly for all values of @ in the interval (¢, 7 — #), 
asm > oo. Also the factor 
Ti (nm) 1 (w+ 1) 

T@a+I a 

et) : 1 

=, has the asymptotic value —. 
II (nm + 3) veal ne 
We have now to consider only the expression 


1 ota si +1)(6-0 
J = ae x a 8) )} sin? 6’ f (cos 6’) dé’. 


converges to unity, since 


27 sin? 6 
It will be shewn that 


iy pullin) (C= 2 me ho Eee #) sin? 6’ f (cos 6’) de’ 


O—n’ 
converges uniformly to zero as n > co. 
The integral is equivalent to 


Bx (0-8 p a 
ie eee ay sin 8’ f (cos 8") 8 


which is equivalent to 


pe+s 
sec in’ cos [(n + 2) (0— 6)] sin? 6’ f (cos 6’) d6” 


6-7 


6+n 
+ sec dn | 9.3 0081 + $)(0— 6')] sin? 6” f (cos 0") 8’, 


where £ is some number in the interval (— 7’, 7). Employing the same 
theorem as before, this converges uniformly to zero. 
It has now been shewn that, subject to certain conditions that must be 
verified, the behaviour of the series at a point @ depends only on that of 
1 sin [(n + 4) (@-—4')] . 1), OT: 
- 5 sin? 0’ f (cos 6’) dé’. 
Insintd Jey sin (O—@) aang 
The integral is that which occurs in connection with the theory of the 
Fourier’s series for the function f (cos 6) sin?@. It thus appears that the 
sufficient conditions for the convergence of the Fourier’s series at a point 
interior to the interval (— 1,1), or for the uniform convergence in an 
interval interior to (— 1, 1), can be carried over at once to the Legendre’s 
_ series provided we shew that the remaining parts of the partial sum s, (x) 
converge uniformly to zero, as n > oo. Ata point 6 at which any one of 
the known conditions for the convergence of the integral to 


4a {f (cos + 0) +f (cos0—0)} sin? 8 
is satisfied, the Legendre’s series converges to 4{f (x + 0) +f (x — 0)}. 
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Moreover, in any interval of 2, interior to (— 1, 1), in which f (x) is con- 
tinuous, the integral converges uniformly to f (2), provided one of a certain 
set of conditions is satisfied. } 


We therefore proceed to consider these remaining parts of the ex- 
pression which represents the partial sum. 


We consider first the expression 


che f a 
inme+| 2 (+ 3) zea 


mt UW(n+4) Joy (2 sin 6)2 


( 7 
cos (n+ 3) 6" — 71 / 
li 4 Co) 
- —___—. Pn+i,1 (6) Feo ) 


Pn 1 (9') 


(2 sin 6’)? cos 6’ — cos he 4 
and write in this = 
ie 30 
@y-2Um+1) 1 colt pe—F + Pass,» (0) 
Pnzii as (n+ 8) 2(2n +5) [ @sner Prsa,2 \¥), 


_ with the corresponding expression for Pn+a,1 (8'). 


The part of the integral depending on pix,» (8), Pns1, 2 (0’) is, since, 
as has been shewn above, we may take 6 + 7 and 6 — 7’ as the limits of 
the integral, 


8 


m (+4) “Gano Pav.a(®) 


— 7? 


cos | (n+ 4) 0’ —= : 

= — + ——_4 », ., (0) | C88) sn ora 
(2 sin 6’)? fees cos 6’ — cos 6 P 

and, using the mean value theorem of the Differential Calculus, this is 


8+n 41/6 T 
1 1m) ws Bs [tm + 3) O— Al 
(2 sin 6)2 


q 28 lm +$)é- 7 o| 
Pnst,2 


P'nat,2 (E) 


9-7’ 


© dé (2sin 2 
where € is in the interval (6 — 7’, 0 + 7). 


1 1) in A! TAO 
gin 7 (cos @) sin 8 do 


Since nnn 2(€) = O(5), Pose, = 0(4), 


the expression in the bracket in the integrand consists of terms in ; 
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_ which bounded functions are multiplied by as and ee respectively. The 
n ne 

whole expression consists of two terms in which = a are multiplied by 

integrals in each of which f (cos 6’) sin 6’d6’ is multiplied by a function 

bounded in 6 and 6’; it follows that these integrals are less than fixed 


numbers independent of n, 0, and 6’. Hence the expression converges to 
zero, a8 n -> cd, uniformly for all values of 6 in the prescribed interval. 


Another part of the integral is 


1 U@l(a+im+)) 
Qn TI (n + 4) I (n + 8) 2n + 5) 


i i C +46 -4| cos [int 5) -— i 
Se (@sin by @sind’ 


aja 2 102 
Ze [« ae Al se [@ tH? All F(cos 9) ind @ a6. 
(2 sin 6)2 (2 sin 6’)2 cos 6’ — cos 8 
The expression in the bracket in the integrand can be reduced to 
—EEE 
_ (2sin 6)! (2 sin 6’)? 
6-6 


x feos [(v + $) (04+ #)] [sim 3 (0 ie + sin 8 (0 + 6’) sin =e 


=z sin? =" cos 3 (0 +0’) + sin 8 (0— 8) cos + | 


3 cos $(0 + 6’) + sin 3(6 — 0’) cos$ (6+ @’) 


sin | (n+ 4) (0-+ ") — sin 


,-sing(0— 6")sin}(6-+ 6’) — sin} (0—6’)sing (0 + 0”) 

and this contains the factor sin $ (@ — 6’), whereas 
* cos 6’ — cos @ = 2sin} (6 — 6’) sin} (0+ 0’); 
and thus the factor sin } (9 — 6’) divides out. It is then clear that the 
integrand consists of f (cos 6’) sin? 6’ multiplied by a factor which is 
bounded in @ and 6’; hence the absolute value of the integral is less than a 
fixed number, independent of @ and 6’. Since Y 
TI (m) 1 (n + 1) (n+ 1) 
(n+ 4) @+ §) Qn + 5) 


is asymptotically a it follows that the whole expression converges uni- 
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formly to zero, for all values of @ in an interval contained in the interior 
of (0, =). 


In a precisely similar manner it can be proved that 


ote (Seo n\ 
1M (@) (n+ v| i re as 
nm IL (n+ 3) “ : (2 sin 6’)? 


cos | (n + 4) 6— a j 
= Prin) sole ell some de! 


(2 sin 6)? cos  — cos 6 


converges to zero in the same manner. 


We have lastly to consider the expression 


°*9 Dy, 1 (9) Pnst,s (8') = Prva (8) Pn, (8) 
o=n cos 6’ — cos 6 


(@m+1)| 


which becomes, on using the mean value theorem of the Differential 
Calculus, 


= (+) a0) P'ners ®) ~ Prats (6) P'n,1 


sin? 6’ f (cos 6’) d0’, 


: cag 
sin’ 6" ¢(cos Oy aol 
6 sin? 


where @ is between @ and 6’. 


The expression within the bracket in the integrand is less than a fixed 


multiple of 2 3 it then follows that the expression converges uniformly to 
n 


ZeYO, ASN > CO. 


It has now been proved that the sum s,, (x) of the Legendre’s series 
converges at a point x, interior to (— 1,1), if the Fourier’s series for 
Ff (cos 6’) sin? converges at the point 6, where x = cos 0. Further, it has” 
been shewn that, if the Fourier’s series converges uniformly in any interval 
of continuity of the function, interior to (— 1,1), so also does the 
Legendre’s series. 


Since 
f (cos 0,) sin? 6, — f (cos 6,) sin? 6, 
= sin? 6, { f (cos 6,) — f (cos 0.) + f (cos 0,) (sin? 6, — sin? 6,)} 
= (1~2,%)* {f (@,) — f (@)} +f (@) (1 — 22)! — (1 — 8; 
it easily follows that, if f (x) is of bounded variation in an interval interior 
to (— 1, 1), then f (cos 6) sin? is of bounded variation in the corresponding 
interval interior to (— 0, z). Also, if, at a point 6,, a Lipschitz condition 
| f (@) —f (@2) | S| 2, — |, for all values of x, near enough to a, is 


satisfied, where a is some positive number, then f (cos @) sin? @ satisfies a 
Lipschitz condition at the point 6,. 
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The es theorem has now been established: 


Te te ae is summable in the interval (— 1,1) of x, the Legendre’s 


ri 
series : et Pn (| f F(x’) P, (x) dx’ converges to $ {f (« +0)+ f(x—0)} 


at ny ie point x, of the interval (— 1, 1), which is such that f (x) is of 
bounded variation in some neighbourhood of x, or at which f (x) has a 
derivatives, or at which f (x) satisfies a Lipschitz condition, or se which any 
other known condition for the convergence of the Fourier’s series corresponding 
to the function f (cos 6) sin*6 is satisfied. 

Moreover the Legendre’s series converges uniformly throughout any in- 
terval in which f (x) is continuous (the continuity at the end-points being on 
both sides), if the interval is interior to an interval in which the function is of 
bounded variation. Any other sufficient condition for the uniform convergence 
of the Fourier’s series for f (cos 0) sin? 6 will afford a corresponding sufficient 
condition for the uniform convergence of the Legendre’s series throughout an 
interval interior to the interval (— 1, 1). 

f (@) 


206. In order that the condition may be satisfied, that a—at 
ar 


should be summable over the interval (— 1, 1), it is sufficient that f (a) 
should be summable over the interval and that 


IF@l< qa. @l<q4oe 


in neighbourhoods of the points — 1, 1 respectively, where k& and k’ are 
each < ?, and A, A’ are positive numbers. The known logarithmic con- 
ditions for the convergence of the integrals in these neighbourhoods are 
also sufficient. A particular case of this result was given by Darboux, 


who shewed that, if f (v) has the values -——, Be +, where k < 3, 


A 
d+ay’ a 
k' < 3, in neighbourhoods of the points — 1, 1, the series is so far con- 
vergent at interior points of the interval. 

It will now be shewn that if, in a neighbourhood of the point — 1, 
a ay + fi; (x), where k = 2, and f, (x) is bounded in 
the neighbourhood, then the series does not converge at any point x interior 
to (— 1, 1). A similar result will hold as regards the nature of the function 
in the neighbourhood of the point 1. It is clear that, in a sufficiently small 


f () is of the form 


neighbourhood of the point — 1, a a is of the form a oe: at fe (x), 


where f, (x’) is bounded in the Aenea ee and x is a ae point 


nt Py (@ aN 


1 
interior to (— 1,1). It will be sufficient to prove that [ 


-1 (1+2’)* 


hl 
| 
4 
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does not converge to a definite limit, as n > oo, provided & = 3; the 
condition k< 1 is necessary for the existence of the integral. For it then 
1t+en? P,, (a') 
-1 (+a) 
nm — cO; and therefore the same holds of 
We have 


fe lta’ 1l+2'\? 1l+2\" 
P, (x’) Ay+ Ar ( 5 )+4,( 5 ) + + A, 5 ys 


where A, + A,+...+A,=1. Hence we find that 


1 P,(@') Fee A 
3 Se eee 
cal ae el eg yt tapi 


dx’ does not converge to a definite limit a 


m+1/t Pais (2) Pr) 
r | , waa 


follows that c 


dx’. 


k(k+1)...(k+n—-1) 
G—A2-2£)...0-1=he 


since the integral vanishes for k = 0, — 1, — 2, ... — (w — 1). 


“n®2I-* (— lyn 


The expression on the right-hand side may be written in the form 


f(r) (9) 
(— 1)" 2) Wb 1), Wi Pl—shy 


and the asymptotic value of this is 

Ml (—£) 
Tl &— d 

If k > 2, this increases indefinitely with n; and if k = 3, it has no deter- 

minate value; if k < 2, it converges to zero. 


(= 1)" e- 242 Q1-% = yo 


The asymptotic value of 


n+l f° Prsr (®) Py (@') = Pa (®) Pris (@') ek 
TT (1+ 2’) 


is that of 

tie 4 ne—D+t {n3 P,,, (x) + 03 P, (a)} 
which has the same property as regards the existence of no definite limit 
unless k < 3. 


= 1" e-2k+2 Q1-k 


It has therefore been shewn that: 


If the function f (x) is of the form z+ fi (x) in the neighbourhood 


A 
(+2) 
of the point —1, where k = 3, the series does not converge at He interior 
point of the interval (— 1, 1). Similarly, if f (x) is of the SO ae oF + fa (@ 


in the neighbourhood of the point 1, where k’ = 3, the series ie not converge 
at any interior point of the interval. 1 
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That the convergence of the series may be, throughout the interval, 

_ destroyed by the effect of the values of the function in the neighbourhoods 

of the points — 1, 1 is due to the fact that these points are singularities 

of the differential equation which the function P,, (x) satisfies. There is no 

corresponding condition in the case of Fourier’s series, in which the points 

7, —7 are not singularities of the equation satisfied by the functions 
cos nx, sin na. 


207. There remains for consideration the convergence of the series at 
the end-points of the interval (— 1, 1). It appears that, if f (x) be a func- 
tion which possesses a Lebesgue integral in the interval (— 1, 1), the 
existence of neighbourhoods of the points — 1,1, in which f (x) is of 
bounded variation, is not sufficient to ensure that the series 


= tT Pte) fF) Pao’) de 
n=0 =i) 


converges at those points. It is however sufficient, although not necessary, 
that f (x) should be of bounded variation in the whole interval (— 1, 1). 

Let us consider the series at the point x = 1; the value of the partial 
sum is 


n+ *[ Pr(v')— Pp, 
Te Ne ey l—2’ 


We shall first estimate the limit, when n > o, of 


M+1 [8 Py (@') = Pais (©) oy gr 
2 [ Sic: DUE OE: 


4 (©) (n") js 


where —l<a<8<1. 
On substitution of the values of P, (x’), Pn. (x’), given in § 198, it is 
easily seen that the limit depends upon that of 


dnt eye feos [om +h — 7 — cos [i +3) — il} sin-t 6’ oS da’; 


and this is of the form 
2\8 pa 7 
4({4 tt een? yr U 

n () [ism [m+ 6 A F (6') do’, 
where 0< p<q<vza. Since f(z’) is summable in (a, 8), F (6’) is sum- 
mable in (p, q). It then follows that 

lim i’ sin lm +41)6'— 7 F (6')d8' =0, 

nso] p 4 
but it does not necessarily follow that 


lim nt |” sin cc 10-7] Fea =o. 
p 


n>o 
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If however f (x’) is of bounded variation in the interval (a, 8), in which 
case F (6’) is of bounded variation in (p, q), the latter equality holds. To 
see this, we observe that F (@’) is expressible as the difference of the 
functions F, (6’), F, (@’), each of which is bounded and monotone in 
(p, q). We have then 


p sin [( +16 -7 F, (0') 46" 


=a, (p) |" sin [m+ ne -F| a6" + P(g) |" sin [m+ 1)6" -7 a0, 


where p is some number in the interval (p, g). It follows that the integral 
on the left-hand side is not greater, in absolute value, than 


Set 
n+1 


{Fol+|F@ lt. 


Applying similar reasoning to the function F, (6’), it now follows that 
at Re y= a 
lim “21 | Praia (#!) = P, (@') 


7 
n>o fa , IZ 


fiajids — 0: 


Let us next suppose that, in the neighbourhood (€ — y, €+ 7) of a 
point €, interior to the interval (a, 8), f (x) is of the form Gor + ¢ (a), 
where 0 < £< 1, and ¢ (2) is of bounded variation in the interval (€ — 7, 
&+ 7). We may assume that, in the intervals (a, € — 7), (+ 7, f), the 
function f (x) is of bounded variation. Thus f (x) has a single infinite dis- 
continuity in the interval (a, 8). In (€— y, € + 7) the function F (@) is 


of the form a + F, (6), where cos y = €, and where F, (6’) is of 
bounded variation in the interval (€ — y, € + 7). 


In order to estimate the effect of the infinite discontinuity, we have to 
evaluate 


= 3 [vim B < 7 
lim nt | 7 -sin | 1)’ a" 
noo J ym, (8 —y) Lee 
or lim 1? ie i sin | (n+ l)u+ (n+ 1) =| du 
Ee t t tl)y- | : 


Writing (n + 1) u = », we see that the limit depends upon 


lim n*-2 
n> 
If £< }, both these latter limits exist, and are zero. If & = 3, the 
required limit has no definite value. In case }< k< 1, the expression 
increases indefinitely with n. 


p(nt+in ging = @+Dx cosy 
| —— dv, and lim nt] —— dy 


yk z 
—@+in % n> =(n+1)n, 0 
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It has now been shewn that, in case there is an infinite discontinuity 
of the function f (x’) at a point €, of order = 4, it is impossible that 


a+ 1 / ete 


ntl (2’) f(v')dx’ =0, 


lim fe Te 


it beg assumed that the function is of bounded variation, except in the 
neighbourhood of the point é. In this case, although f (x) may have a 
Lebesgue integral throughout the interval (— 1, 1), and although it may 
be of bounded variation in neighbourhoods of the points — 1, 1, it is im- 
possible that the series should converge at those points. It may also 
happen that the above limit does not exist, and therefore that the series 
does not converge at the point 1, when f (x) is bounded in (e, 8) without 
being of bounded variation. Therefore the series corresponding to a 
function which is bounded in (— 1, 1), and has a Lebesgue integral in 
that interval, does not necessarily converge at the point 1. 


208. For the purpose of considering those parts of the integral which 
represent the partial sum of the series at the point x = 1, which are in 
the neighbourhoods of the points 1, — 1, it is convenient to replace 

n+1 Pa (') = Piss (@’) 
2 1-2’ 


by the equivalent expression 
1 (dP, (0!) | dP nia (2') 
2) dz’ Her Ie 
We have to consider the integrals 
Lj) @P, @) dP ne) 
By one a ( Dp wtyae’, 


aPoia @") on f(@')ae. 


1 f° {e (x’) 


2 da’ = 


ime 

Let it be assumed that f(x’) is monotone in each of the intervals 
(— 1, — 1+ 6), (l—«, 1). The first integral is then equivalent to 
H{P,(—14+ pw) + Pan(—1+ w}{f(—1+0)-f(—14+ e} 

+${P.(—14+6)+Pan(—14+ }f(—1+ 4), 
where y is some point in the interval (— 1, — 1+ e). This expression is 
numerically less than 
a|f(-1+6){P,(-14+6)+Pan(-—1+¢}| 


if « be so chosen that | f(—1+0)—f(—1+.«)|<{. The number « 
being fixed so that this condition is satisfied for an arbitrarily fixed positive 
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number €, and is also so fixed that | f(1— 0) —f(1—e ) | < & we can deter- 
mine an integer n, such that x 
alt: (dP, dP, eae 
Ef. ; ae 25 Sa) pay de 
provided n = n,. 
In a similar manner we have 
1/1 (dP, (#’) Ai GaP (C)\ee ee 
a 1--| dz’ dx’ ae fe ye 
F(L— 0) + 3 {Pn w') + Pale f(L—€)—f(L-Of 
—2f(1—«)[Pa(l—«) + Pru (l= oy 
where y’ is some point in the interval (0, «). An integer n, can be so 
determined that 


3] {B+ fede —f0—0)|< 2h 


for n = m%. 
If now f (x) satisfies sufficient Scudilibas that 


= ire n+TI P, (2) — 
lim [- — 
See 7 ip 


= (e’) D(a" dx’ =0, 


an integer m3 can be so determined that this integral is numerically less 
than ¢, for n 2 ng. 


If n’ is the greatest of the three integers 1, n., 3, we have then 
| jp w+1 Pp@w’)— Pais (©) 
| ere I-a2’ 
forn 2’. Since ¢ is arbitrarily small, it has thus been shewn that 
ab eS 
lim n+1 Pn (x’) 


uso par 2 — 


Ff (#’) dx’ — f (1—0)|< 5¢, 


mst ©) & (9") da! = f (1 — 0). 


The case of convergence at the point — 1 may be treated similarly. In 
the proof we have taken f(x) to be monotone in each of the intervals’ 
(— 1, — 1+), (l—«, 1). Itis clear that the case in which it is of bounded 
variation in each interval is reducible to the above by expressing the 
function as the difference of two monotone bounded functions. : 

The following theorem has now been established: 

Let f (x) be a function which is of bounded variation in neighbourhoods of 
the points 1, — 1. For the convergence of the Legendre’s series corresponding 
to the function f (x), at the points 1, — 1, to the values f (1— 0), f (— 140), it 
is insufficient that f (x) have a Lebesgue integral in the whole interval (— 1, 1). j 
It is however sufficient that f (x) be of bounded variation in that interval. It is 
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also sufficient that f (a) be of bounded variation when the neighbourhoods of a 
finite set of points, interior to (— 1,1), are excluded, provided that in the 


neighbourhood of each such point &, f(x) is of the form — + ¢ (2), 


where 0< k< 4, and where ¢ (x) is of bounded variation. In case, for such 
a point, k = 4, the series does not converge to f (1 — 0), f (— 1 + 0) at the 
points 1, — 1. 


THE POISSON SUM OF LEGENDRE’S SERIES 


209. A method was employed by Poisson to the series (1) which, 
although, in its original form, it does not lead to a definite result, can be 
so adapted, by making use of later knowledge, as to ane precise results 
relating to the convergence of the series. 


Consider the two points (6, 0), (6, 6’) ona epliotonl surface; and let 
cos y = cos 6 cos &’ + sin 6 sin 6’ cos ¢’, so that y is the length of the arc, 
on a spherical surface of unit radius, joining the two points. We may take 
Gand @’ to be such that 0 < @ <a7,0 <0 Sz, and ¢ such that 


SUES Co) = TT. 
We have 
1 

fo P, (cosy) + AP, (cosy) +... + h"P, (cosy) +..., 


where 0 < h < 1; the series converges uniformly for all values of y, since 
| P,, (cos y) |< 1, and the series 2h” is convergent, for any fixed value 
of h, such that 0< h< 1. We may differentiate the series term by term 
with respect to h, the differentiated series converging uniformly with 
respect to y; thus we have 


cosy—h 
(1 — 2h eos y + h?)2 
multiplying the second series by 2h and adding it to the first, we have 


1—h? «o 
e x (2n+ 1)hP, sae 
(1 — 2hcos y + h2)? 2! ) (cos y) 


P, (cos y) + ... + nh"P,, (cos y) + ...3 


the series converging, for a fixed h, uniformly with respect to y or to ¢’. 
Integrating term by term, and remembering that 


i P,, (cos y) dé’ = 2nP,, (cos 0) P,, (cos 6’), 
we have 


=. 1-H? 


dé = % 3(2n + 1)mP,, (cos) P,, (cos 6’) 


4} (1 — 2hcosy + h®)2 n=0 
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when, for a fixed value of h (< 1), the series converges uniformly with 
respect to @ and 0’. 


Let f(x’) =f (cos 6’) be a summable function of x’ in the interval 
(— 1, 1), or of 9’ in the interval (0, z). We have then 


zl: | * sin 6’ f (cos 0’) 0” iL (Sey 
4a} -=(1— 2hcos y+ h2)? 


= = 4 (2n + 1) h"P, (cos 6) le (cos 6’) P,, (cos 6’) sin 0d". 
n=0 ct) 

Thus, when h = 1, the series on the right-hand side is the Legendre’s 
series. Its Poisson sum is defined as the limit as h — 1, of the expression 
on the left-hand side, whenever that limit exists. By Abel’s theorem, 
if the series converges when h-= 1, it converges to the Poisson sum, but 
the convergence of the series cannot in general be inferred from th 
existence of the Poisson sum. The Poisson sum, when it exists, is given by 
Th | 1—h? 

( 


Le — f (cos 6’) dS, 


1— 2h cosy + h?)? 
where dS denotes an element of the spherical surface of radius unity, and 
the integration is taken over the whole surface. If we apply to this integral 
the general convergence theorem, and assume that @ is in the interval 
(e, 7 — €), so that this interval defines the set G, and let F (6’, ¢’, 0, h) 

— f2 i 
denote pee when (4, ’) is not in the curvilinear quadri- 

(1 — 2hcos y + h2)2 
lateral defined by 0+ ¢« 20" 20—c¢,ande=¢' = —«, and has the value 
zero in that quadrilateral. We may suppose that 1 — h = 5 where 1 has 
the meaning assigned to it in the general theorem. If | 6’ — 6| > «, we have 
1—-h? ZS t= 

1—h)? + 4hsin2dy}2 8h sin? dy’ 


F (6, $', 0,1 
|FO.¢ Sy, 


and this is less than a fixed number if h> h,, since sin dy has a minimum 
value > 0, when (6’, ¢’) is not in the quadrilateral. Thus the first of the 
conditions for the validity of the general convergence theorem is satisfied, 
Again, if S be any area of the surface of the sphere outside the quadri- 
lateral area defined by 
[6 -0|<e |¢'|<s, 
we have 
— f2 — #2 

oe 

(4hsin? by)?” (4hy sin? 4y0)* 


where h, < h< 1, and y is the minimum value of y for all points (6, ¢’) 


[ FW, $',0,h)as< 
/(S) 
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at which F is not zero. Thus le F (6, ¢’, 0, h) dG converges to zero, as 
(s) 
h + 1, uniformly for all values of 0. 


It has now been shewn that 
1—h? 1) cin AL ADIL! 
pee 


where the integral is taken over the whole surface of the sphere with the 
exception of the portion for which | 6’ — 0| Se, | ¢’ | S« converges to 
zero uniformly for all values of 0, such thate S@Sa7—e. 


We have therefore only to consider 


hee 1a 6’) sin 6'd6'd 
4a} 9 Sree ees 2 


Let it be assumed that f (x) has definite limits f (x + 0), f (w — 0) at 
the point x. 

Since the factor of f (cos 6’) in the integrand is positive, this integral is 
equivalent to 
sin 6'd6’ dd’ 


1 F( 0) O+e fr l— h2 
Dg ee elie 
tn pend, Soe 


+E tf @+0)+ a cE ae gap tin a0 ag 
4a TE oe -7(1— 2heosy + jE : 


where 71, 772 are numbers which converge to zero with «. 


We shall now consider the integral 


Teese le 1-# 
sin 6’ d6'd¢’. 
re eat 2 

Let spherical coordinates y, @ be taken, with the point P (6, 4) as 
origin, and where ¢ is zero in the direction of the tangent at : to the 
small circle along which @ is constant. The limits of ¢ will then be 0 and z. 
The expression then becomes 


Tee [e 1-h? z 
in ydyd 
fol Se eeree oe ag 


which, on integration with respect to y, becomes 


ooo) 1 1 | a 
= h 1—h (1— 2heosy + h®)® 2 


the values of y being those on the boundary of the area. 


HH 


338 Representation of Functions by Series [ CH. VII 
The limit of this, as h — 1, is 
: earl i is ; 1 z 
ge tim SEP [eft ee, 
pea = ar i, é z—¢) (1— 2heosy + h?)8 ? 
where ¢ is an arbitrarily small positive number. 
Now 


aS i = 
d@<A 2 
f (1 — 2h cos y + 1)? fete 


where A is a positive number, when h, = h < 1; hence 


4 1 
lim (1— h?2 = d 
hol : |, (1 — 2hcosy + h?)? : 


g 1 = 
Al 1—h? 1+h), 
= ( a hoy 2 Ot” 


1 


SS aes g = 
thus Tim (1— 4?) dg < 2; 


ea 0(1— 2heos y + h?)2 


and similarly 


iim (@ i) | a 
=a a—¢(1— 2h cosy + h?) 


Since ¢ is arbitrarily small, it follows that 
1 ete pe 1—h2 
li | in 6 d0'dd’ =k. 
on 4a Jo Lapeer a 


Similarly it can be shewn that the other integral has the same limit. 


gdb < Die 


We now see that 
1 7 7 = 7 1 aes h2 
a |, £c0s8") a8 | 


—7(1— 2hcosy + h?) 


2 ep 


is, when h > 1, numerically less than x (| m | + | me |)- 


It follows, since 7,, 7, are arbitrarily small, that the Poisson sum at 
the point (0,0) is ${f(~+0)+f(z—0)}. In case (6,0) is a point of 
continuity, and @ is in the interval (<, z — «), the Poisson sum is f (a). 
Tf @ = 0, we have only to consider the integral ’ 

1 fe tel f (cos 6’) sin 6'd6’ dd’ 

4 Jo} —.(1— 2hcosy + h?)? 
which is found, on changing the variables as before, and integrating from 
y=0 to y=«, and ¢’ =4, from —z to z, to converge to 1, ash>1. 
The case 9 = 7 may be considered in a similar manner. We thus see that 
the Poisson sum at 6 = 0 is f (1 — 0), if this limit exists, and at 6 = 7 itis 
f (— 1+ 0) in case that limit exists. : 
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We thus obtain the following theorem: 

The Poisson sum of the Legendre’s series is, at any point x interior to the 
interval (— 1, 1), f (a) éf the function is continuous at the point x, and it is 
Af (w+ 0) +f (x — 0)} if the point x is one of ordinary discontinuity. If 
x belongs to an interior interval in which the function is continuous, the con- 
tinwity at the end-points being on both sides, the Poisson convergence is uni- 
form. At the points 1, —1 the Poisson sums are fQd—0), f(—14 9), 
whenever these limits exist. 

Denoting the Legendre’s series by 

y + Gy P, (cos 8) + ... + GnP,, (cos 6) +... 
the Poisson series is the power series 
iy + A,hP, (cos 8) + ... + Gh" Py (cos 8) + «... 


If |a,P,, (cos @)| =O G) , we know, by Littlewood’s theorem, that the 


Legendre’s series is convergent at the point @ if the Poisson sum exists, 
and that the convergence is towards the Poisson sum. 


Since |P, (cos @) | < E if @ is in an interval (c, 7 — «), where kis a 
n 
fixed number, when « is given, the condition is satisfied if ee =0 G): 
x n? 


or if a,=0(4). 


Since a, = | * f(x’) Pa (0) de’, 
2 =i 


in case f (x’) is of bounded variation in the interval (— 1, 1), we have 


1 
an= 21 peo’) Paede — FA |" he P. eae’, 
= J-1 


where f, (2’), fa (v’) are monotone in the interval (— 1, 1). 


Since 


1 € 1 
[Aer P. ae’ =A(- [Pade +f), Pa (eae! 
ai -1 S 


A=) , fd) 
f(D) Par ©) — Pa OR + Fey 7 Pas © — Pan Oh, 


with a similar result when f, (2’) is taken instead of f, (x). We then see 
that a, = O (=) . It thus follows that, when f (2’) is of bounded variation, 
n 


the series converges at every point of the interval. This has been proved 
otherwise in § 208. 


22-2 
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We have shewn that: 


Ln = o(4). the series a) + a,P, (cos 0) + ... + GpP,, (cos 6) +.. 


The condition a, = O (=) is satisfied in particular if f (x) is of boun 
TN 


variation in (— 1, 1); thus, in this case the series converges everywhere in the 
interval. 


210. The earliest investigation of the convergence of the Legendre’s 


pointed out by Dirichlet}, in whose treatment it was assumed that the 


In the investigation given by Hobson||, it was assumed that a_o is 
a summable function in the interval (— 1, 1) of 2, and it was shewn that 
the series is convergent at any interior point in the neighbourhood of 
which the function is of bounded variation. The conditions of convergence 
at the end-points given above were also obtained. An investigation of the 
convergence of the series at interior points of the interval, for the case of 
a function which is of bounded variation in the whole interval, was given 
by Burkhardt]. Reference** may also be made to a paper by B. M. Wilson; 
where it is shewn that 


ina, Pp (2), (0<k< 4), or X (logn)-1a,P,, (x), (k= 0) 


is convergent for almost all values of x in the interior (— 1, 1); a is 
a Fourier’s coefficient for Legendre’s series. 


The question was considered from another point of view by W. 
Youngtt, who, in his memoir, assumed that the series 


Q + AP, (4) + ... + OpPn (4) +... 


is such that a, = 0 (n#). His results are applicable not only to Legendre’s 
series, but also to series of the above form in which the coefficients are 


* Journal de Vécole polytechnique, 19th cahier; also Additions a la connaissance des temps 
(1829) and (1831), and Théorie de la chaleur, p. 212. 

{ Crelle’s Journal, vol. xvi (1837). 

} Liouville’s Journal, vol. xvi (1852), p. 265. 

§ Annali di Mat. ser. 02, vol. vt (1874). 

|| Proc. Lond. Math. Soc. (2), vol. vr (1908), p. 388, and (2), vol. vir (1909), p. 24. 
{| Sitzungsber. Akad. Ménchen (1909), 10th Abhandlung. 
** Proc. Lond. Math. Soc. (2), vol. xX1 (1923), p. 389. 

Tt Proc. Lond. Math. Soc. (2), vol. xvut (1919), p. 141. 
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2n+1 
2 

a, = 0 (n#) is satisfied. By considering the series obtained by the integra- 
tions of the given series, as in the case of Riemann’s investigation of 

_ trigonometrical series, and employing his theory of restricted Fourier’s 
series, he shewed that the behaviour of the series at a point, as regards 
convergence or oscillation, is the same as that of the Fourier’s series which 
represents f (cos @) in the neighbourhood of the point. 


not expressible in the form 


| : f (x) P, (x) dx, provided the condition 
ah 


As regards the condition a, = 0 (n*), if we take the asymptotic value 


2 19 7] &(@%) 
P, (00s 8) = (5) cos [m+e-J| + ana 


where |« (x, @) | is bounded for all values of x and @ provided @ is in an 
interval (c, 7 — ¢), we see that, for the convergence of the series at a 
point @ to be convergent, it is necessary that 


lin % cos [m+ ne-J| =, 


N>O nt 


since the series La, is certainly convergent if | a, | is bounded. It 


a (n, @) 
né 
thus appears that the condition a, = 0 (n4) is in general necessary for the 
_ convergence of the series. The condition that the general term converges 
to zero may however be satisfied for particular values of 6 when the con- 
dition a, = 0 (4) is not satisfied, and for such a value of @ the series may 
be convergent. For example, the series ze (2m + 1) Poms, (cos 6) converges 

m= 


7 


when § = 5, and yet a, is not (72). 


It may be observed that the condition that A= is summable 
— 2/t 
implies that a, = O(n). For we have (see § 200), 


[an |= (m+ 3) 


[Lf@ Pa ae 
fe ee), 
<4 Hk] ink” 


where k is a fixed number; and from this a, = O (n*) follows. 
It was stated erroneously by Ferrers* that the series 


1+ 3P, (x) P, (a’) + ... + (2m + 1) P, (%) Pr (a) +... 
converges to zero, except when x = 2’, in which case it diverges. 


* Spherical Harmonics, Cambridge, 1877, p. 66. 
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The general term of the series is of the form 


(2n + 1) = cos [m+ no-7 cos [m+ ne-3F| +0(5), 


where 0 and 6’ are neither of them 0 nor z. 


Since this expression does not converge to zero, as > 00, it is im- 
possible that the series can converge. A similar erroneous statement was 
made by Todhunter*, for the case x’ = 1, that the series 


1+ 8P, (x) + 5P, (x) +... + (20 +1) Py (x) +. 


is convergent to zero, except when x = 1. 


THE CONVERGENCE OF LAPLACE’S SERIES 


a 


211. It has been shewn in § 95, that, subject to certain stringent con- 
ditions, a function f (0, ¢) defined over the puriace of a sphere is represented 
by, Laplace’s series 


=, (2n + vf” le I, ¢! ) P, (cos y) sin 6 dé’ dd’, 


where cos y = cos 8 cos 6’ + sin 0 sin 6’ cos (¢ — 4’). 


Sufficient conditions for the convergence of this series to f (0, 4) will: 
now be investigated. 

If we take the point (9, ¢) as the origin, and introduce the new phoma 
coordinates y, $, the series becomes i 


2, Cnty] |" Fe. $)P, (cosy) sin y dy dB, 


where F (y, 6) =f (0',¢’). Let = i F (y,) dg have the value $(y); 


thus ¢(y) is the mean value of F(y, ), or of f (6, ¢’), over the cirew 
ference of a small circle of radius y with the point (6, $) as centre. The 
series may then be written in the form ; 


E 4 2n+1)[" 4 () Pa cosy) sin y dy, 
ae 
which is what the Legendre’s series 
E 4 (n+ 1) P, (cosd) [rs (y) P, (cos y) sin y dy 
n=0 0 


becomes when 6 = 0. 


It has been shewn in § 208 that, if the function ¢ (y) is of bounded 
variation in a neighbourhood of the point y = 0, then, subject to certain 


* The Functions of Laplace, Lamé and Bessel, Cambridge, 1875, p. 174. 


210, 211 | Laplace's Series 343 
_ restrictions as to the values of ¢ (y) in the whole interval (0, z), of y, the 
_ series converges to ¢ (+ 0). 

Tn case the function f (9, 4) is continuous with respect to (8, $) at the 
point (6, 4), we have | F (y, 6) — f (8, 4) | < «, for all values of $, provided 
y does not exceed a value of 7. dependent on e. Thus 


le] FO.8)db-706,4) Ze 


for y < ».; and therefore, since « is arbitrarily small, we have 


$ (y+ 0) =f, 9). 

More generally, let the point (0, 4) be on a curve with continually turning 
tangent such that the curve is a line of discontinuity of the function 
f (0, 4), and let , be the direction of the tangent to this curve. It will be 
assumed that, if « be an arbitrarily chosen positive number, there exist 
the functions f, (9, 4), f. (9, 6) such that 


| Fy, 6)-f: 0.) |<, for y Sy. 


and that | F (y, 6) — fr (0,4) |<, for y <7), according as (0, ) is on 
one side, or the other, of the line of discontinuity. The functions f, (9, $), 
f: (0, 6) are then the limits of the function F (y, $), as y > 0, on the two 
sides of the curve respectively. 


“The integral le F (y,)d6 can then be divided into portions taken 


for (— 7,— 7+ $o- €), (-7+ $—,-7+ $+), (—74 got bo g), 
(d)— 6, do+ %), (So +f, 7), where £ converges to zero with e, 7), 7. 
The second and fourth portions of the interval do not exceed, in absolate 
value, a fixed multiple & of 2¢. The first and fifth integrals taken together 
differ from (7 — 2¢) f (0, 4) by less than ¢ (7 — 2), if y < y.; the third 
portion of the integral differs from (a — 2) f (8, }) by less than e (7 — 2), 
ify <7. 


It follows that |. F (y,¢)d@ differs from 4 {f, (0, 6) + fo (@, $)}, 


provided y does not exceed the smaller of the numbers 7., y., by an 
amount which is less than 2e (7 — 2¢) + 2k¢. Since this converges to zero 
with ¢ and ¢, it follows that 


lim ¢[ F.$)dd=1h69) +h 4) 

yoo 27) 2 

and this is the mean of the values to which the function f converges from 
the two sides of the line of discontinuity. Accordingly the Laplace’s series 
will converge at the point (0, 4) to the value $ {f, (8, ) + fo (8, ¢)} in case 
the function ¢ (y) is of bounded variation in the interval (— 7, 7). 
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It has accordingly been shewn that: 


The Laplace’s series 3 a a = F (6, $’) P, (cos y) sin’ ddd’, im 
i) 
which f (0, 6’) has an Delay convergent integral (Lebesgue) over 
spherical surface, will converge at (6, 6) to the value f (0, 4) if (0, d) isa point 
of continuity of the function with respect to (0, 4), or to the value 


2th 8, 4) + fe (8, p)}, 
if the point is such that there passes through it a line of discontinuity such 
that f, (9, 6), fo (8, ) are the limits of the function at the point taken from the 
two sides of the line, provided that the function ¢ (y), which is the mean value 
of the function f (0, $), for each fied value of y over the small circle for which 
y has that value, has bownded variation in the whole interval (0, 7) of y. 


If the condition that ¢ (y) is of bounded variation in the whole interval 
(0, 7) is not satisfied, it is possible that the series may converge. In such 
cases the restrictions on ¢ (y) at the point at the other extremity of the 
diameter of the sphere through the point (6, 4) and at interior points o 
(0, 7) the interval of y, must be taken into account, in accordance with 
the results obtained in §§ 207, 208. 


The theorem can also be applied if f (6, 6) is not continuous at the 
point (0, 4), but is such that there is a number A such that 


| .8)-Aa8| <6, 


provided y does not exceed a value y. dependent on ¢. Then the series 

converges to A, provided ¢ (y) has bounded variation in (0, =), or satisfies 

other sufficient conditions. 
It will be shewn that: 


The condition in the theorem, that ¢ (y) has bounded variation in the 
interval (0, 7) of y, is satisfied if the function f (8, 4) is such that F (y, ¢) 1s 
of bounded variation in the interval (0, =) of y, for each value of 4, and that 
the total variation in such interval is bounded for all values of 6. 

For, if F (y, ¢) is of bounded variation in (0 < y S7/) for each value 
of $, we have 


F (y, $) = p(y, $) — 2 (y, 9) +f (8, b)> 


where p (y, $), — n (y, ¢) are the total positive and negative variations of 
F (y, $) in the interval (0, z). If the total variation in (0, =), viz. 


p(w, $) + 0 (x, $); 


is bounded with respect to ¢, so also are p (z, $), 2 (7, 6), and therefore also 
Ply, >), 2 (y, $). 
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Since p (y, $),  (y, 6) are monotone increasing, with respect to y, for 


each ¢, so also are al ply.) 43,5 | n(y,$¢)dd, and these are 


bounded functions. Hence = | "PF (y, 6) dg, or ¢ (y), is the difference of 
two monotone and bounded functions of y, and is therefore of bounded 
variation in (0, z). 

The following theorem relating to uniform convergence of a Laplace’s 
series will be established: 


If the function f (0,4) be continuous at each point of a closed set of 
points G (in particular a closed area) on the surface of the sphere, the Laplace’s 
series will converge uniformly to f (8, d) over the closed set G, provided that, 
for each point P of G, the function is of bounded linéar variation along every 
semicircle joining P to its opposite point P’ on the spherical surface, and 
that the total variation along all such semicircles PP’, and for all the points 
P, of G, is less than some fixed positive number. 

Since the convergence to f (8, ¢) is uniform over the closed set G, the 
» numbers -c, 7, for which | F (y, ¢) — F (6, $)|<e, for all values of ¢, 
when y < 7., can be taken to be the same for all points (0, ¢) of G. 

From a result given in § 208, and referring to § 207, we see that 

m+ 1 [7-<P, (cos y) — Pnss (cosy) 
= | > 1— cosy 


lim 
n>o 


¢ (y) sin y dy 


is less than times the sum of the total variations of ¢ (y) in the 


n+l 
intervals (0, <), (0, 7 — «), together with the absolute value of ¢ (y) at 0. 
qn virtue of the condition stated above in the theorem, this converges to 
zero, as n > oO, uniformly for all points (@, f) in G. Thus we have only 
to consider the portions of the expression for the partial sum of the series 
in which the integration is taken over (0, <) and (7 — ¢, 7). Referring to 
§ 208, we see that these portions converge uniformly to f (6, 6) and zero 
respectively. 


212. It is seen, exactly as in § 209, that the Poisson sum of the 
Laplace’s series is the limit, as h > 1, of 
je (feces Self 1-fh eo, 
z,|,sin8 do rear eee Sy ae iat @ >) dg’, 
whenever this limit exists; cosy denoting cos 6 cos 6’ + sin @sin 6’ sin (¢’—¢). 
As in § 209, it is seen that 
| | ee an ea 
(1 — 2h cos y + h2)2 ; 
converges uniformly to zero, for all values of (0, 6), where the integration 
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is taken over the whole surface of the sphere, with the exception of # 
portion for which | 6’ —0| <«,| ¢’-¢| Se. 


We have therefore only to consider 


1 ia 1—h? Ft (0, ¢') sin & dé’ dd’ 
? mm £ 
4} ec] 6—e (1 — 2h cosy + h2)t #N S 


If we change the variable in the integration from (6’, J’) to y, ¢, this 
becomes 


1 1—h? ; = 
a cae, 
clase ean (y, ¢) sin ydydo 


where the integration is taken over the same area as before. 
In case the function f (6, ¢) is continuous at (8, ¢), we have 


|F 0 8)-£06.8)|<ne 7 


for all points (y,.¢) in the area of integration, where y. converges to 7er0 
with €. 


We may then write the integral in the form 


F008) ff 1-# : = 
dy d 
4 es oan 


ii 1—-h? a 
ial! Theos came? 9) FO.) sin ydy 


Since | F (y, $) — f (0,46) | <7 over the whole area of integration, ; 
and the other factor of the integrand in the second integral is positive 
since y is in the interval (0, 7), the expression is equivalent to 

Lrg) Oi 1-# 
4a (1— 2h cos y + h?)2 
where | 5. |< 4. Integrating with respect to y this becomes 


sin y dy dg, 


TOS + f° aa 1 1 \ a8 
4a — fh l-h  (1— 2heosy + ht 
or 
mess lth IAGRQAR GE = dia 
{ 2 oT 4h lee a 
the second term is numerically less than 
eos cfr dp 
h -= (4h sin? 4y)3” 


and for all values of $, the value of y in the integrand exceeds a fixed 
finite number. ; 
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Tt follows that, when h — 1, the expression converges to {f (8, ¢) + 8.3 
and since 8, is arbitrarily small 
1 sete pote 1—h 
lim | | G5 
noi 47) 9-e) 3-<(1 — 2heosy + ae! | $ 
has the value f (8, ¢). 

As in § 211, in case (6, J) is on a line of discontinuity, such that at 
(0, 6) on each side of the line the function is continuous, and converges to 
f™ (6, 4) or to f® (0, g), we see, by a slight modification of the above 
procedure, that the Poisson sum is 4 {f™ (0, 6) + f™ (8, )}- 

We have thus the following theorem: 

The Poisson sum of the Laplace's series is, at any point of continuity of 
the function, the value of the function at the point; also over any closed set 
of ‘points of continuity of the function, the convergence to the Poisson sum as 
uniform. At any point (0, 4), on a line of discontinuity such that the function 
on the two sides of the line converges to f™ (0, 4), f (0, $), the Poisson sum 
of the Laplace’s series is £{f™ (0, 6) +f (9, o)}- 


’) sin 6’ de’ dd’ 


THE CESARO SUMMABILITY OF LAPLACE’S SERIES 


213. As in the cases of Fourier’s and other series the restrictions on the 
convergence of the Laplace’s series have led to an investigation of the Cesaro 
sums with a view to obtaining representations of the function at points 
at which the series does not necessarily converge. The Legendre’s series 
being the particular case of Laplace’s series in which the function f @ 4) 
to be represented is independent of ¢, investigations of Cesaro summability 
in the two cases are very closely related to one another. 


The first investigation of the Cesaro summability of Laplace’s series is 
due to Fejér*; he proved that the series is summable (C, 2) at any point 
of continuity of the function. It was however shewn later by Gronwall} 
that the series is summable (C, 1) at any point of continuity. The general 
theory of the summability (C, &) of Legendre’s series was treated by 
Chapmant; see also writings by Haar§. Later writings on the summability 
(C, &) of Laplace’s series are those of Lukacs||, Hillef, O. Volk**, Kog- 
betlianz{}. Summation of Laplace’s and Legendre’s series by another 


* Comptes Rendus, vol. cxuvi (1908), p. 224; also Math. Annalen, vol. Lxviz (1909), p. 76. 
See also Rendiconti del circ. mat. Palermo, vol. xxxv1t (1914), p. 79. 

+ Math. Annalen, vol. uxx1v (1913), p. 213, also vol. txxv (1914), p. 321. 

t Quarterly Journ. vol. xtmm (1911), p. 1, and Math. Annalen, vol, pxxu (1912), p. 211. 

§ Rendiconti del circ. mat. Palermo, vol. xxxm (1911), p. 182. See also Math. Annalen, 
vol. LXTX (1919). : 

|| Math. Zeitschr. vol. xtv (1922), p. 250. 

{| Math. Zeitschr. vol. v (1919), p. 17, and vol. vir (1920), p. 79. 

** Miinch. Sitzwngsber. (1921), p. 267. 

+} Math. Zeitschr. vol. xtv (1922), p. 99. 
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method has been dealt with by Plancherel*. A simplification of proofs 
theorems due to Gronwall and others has been given by Fejérf. 

The summability of series of ultraspherical functions has been treated 
by Kogbetlianzt. 

214. With a view to the consideration of the arithmetic means of 
order k, of the Laplace’s series, we consider first the arithmetic means of 
the series X (2 + 1) P, (cosy). 

n=0 


Since 
1—h? 
(1 — 2h cos y + h®)8 
we see that the arithmetic mean s,,) of the first n + 1 terms of the series 


(E+ 1) (b+ 2)... (b+ 0) 
n! 


=1+3P,(cosy)h+... + (2n+1)P, (cosy)h*™ +..., 


(k) 
2 et 1) P,, (cos nis ee = ie denotes 


which is the coefficient of h” in the expansion of za and 8, 


1 
(hy 
i 1-8 
(1— A)" (1 — 2h cosy + 


denotes the coefficient of hk” in the product 
Since 
1 1—h? 

(1— hy (1 — 2heosy + h®)? 


See { 1 1-h 
(1 — 2h cos y + h2)2 ((1 — 4) 1 — 2h cosy +P)” 


we see that, if em denotes the arithmetic mean of order & of the series" 
1+ 2cosy + 2cos2y + ... 4+ 2cosny + ..., 
then : 
8, = Py (cos y) S, + P, (cosy) S,_, + ... + P, (cos y) S™. 
Let us consider the case & = 1; thus 
8S, = Py (cos y) S, + P, (cosy) Sz. + ... + P,, (cos vy) So. 
It is well known that, for the series 1 + 2cos 6+ ...+ 2cosn0+..., 


ink 2 
the value of ©, is are ax ; thus we have 
sim sy 


a sind (m+ a" 
S, P, (cos y) { ain dy 


sin any dy? 
+P, (cos) {& et +... +P, (cos y) ne r 


* Rendiconti del cire. mat. Palermo, vol. xxxum (1912), p. 41. 
{ Math. Zeitschr. vol. xxtv (1925), p. 267. 
I Liouville’s Journ. sér. rx, vol. mi (1924), p. 107. 
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Since | P,, (cos y) |< racine for 0<6<7, where k, is a constant, 
(nsin y) 
independent of @ and n (> 0), we have 


te al 
() 
11 ss at 


ky 1k | a i keyn® 
<< a AF << eo 
sin?4ysinty (4 Jo 28) sin? dysin? y 
where &, is a constant, independent of n and y. 

Further, if 3 <y<72,n=0, we have, since | P,, (cos y) | <1, 

1 
sin? $y 
sin$ (n+ 1)y 

sin dy 


<2, [8,0 |<2(v+1). 


Also, since { 


2 
\ < (n+ 1)?, we have 


|S,.Y | S (w+ 1)? 4+ n24+...4 P< kg n3, forO S07. 
Since C, = n+ 1, we now see that the partial sum =, (y), the 
partial sum (C, 1) of the series 1 + & (2n + 1) P, (cos y), is such that 
< k,n? for0OSySa 


(en) <———___ for0<@<7a7 
|=, (y)| né sin? dy sin? y 
<2 forjaSySa 
and for WGN DS nee 


The partial Cesaro sum of order 1 of the Laplace’s series is 
G2? LO $) sin 0'40'a", 
where cos y = cos @ cos 6’ + sin @ sin 6’ cos y, the integration being taken 
over the surface of the sphere. If, as before, we take the origin at the point 
(0’, 6’), and employ the coordinates y, ¢, we may divide the integration 
with respect to y into three parts (0, €), («, 7 — €), (7 — €, 7); the integra- 
tion with respect to @ being in each case from — 7 to 7. Writing 
SO, ¢)=F >) 
the second integral is less, in absolute magnitude, than 


Hf [iPod 


Annt 


which is less than 


Be [ 28) |siny dy as x - 


4nn2o in? $e sinte 


—____— gin y dy dd, 
ampe 


q 
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Keeping ¢ fixed, it now follows that the limit of the value of the secon 1 
part of the integral, as n > 00, is zero; moreover the limit is approac 


uniformly for all positions of (@,¢) on the spherical surface. The tl 
part of the integral is numerically less than 


2e/ | iFo.8) | sin y dy dg 


and this is less than a number ¢., where ¢. is arbitrarily small, if € be 
sufficiently small. Moreover the convergence of ¢ to zero, as «= 0, is 
uniform for all points (0, ¢) on the surface, on account of the property of 
a Lebesgue integral that, when taken over a set of points of measure e, 
the convergence, as m (e) converges to zero, is uniform for all such sets e. 

We have lastly to consider the limit of 4 


Lepr = : ¢ 
Fe] | PO b 2 O)siny dy dd, 
which may be expressed by 
A [e[? Fi ee z ; > 

El | se Osinydydg +e [[ 0.8) —4}2. ) siny dy dg 

where A is a constant which we may take to have the value f (0, 6) in 
case the function f (6’, 6’) is continuous at the point (8, ¢). 

We have 

Ce ee : = (2 f* sin} (n+ 1) y~\? dydg 

ne enya Pe sin dy ) n+1 

as is seen by substituting the value of 8, (y) in 8, (y)/(m + 1) and re- 


membering that E [ : P,, (cos y) dy dg = 0, except when n = 0. The value” 
Ol—r 
of the integral is 47. 


It has been shewn above that 


ee | * s@ (y) sin y dy dg | < (, where 


ee | 


me 


¢./ +0, as « +0, for all values of x, and that 


converges to zero, as is seen by putting F (y, ¢) = 1. It now follows that 
Bi | f° 200 sing dpa tn] | 
aa = 
where ¢.” is a number which converges to zero with e. 
Therefore 
ee i< ce OG) sin y dy 09 


differs from A by a quantity which converges to zero with e. 
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If f (0, ¢’) is continuous at (0, d), we have | F (y, ¢) — A | < 8., where 

A=f (4, ¢), and 0 = y <«, the number 6, converging to zero with e. 
Then 


ell. {F (y, 6)— A} 2, (y) sin y dy d$| < ae 2,0 ysin y dy dg, 


therefore 
1 pete = - a 
a), | F  8)— Aba. (7) sin y dy do 


is less in absolute value than some number which is arbitrarily small 
when ¢ is sufficiently small. 


It has now been shewn that 


aa), | F(0>#) 20 () sin 8'a0"de’ — 70, 4) 


is less than a number which can be made arbitrarily small by taking « 
sufficiently small. 


Hence 
lim 2 | g | " f(6', 6’) 2a (y) sin 0’ d0' dd’ = f (8, 4). 
ae, Se 

Also it has been shewn that, for all points of continuity which form a 
closed set, the approach to the limit is uniform, since the continuity of 
the function is uniform over a closed set. 

The following theorem, due to Gronwall, has now been established: 

If the function f (8,4) have an absolutely convergent (Lebesgue) integral 
over the spherical surface, the Laplace’s series converges (C, 1) to the value 
f (8, d) at any point of continuity of the function. 

It has further been shewn that: 

If the function f (0,¢) have an absolutely convergent integral over the 
spherical surface, the Laplace’s series converges (C, 1) uniformly to the value 
f (0, 4) at all points belonging to a closed set of points of continuity of the 
function. 

215. The theorem may be generalized so as to apply to the case of a 
point (0,4) at which the function is discontinuous. It has been shewn 
above that the Laplace’s series will converge (C,1) at the point (4, d) 
to the value A, provided 


[oJ 2. 8) - Absa (y) sin y dy ap 
becomes arbitrarily small by taking < small enough, as n > oo. If 25 S 


we may divide the integral into two parts by dividing the integration 
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from (0, «) into the two portions (0, 4) and G: <). We may then wi 


the integral in the form 
1 


a { f° a (} F, (y) — A} 2, (y) sin y dy, 


n 


FiQ)= 52 | S0.9)db. 
[" UP, () — A} 2, (y) sin dy 


1 
Fu) A | fantdy 


<BlF (has ywtene 
t}ai7t Y, Ys n : 
It thus appears that the first part of the integral will converge to zero, as 
ze t ; 
n> 00, if | | Fy (vy) — A | dy has, at ¢ = 0, a differential coefficient equal to 
0 


zero. 
We have next 


PO NESS A| 


n 


a ae psinty dy 


=), [no- 41%. 


Now 
[1-412 = [3 Pao Alay]: 


1 1 
n n 


[seta BO) — 4 ly dy 


id= al | F, (vy) — A | dy, the function ¢ (yy) is continuous in (0, €), 
0 


and ¢ (0) = 0, on the assumption that I | F,(y) — A | dy has the differ- 
if } 


ential coefficient zero at y = 0. We then have 


frien a1%- (2943) 


n 
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provided ¢ (y)< 8, for 0< y<«. Hence we have, since ne > 1, 


||) - Ape. (sin ydy|< a 
a 5 < k,"8, 
if n be sufficiently large. 
We thus have 


| [ts @) — A} 25 (7) sim y dy |< (lg + Hy!) 


for sufficiently large values of n. Since 6 and « are arbitrarily small we 
see that 
fim |" |" Py (7) — A}s, (sin y dy 
n> = 
is arbitrarily small. Hence the repeated integral converges to zero. 
It has thus been shewn that: 
If the function f (0, 4) have an absolutely convergent integral over the 
spherical surface, the Laplace’s series converges (C, 1) to a value A, at any 
point (0, b), such that 


[1 A@-A4ld=00, 


_ where F, (y) denotes 
1S f= = 3x 
an | £9). 
2146. With a view to the investigation of the summability (C, k), where 


0<k<1, of the Laplace’s series, the following Lemma, first stated ex- 
plicitly by Fejér, will be employed: 


If0 <p S31, and pH Cot Ge +... + On2"+ ..., then 


1 
(1 — 2) 


| ep Gz + oe + Ope” |< 


[eae 
where n 2 0,|2| S1,2#1, and H is a constant, independent of n and z, 
but dependent on p. 


p(p+1)...(p+n—1) 
n!} 


Since c, 


, we have ¢ = ¢, =c,=...; also we 


have c, < — where A is independent of n. 


We have 
| (1 = 2) Cngr2"# + Cn yg 2"t2 +o. + Omir 2™*) | 
| Cn4a2"t2 + (Cas — Cner)2"*® + (Cros — One) 2°48 + ... | 
<Cnia+ (Cn4a— Case) + (Cais — Ones) +--+ + Omar < Wns, 


2Onsa 
[i—2[" 


| Onsa2"tt + Cn aa2™42 + ob Cm 2 4t | < 
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First, let |1—z|S Z- , then 
le. +qz2+... ae =q+q+.-.+¢, 
<A (as : 


jit Qi-p 


tonto 


PD = 
< Bn Ate 


where A and B are independent of n. 


Next, let |1—z|> = then 


lo taz+...4 on" | ST 


It follows that for |z| <1, |q+aqz+ 


The Lemma will now be applied to the determination of an upper 
limit to the partial Cesaro sum of the series 
1+ 2cos@+ 2cos 20+ ...+2cosnO+.... 
It will be shewn that: 


If0sk<1,!€6, (@)|< a9 where C is independent of § and n, 


where 0< 057; ©,” ) denoting the ee Cesdro sum, of order k, 0 
the series 1 + 2cos6+ ... + 2cosné + 


This result was Sone by Chapman*; the method here given of 
obtaining it is due to M. Riesz}, who applied the result to the proof of 
theorems of summability of Fourier’s series. 


The value of the nth partial sum of the series is the coefficient of 


in the product of eras times the series 


14 2cos@.h+...+2cosn6.h", 
divided by C,, (see § = ; and this is the coefficient of h” in the product of 


w= =p + Sh+... + 8,h" + ...} 
* Quarterly Journal of Math. vol. xu (1912), p. 27. See also Math. Ann. vol. rxxit (1912), 


p. 211. 
+ Acta litt. ac sci. Univ. Hungaricae Francisco-Josephinae, vol. 1 (1923), p. 104. 
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divided by C,,, where s, is the nth ordinary partial sum which has the 
sin (n+ 4) 0 

2sin $6 

The coefficient of h” may be written as the coefficient of the i imaginary 
part of 


value 


1 r=n 
anid eth? SY O,e-Ve-ne- 
2sin4 r=0 


il A 

He i me 

consequently the modulus is < 2sin $0[1— |" as is seen by employ- 
k 
ing the above Lemma. Since | 1 — e~® |* has the value (2 sin 5) , it now 
follows that the modulus is < pie ee ors aus where H’ is a con- 
= (2sin £0)F41 = peri 

stant independent of @ and n, where 0 < @ < 7. 


alba) 


Since C,© Ir () Tm) 16 (1+ ,), 


where |<, | converges to zero with 1/n, we see that |S, (0) |< ao where 


Cis a constant which is independent of n and 0, for0< 0< 7. 
Referring to § 214, we see that 


S, = Py (cos 2 S,™ + Py (cos 6) S, 4" + ... + P, (cos 6) S,, 
where | S,_, | <4 Ae H, being independent of 6 and r. 


We have therefore 


|S, | < a pare 
in 9)? O1** [A * 48" of nt 
< Bri. a sin 6. 
Therefore we have 
[| 34 


DE-E 914k sind 9” 
where B, is independent of n and 6, for 0< @ < 7; and =," denotes the 
nth partial sum, of order k, of the series © (2n + 1) P, (cos 6). 
n=0 
We have also |s,® | <1+3+...+(2n+ 1) < Byn2, when 0 <6 <7. 


217. We shall now consider the nth partial sum of order k, where 
+< & <1, of the Laplace’s series. As in § 214, the expression 


Hl, {OFC 4)siny dyas 


23-2 
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may be replaced by three integrals, in which the integration with respect 

to y is taken over the three intervals (0, «), («, 7 — €), (t—«, 7); these 

three expressions may be denoted by I,, Iz, J, respectively. As in § 21 

it may be shewn that J, converges uniformly to zero, as n + ©, for all’ 

positions of (8, 9). 
We have 


ise By [LCM an yaya 


= dor nE-* -ayl* sink y 


provided the integral on the right-hand side exists. This is equivalent to 


the condition that | | =) sin y dy dd, taken over the area 
a—y)? 


aoe Sym, —a<¢Sa 


which surrounds the point y = 7, opposite to the point (6, 4) on the sphere, 
has a finite value. When this condition is satisfied, J, converges to zero 
as n> 0, and the limits of the expression for the mth partial sum of 
order & then depend only on J,. We have ; 


= 5 FiO) 20 ()siny dy ds, 
it} 


where, as before, F, (y) denotes = ie f (6', 6’) dg; thus the limit of 5,” 


depends only on the properties of F, (y) in the neighbourhood of the point 
(8, d), at which y = 0. : : 
We may write the expression J, in the form 
AL [=m onsinydyag +g [| .d)— Ab an® ()sinydy dh 
GAglo = v Gr} o}—s Y> nm NY, fy UO7 
where, as in § 215, A is a constant which has the value f (0, ¢) in case the 
function is continuous at the point (0, 6). As 2, (y) is expressible as the 
sum of a finite series which is linear in the Legendre’s functions P, (cos y), 
we see that the value of the integral j 


A fete = Z 
=. [7 20 @) sin dy as 

is A. 
= [TJs sin dy db <t 


where ¢.’ > 0 as ¢ > 0, and 


[- 2, (y)sin y dy dg 
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converges to zero, as % > 00, as is seen by putting F (y, ¢) = 1, in which 
case the condition at the point y = z, stated above, is satisfied. It thus 
appears that 


a : : = Ae 
im (2 () _ 2 (y) sin y dy dp — A| <= Wi. 

It f (6’, $’) is continuous at (6, ), we have | F (y,¢) — A| <6, where 
A=f (0, ¢), and 0 < y Se, where 6. > 0 ase > 0. Then 


elf 20.8) — Aba () siny dy a | 


Ss (6 = pecs ia ues 
<e), | Pal? sin y dy dB < ge (1 + Be). 


Tt now follows that 


Tim ["|" a. $)— Aden” ()siny dyad 


n>o 


is less than a number which is arbitrarily small, when ¢ is sufficiently small. 


Therefore fi i | é {F (y, 6) — 4} =, (y) sin y dy d@ has the value zero. 
Next, when f (0’, ’) is not continuous at (0, ¢), we see that the integral 
3] (Ei) — A} 25 (7) sin y dy ab 
may be written as the sum of two integrals obtained by dividing the 
interval (0, <) into the two parts (0, a) G. <), where == €. 


The first part of the integral is numerically less than 


xf 


1(” Bin? 
5), | FG) — A| - 


dy, 
t 
which converges to zero, as n > 00, provided = | Fi (y) -— A | dy =o). 
0 
The second part of the integral is 
1 1 siny 
<3], | Fy (y) — 4| ine ae 


n 


1 
Ss. | Fi(y) — Alay 
n 


where L is some fixed number independent of n and «. 
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Now 


[Uo 41 24= [ pra] FO)— 4127] 


i 
n 


ea{[|Fi)— 4 lady 


BAGS I F, (y)— A | dy, the function ¢ (y) is continuous in (0, e) 
0 


and such that ¢ (0) = 0, on the assumption that [ | Fi (y) — A | dy has 
0 
the differential coefficient zero at y = 0. We then have, if & > 4, 


[inm-4134-([S8]+e+n[ Se 


1 
n 


n 


$@) 2h pe, 1 
ee ae ee w)® 


n 


provided ¢ (y)< 8, for0<ySe. 
Hence we have 


[oy —4}2.@ @)siny dy] <2", 
uf 
n 


if n is sufficiently large. Therefore 
|| O)—4}3,@ (sin y dy |< (hy + 15")8 
for sufficiently large values of n. Thus 


Tim [7 10) Aba. (sing dy 
is arbitrarily small. Hence the repeated integral converges to zero. 

It has thus been shewn that: 

If f (8,4) is absolutely integrable (Lebesgue) over the whole spherical 
surface, when $< k <1, the Laplace’s series converges (C, k) at the point 
(8, 4) to the value A, if [ | Fi (y) — A | dy = 0 (y), provided the condition, in 
the neighbourhood of the point y = 7, opposite to the spherical surface, is 
satisfied, that [Feet sin yay dd exists, when the integration is taken 
over the surface ee by a small circle round the point y = 7, opposite to 
the point (8, 4). 
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The condition E | Fy (y) — A | dy = 0 (y) is satisfied with A =f (0, ¢), in 
0 


case the point (0, d) is a point of continuity of the function. This is how- 
ever not sufficient for the convergence (C, &), where $< k< 1, unless the 
condition at the point opposite to (8, ¢), on the spherical surface, is 
satisfied. This latter condition is satisfied in case the function f (6’, ¢’) is 


bounded in the neighbourhood of the point y = z, or more generally if it 
has an infinity at that point, such that | f (0’, 4’) | < my where s<}. 


Further sufficient conditions have been obtained by Kogbetlianz. 


EXAMPLES 


1. If the function (7 — y)° f (8’, ¢’), for a value of s > 3, is regular in the neighbourhood 
of the point y = 7, opposite to (8, ¢), and (6, $) is a point of continuity of the function f (0’, ¢’), 
then the Laplace’s series is only summable (C, k), for k< 1, in case k > s — 1. 


2. Té(l+ )ReD -f (x), for 4 < <1, is absolutely integrable in the interval (— 1, 1), the 
Legendre’s series for the function f(x) is summable (C, &) at the point 1, with the sum 
f (1, — 0), which is assumed to exist. 


3. If f(x) is absolutely integrable in (— 1, 1), the Legendre’s series is summable (C, &) 
at the end-point x = 1, for every value of >, if f (x) is, at the other end-point x = — 1, 
infinite of order s <3. If 1>s> % the series is summable (C, &) for 1 > > 2s — 1. 


4. It k <4, there exist functions which are continuous over the whole spherical surface 
such that, at a prescribed point, the sum (C, £) of the Laplace’s series does not exist. 


Let f(0)= = OF Pa (cos 6) — Paris (cos 6)} 


this series is absolutely and uniformly convergent for 0< @ <=, and thus f (0) is con- 
tinuous, and f (0) = f (7) = 0. The Legendre’s series for f (0) is 


12 2 
0 +042 P, (cos) ~ @2" P, (cos 8) + O+ 


This series is non-convergent for @ = 0, and @ =z, and is not summable (C, £), for any 
value of & < 4. That it is summable (C, 1) has been verified by H. P. Bannerjea. 


5. Ifa) 20,2 4,2... 2a, = 0, then for —I1sz<1, 


Po (x) + ay Py (4) + ... + Gn Py (x) > 0, 
and in particular P, (x) + Py (a) +... + P, (x) > 0, 
for n = 0, 1, 2, .... (Fejér, Acta Litt. Univ. Hungariae, vol. 11 (1924-26), p. 82.) 


CHAPTER VIII 
THE ADDITION THEOREMS FOR GENERAL LEGENDRE’S FUNCTIONS 


218. In § 89, the theorem 
P,, (cos 8 cos 6’ + sin 6 sin 6’ cos d) 
“TI (x — m) 
iil (n+m) mee 
where n is a positive integer, oe been established, and it has been called 
the addition theorem for the Legendre’s function. In the present Chapter — 
the theorem will be extended to the case of the function P,, (u), when n is 
any real or complex number, and p» may also have complex values. The 
corresponding addition theorems for the Legendre’s functions, of un- 
restricted arguments and degrees, of the second kind, will also be investi- 
gated. As a preliminary to this investigation, J: cea 8 investigation* of 
the value of the definite integral 


= P,, (cos 6) P,, (cos 6’) + 2 = ™ (cos 0) P,,” (cos 8’) cos md, 


eae 
o 4+ Boosé+ Csingd 
will be given, where A, B, C are complex numbers. If we write u = e%, 
the equation A + Bcos% + C sing = 0 is equivalent to 
(B— WC) w+ 2Au+ (B+ C)=0. 
The roots of this equation are u,, u, where 
— (A? — B?— €2)3 em CE 02)8 


4 Bw ye B- 2 
so that 
ty Us = ie and (B—.0) (%—%) =2(42— B?— 02). 


In case either | u,| or | uw | has the value 1, A + Bcos¢ + C sin ¢ is zero 
for some real value of ¢s, and then the integral does not exist, because the 
integrand is infinite at some point. 
The integrand in the integral may be written in the form 
1 ( Uy Uz a 
(42— B2— 023 \y-—u %&— 4)’ 
y can be expanded in the Bee convergent series 


and —“2 
Tn 
Teel cana 

Ug Uy” 


* Journal fiir Math. vol. xxx (1846), pp. 8-13. An account of this investigation is given 
by Heine, Kugelfunctionen, vol. 1 (1878), pp. 27-31. 
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or in the uniformly convergent series 
2 
= 2(1 + Ue US =) 
UU UU 
_ according as | w.|> 1, or | uw, |< 1; the case | w| = 1 has already been 


dealt with. A similar statement is applicable to oa A 


uw” 


Tf | uw |>1, | %|> 1, or if |u| <1, | %| <1, the integrand is re- 
presented by a series of cosines and sines of multiples of 4, which has no 
constant term; since this series is uniformly convergent it then follows 
that the given integral has the value 0. If | u,|> 1, | uw | < 1, the value 

2a 
(A2 — Be 022 
chosen that | A — (4?— B?— 02)? |<|B-—]..- 


In case | u, | or | wu, | has the value 1, the integral does not exist. 


of the integral is where the value of the radical is so 


We have now obtained the following result: 


The integral [ 2 i ae 
Jo A+ Beos¢+ Csing’ 
has no value in case either 
| A + (42?— B?— @2)8|=|B-C|, 
ores | A — (42 — B?- 0%)#|=|B- AC]. 
Tt has the value zero if | A + (A?— B?— C)3| and | A— (4? — B?—C?)} | 
are both greater, or both less than | B —.C'|. If one of these is greater and 


ihe other less than |B — iC |, the integral has the value See 
(42 — B? — 02)3 


2 


where the radical has the sign for which 
| A— (42— B?- 02)8| <|B-C|. 

219. The conditions in the above theorem were reduced by Jacobi to 
a more symmetrical form which is simpler to apply in special cases. 

If we write A=a+', B=y+y', C=z+ 2, it is clear that the 
equation A + Bcos + C sin ¢ = 0 is equivalent to the two equations 

x+ycoss+zsnZ=0, 2 +y' cosp+z2'sing’=0, 
which hold in case % can have a real value. We thus have 
cos of _ sind 1 
wa —2x ay —xvy yz —yz 
unless yz’ — y'z = 0, 2a’ — z'a = 0, xy’ — 2’y = 0, in which case A, B, Cc 
are in the ratios of the three real numbers 2, y, z. Thus, if % have a real 
yalue, for which the integrand is infinite, the condition 
(yz! — y'2)? = (za! — 2'x)? + (wy’ — ay)? 
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is satisfied. Hence, when this relation is satisfied, the integral does not 
exist, unless 4 = = a in which case the integral is a multiple of 


paz dbs 
| 0 @+ycosp+zsing’ 
which, in accordance with § 16, has a definite value only if 2? > y? + 23 
thus, when this latter condition is satisfied, the given integral has the value, 
= es 
(42— Be C2)2 
For simplicity in the further discussion it is convenient to take z= 1, 


, 


«=0,y= 8; y' =f',z=y,2' = y'; we thus consider the integral 


Qn 
iF T+ (B+ aes (+ y)sing 
Let  — um’ denote {1 — (8 + of’)? — (y + vy’)3}4, where the value of 
the radical is taken to be that for which 7 is positive. 
- We have [B+ C|?=|B+ cB’ +e(yt+y’) |? 
=(B—y')? + (B' + y)? 
Bot BO + + y — 2 (By’ — Py); 
and similarly | B — 10 |? = 2+ B2 + 2+ y'2+4 2 (By — By); 
therefore | B® + 0? |? = (B? + B+ 24 y'2)2— 4 (By! — pry), 


Also, since (n — m’)? = 1 — B? — C2, we have 
| Be+ C?/2=|1—n+um’|?|1tn— um’ |2= (14 024 n')2— 4n2, 
It follows that 
(B+ BP y+ 2)? 4 (By — By) = (1+ nt + nie — dnt, 


and from this identity it is seen that 62+ 62+ 72+ y221+n24 n?, 
according as | By’ — B’y| 2 n. 

We have also 

nh — 02 = 1— BP — 2 + B+ y'2, mn’ = BB + yy’; 
and from these relations it follows that 
{(By' — B’y)? +n} {(By’ — B’y)? — 0} 
(By — B’y)? + B® + y*} {(By’ — B’y)? — B= 9 
from which it is seen that | By’ — p’y | 2 n, according as 
| By — Bry |? 2 B2 + v2. 
It is now seen that, according as (By’ — B’y)? — B? — y'2 2 0, 
B+ BP + 72+ y%is 21+ n2+4n'2 
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_ Without loss of generality we can suppose By’ — B’y> 0, for if it is 
" negative we can change ¢ in the integral into 27 — #, by which the limits 
of the integral are unchanged, while 8, 8’ remain unchanged and y, y 
_ change their signs. 
The values of | |? and | w, |? are 
(n+ 1)?+n? | and | (n— 1)? +n? : 
BE B24 yet y? 4 2(BY—By)| — |BR+ B® + y? ty? + 2 (By — By)! 
thus we have | u, |?> | uw |?, since z is positive. 


According as (By’ — f’y)? 2 B+ y?, we have 
By’ — Bly zn and B+ B2+ P+ y2zZ1lt+n?+n%, 
and thus | w, |? is = 1. 


If | «, |?< 1, we have also | wu |?< 1, and the ‘integral has then the 


- value zero. Since 


[B+ tet )| 
[B+ eB’ — ely + oy) 
Pant (B- y+ (8 +y)?_ B+ B+ y+ y?=2 (By = By) 
2) (Baa a (e)) Bape aay ey) 
and therefore | 12) |?< 1; hence, when | w,|?> 1, we have | u|?< F, and thus 


| wuz |= 


we have 


T 


—___—* ____ , where the real part of the radical 
(1 — B?-— 078 


the integral has the value 
is positive. 
It has now been shewn that, according as (By' — B’'y)? = B+ y”? the 
2a 


value of the integral is zero, or ——__—___,.. 
(1 — B? — 028 


If we now change B into 2 and C into 2 it is easily seen that the 


conditions (By’ — f’y)? 2 8’? + y’? become 


(yz! — y’z)? 2 (20' — 2'x)? + (xy’ — 2'y)?, 
where the new values of A, Band C arex+uu',ytw’,z+’. 
The following result has now been established : 
lfA=aeiw, Ba=yty',C=2+ 2, the value of the integral 
| ee Ue ee 
9 4+ Beos$+ Csing’ 
is indeterminate in case (yz’ — y'z)? = (zu’ — 2'x)? + (xy’ — x'y)?; unless 
TT 
? (A2— B2— 02) 
provided x? — y® — 27> 0. 


f= 5 


in which case the integral has the determinate value 
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Tf (yz' — y'z)? > (za — 2x)? + (ay — x'y)®, the value of the inte 
is zero. a 
Tf (yz’ — y'2)? < (2a' — 2x)? + (ay’ — x'y)2, the value of the integral 
go R , where the radical has the sign for which E 
(42— = 02) 3 
| A— (42— B?- 0%)F | <| B-w0|. 
The above proof can be easily adapted to the evaluation of the integr 
oe cos mb db (22 sin mip db 
I, A+ Beos¢+ Csiny’ I, A+ Boos$+ Csing’ 
where m is a positive integer. 


We obtain the following results, which were stated by Jacobi: 
: Tf (yz — y'z)? > (za’ — ex? + (ay — x'y)2, then 


; ‘ie cos mis ea sin mis ds 
At Beowy+ Canp ‘|, At Boosp+Csng 
| SS Uy” — Ug” : 
: (4?— B— 0} 
i Tf (yz’ — y'2)? < (zx' — z'x)? + (zy’ — 2'y)2, then 
Hy ie cos mis Ug + Uy” 
0 A+ Boos$+ Csing ” (42 — Be OY 
sin mi ab Uy — Uy a 
o A+ Beos$+ Csind’ (42 — Be 028" * 


where m is a positive integer, and the sign of the radical is determined as before. 


THE ADDITION THEOREM FOR THE FUNCTION P,, (2) 


220. Let 4, uw’ be any points on the plane of p, not on the cross-¢ ab 
in the real axis from 1 to — «, such that R(u)>0, R (u’)> 0. The 
following theorem will be established : : 

If R(w)> 0, R (u’)> 0, the series 


P,, (4) Pn (u') + 2 2 es 7) p,m ™ (u) P,™ (u') cos md q 


converges to P,, (up’ — Vu? — 1 — 1 cos 4), uniformly for all real values 
of 4; the index n being unrestricted. 1 


If n is a real integer, the series is finite, and m has the values from 1 to 


The series may be written in the form 


P, (1) Py(w’) +2 3 (— 1)" Pym (1) Pa” (u!) 0084, 


as is seen from (33) of Chap. v. 
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It has been shewn in § 185 that the Fourier’s series for the expansions of 
{y+ Vib — Leos (b— $3", (uw + Vp? — Leos pf)" 

_ are, provided R (4) > 0, B (z') > 0, 

2 TI (n) 

=1 I (n+ m) 


; 2 H(—-n-1) 
ee Il (m—n—1) 


P,, (ee P,." (u) cos m ( — $), 


P,” (2’) cos mib. 


The first series terminates if 1 is a positive integer. 


Tt was further shewn that these series converge uniformly for all values 
of the real numbers %, ¢; the number n is unrestricted. 


Applying Parseval’s theorem, it follows thatthe series 


@P, (uw) P,(w) +4 3 oe a ™) Pm (u) Py (q') cos mp 


converges to 


a {y+ VEt= Loos OF gy 
== (wu +Vu?— loos$)"™ 

Tt can also be shewn that the convergence of the series is uniform for all 
real values of ¢. For we have 


T 


mtr ris | 
x p 2 essen (x!) cos mp a 


2 Tomy Pu (x) 008m (— ¢)| 


zi 
rs Ie Z Il (n+ m) 

1, mir I(—n—1) | 

19 m (py! 5 

x Fe 2 =< Hrs (fw ) cos map | db; 

if now m, be chosen sufficiently large, the expression on the right-hand 
side is < 27e2, for all values of ¢, as is seen from the fact that the two 
series are uniformly convergent; ¢ being an arbitrarily chosen positive 
number. The expression on the left-hand side is equal to 


mer (— 1)" Tl (n — 
Agr Ace Sean here 
= Gem) 
and thus the condition for uniform convergence with respect to ¢ holds 
good. 

If the two points p + Vp? — 1, » — Vu? — 1 be denoted by P and Q, 


and the two points p’ + Vu? — 1, p’ — Vu? — 1 be denoted by P’ and Q’, 


™) pm (y) P,l (yu!) cos mo, 
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the points p + Vu? — I cos (— 4), p’ 4 Vu — 1 cos % are points R, 
lying on the segments PQ, P’Q’ respectively. It follows that, O being the 
origin, 


[w+ Vet los (~ $)|_ | OF 

| Ww +Vp2—1cosh | |OR’) 
and this is, for all values of ¢ and ¢, in the interval bounded by the greatest 
and the least of the four numbers, 

| OP 2) | 0Q | | 2 

1) aE) 0g? |OP’|? 10Q'|° 


See = 
Thus the points eee eee ey when all values are assigned to 
wtp? lcos¢ 
and ¢, form a bounded set of points at a finite minimum distance from 
1 P 


the origin. Let ¢ have a fixed value; then all these points ae may be 


included in the interior of a contour S, to which the origin is exterior, 
and which cuts the real axis only in points on the right of the origin, 


In order to transform the definite integral 


" {u+V ph? — 10s (ib — OF ay, 
== (uv +V uF loos py" 
where ¢ has any fixed value, we see by Cauchy’s theorem that 


BEV pe leosy 


ety e loos $)) 
Bw +Vp— loose 


( V2 — Tos (ys — éy" Zee bs dh; 
[im 


we thus have 
ie Cte ae 1 ie ay | 2 


== {uw + (uw? — 1)8 cos rt 2m (9 4+ Boose+ Candee 


where 
A=hp'—p, B=h(w?— 1) (u?— 1)3 cos, C= — (v2 — 1)8 sind. 


Since the modulus of the integrand on the right-hand side is bounded, 
the order of the repeated integration may be reversed; we thus have 


* {n+ (u2— 1)F eos (p— 4)}" 1 nap |” ap i 
rane ae dh |" a= Bost Oae 


We find at once that 42 — B2— C2—1] 2hl + h?, where ¢ denotes 
uu’ — (nu? — 1)? (uw? — 1)8 cos 6; 


and we proceed to evaluate the integral on the right-hand side by em- 
ploying Jacobi’s theorem given in § 219. 
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Let . = cosh (€ + um), »’ = cosh (é’ + um’), where 0S &, — 42 < 9) < 377, 
—~«(OS £7, — fn < 9 < Fy, since R (u) > 0, R(p’) > 0. 
Denoting A, B, C by «+ uw’, y+ yy’, 2+’, where a, 2’, y, y’, 2, 2 
are all real, we find that, when h = h, + ck,, where h,, i, are real, 
a = h, cosh é’ cos 7’ — k, sinh é’ sin 7’ — cosh € cos y, 


x’ = h, sinh é’ sin 7’ + ky cosh €’ cos 7’ — sinh € sin 7; 

y = hy sinh ’ cos 7’ — k, cosh €’ sin 7’ — sinh € cos 7 cos ¢, 
y' = h,cosh €’ sin y’ + ky sinh é’ cos 7’ — cosh € sin y cos 4; 
z= — sinh € cos 7 sin ¢, 


z’ = — coshé sin y sin ¢. 
We then find that Z 
yz’ — y'z = sin ¢ [h, (sinh € cosh é’ cos 7 sin 7’ — cosh é sinh é’ sin 7 cos 7’) 


+ k, (sinh € sinh é’ cos 7 cos 7’ + cosh € cosh é’ sin y sin y’)], 
az' — x'z = sin d [hy (— cosh € cosh é’ sin 7 cos n’ + sinh é sinh €’ cos 7 sin 7’) 

+ k, (cosh € sinh €’ sin 7 sin 7’ + sinh € cosh €’ cos 7 cos 7’) + sin 7 cos y], 

xy’ — w'y = (hy? + hy?) sin’ cos 7’ 
+ hy [— cosh € cosh €’ sin 7 cos 7’ cos ¢ — cosh € cosh €’ cos 7 sin 7’ 
“4+ sinh € sinh é’ cos 7 sin 7’ cos ¢ + sinh é sinh é’ sin 7 cos 7] 
+ k, [cosh € sinh €’ sin 7 sin 7’ cos ¢ — cosh é sinh €’ cos 7 cos 7’ 
+ cosh é’ sinh € cos 7 cos 7’ — sinh é sinh €’ sin 7 sin n’] 
+ sin 7 Cos 7 cos ¢. 

Assuming that sin ¢ + 0, the first two of these expressions shew that, 
in general, there is at most one point (h,, /) at which all three expressions 
vanish; this is the case only when h,, &,, as determined by the first two 
conditions, also satisfies the third. If ¢ is 0, 7, or — z the first two ex- 
pressions vanish, and the third will vanish only on the circumference of 
a certain circle. This case may be omitted because the integral must be 
a continuous function of ¢ at each of these points. If y = 0, 7’ = 0 the 
first two expressions reduce to k, sinh é sinh é’, k, sinh € cosh £’ respectively, 
and the last reduces to &, sinh (é— é’), and this vanishes when , = 0 or 
when é = é’, in which case » and p’ are real and equal and > 1. In the 
former case the expressions vanish everywhere on the real axis. 


: dhs 3 
It is known (see § 219) that ie AES oie Oa exists and has 
2Qar 


the value Vo Bo provided 


(yz! — y'2)? — (zx’ — 2'x)? — (xy' — 2'y)? < 0; 
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accordingly this is the case for all points on the boundary of S, unless for 
a point on that boundary at which yz’ — y'z, zx’ — z'x, ay’ — x'y all vanish; 
and it has been seen that there is at most one such point. 
In case n = 0, 7’ = 0, k, = 0, and therefore 
ye — yz = 2a' — x= ay’ —2'y=0 
everywhere, we have A + Bcosy + Csiny’ =A (x+y cos % + zsin }), wh 
A is some fixed number. We find that 
a? — y? — 22 = h,? — 2h, (cosh é cosh &’ — sinh é sinh é’ cos ¢)+1, 

and this is certainly positive at the origin. The integral 

ee eee ab 

--4+Beos¢+ Csing AJ_,x+ycos%+ zsing 
has the value 


1 Pig 2a 


= =e OL = : 
AV — yp — 2 /A2— B?— @ 
provided x? — y? — 22> 0. 


All the points at which a? — y? — 2? < 0, at which x + y cos & + zsin } 
vanishes for some value of %, are interior to S. Starting from the origin: 
and moving up to any point g on the boundary of 8S, it follows that ab @ 


x? — y? — 22> 0. Thus we have, at every point on the boundary of the 
contour, 


ipa db 2a 
Eo + Beos¢+Csing /42— B2— G2 
At the points ¢ + /Z? — 1, we have A? — B2?— (2 = 0, or 
1 — 2hf +2? =0. 
It follows that, at either of these points, 
ey? — = x? y’%— 22, and xx’ — yy’ — zz’ =0; 
it then follows that 
(y2' — y'z)? — (ay’ — x'y)? — (az 
which is equivalent to (x? — y? — 22) (w’? — y’? — 2") — (aa! — yy’ — 22’)? or 
to (x? — y? — z*)®, is positive, unless a? — y?— 2 = 0. 


0 


wig) 


Except when 7 = 0, it is seen that when | /| is sufficiently large, on 
account of the dominant term (h,?+ &,2) sin 7’-cos 7’ in the expression for 
ay’ —x'y, 


: 


(yz! — y'z)? — (ay’ — x'y)® — (wa! — 2'z)? <0, 
provided | h| is large enough. When 1’ = 0, the values at the origin, of 
the three expressions, are 0, sin 7 cos 7, sin 7 cos cos ¢; hence, at the 
origin, 


jz! — y'Z)® — (ay’ — x'y)? — (az' — x'z)? sin?7 cos? n, 
y y Yy y n q 
which is < 0, unless 4 = 0. 
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It has thus been shewn that, when 7, 7’ are not both zero, there is a 
point exterior to 8 at which 
(yz! — y’z)? — (ay! — a'y)? — (az! — a'z)® < 0. 
When » and 7’ are both zero, » and ,’ are both on the real axis and are 
> 1; y2' — y'z, 2x’ — z'x, xy’ — xy all vanish at the origin and x = — cosh é, 
y=-—sinh €cos¢, z= —sinhésin ¢. Therefore x? — y?— 2?=1, and 
thus the condition is satisfied at the origin for the value of the integral to 
be 2x/(A2 — B2 — C2)8. 
At a point at which A + Bcos¢% + C sin v = 0, and at which 
yz —y'2, 2’ —2'x, xy’ —x'y 
are not all zero, (yz’ — y’z)?— (ay’ — a'y)? — (xz' — 2'z)? has the value zero 
for some value of %, since : 
z+ ycos%+zsing=0 and a +y' cosp+2' sing =0, 
1 cos sin f 


from which 7 7 ot 7 ee 
ye —yez z'—2'x% ay’ — xy 


; x z 
When yz’ — y’z, ay’ — x'y, xz’ — a'z are all zero, or i Zz = 7 we 


have at stich a point «+ ycos%+zsin¢ = 0, and thus 2 < y?+ 2. 
All such points are, by hypothesis, interior to S. 
In the general case, starting from a point X, outside S, at which 
(y2' — y’2)? — (wy’ — a'y)? — (az' — w'z)?< 0, 
and moving along a curve which avoids any point at which yz’ — y’z, 
zu’ — z'x, wy’ — x'y are all zero, up to a point g on the contour S (at which 
the same restriction holds), it follows that the condition 
(yz! — y’z)? — (ay! — a'y)? — (wa’ — w'2)? <0 
must be satisfied at g, for otherwise there would be on the are pq some 
point at which the expression vanishes, and all such points are interior to S. 
It follows that, at all points on the contour S, or exterior to it, the 
condition 


: 


w’y)? — (xz' — x'z)?< 0 


(ya! — y'2)? — (xy 
is satisfied, unless «2 — y? — z?= 0. It is thus seen that, when 
xz == ye ses Ze eA 0, 
both the points { + \/f? — 1 are interior to S. When 2? — y? — z? = 0, we 
have also a’? — y'? — z'2 = 0, az’ = yy’ + 22’, hence 
(y? + 2) (y? + 2?) = (yy' + 22')%, 
or yz’ — y’z = 0, and thus 


US Vantaa 
y = 2 oy yy ae zz! — a? 
thus ye —y2= 2! — 2x = xy’ — a'y=0. 
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A point at which these relations hold good, and at which a? — y?—2=0, 
is interior to S. 


It has thus been shewn that, in every case, the two points ¢ + V@—1 
are interior to S. ] 
fee ds Qa 
[emg +Beost+Csing /42— B2— GC?’ 
on the boundary of S, except possibly at a single point, or at the points 
of a finite set (those which are on the real axis), we now have 


1 ie {w+ 2? — 1cos (¢ — ¢)}" i | hr dh 
Qa i-n (+ p’?— eos)” Qa} (sy /1 — Dhl +2 


To determine the phase of the radical, we must have, in accordance with 
§ 218, | hu’ — w — (1 — 2h¢ + h2)*| less than the greater of the numbers 
| h(w2— 1) — (ut — Ib eos + «(u2— Ising |. 

Let h be taken to be real and large, then the first expression has the 

‘asymptotic value | «’ -1|, and the second the asymptotic value 

h| w’2—1|%. It is clear that we must take the upper sign in the first of 

these. Therefore the phase of (1 — 2hf + h2)? is such that it tends to zero 

as h is increased indefinitely through positive values, and this is the same 
phase as that assigned in the formula (86) of Chapter v, for P,, (¢). 


Since 


The expression on the right-hand side is therefore equal to P, (0), 
since the contour S contains the two points {+ VG — 1 in its interior, 
and has the origin on its left-hand side. 


The case in which ¢ = 0 has been hitherto excluded; but this excep- 
tion can be at once removed. For the expressions on both sides of the 
equation are continuous with respect to ¢. The general form of the addition — 
theorem has now been established. 


The case in which ¢ = 0, é’ = 0, when p» and yp’ are on the real axis 
between 0 and 1, can be deduced, although ¢ may be on the real axis 
between — 1 and 0. For in this case, p», p’ have values cos @ + 0.1, 
T 


2 


cos #’ + 0.1, where 0< 0< = Oo<< 


Since 
P,, (cos 6 + 0.1) = P,, (cos 8), 
and P,,” (cos 6 + 0.1) P,™ (cos 6’ + 0.1) = (— 1)™P," (cos 8) P,” (cos 6’), 


we have, remembering that the formula 


1 hr 
P,(0)= SA — 2hE+ h? 
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holds good in this case, 
P,, (cos 8 cos 8’ + sin @ sin 6’ cos 4) 

= P,, (cos 6) P, (cos 6") + 2 = eS 


rege & ee 


In case n is a positive integer the series is finite, ceasing at the term 
for which m = n. This is seen by remembering that 
Il (x —m) 
=P 
TI (n+ m) 
The general theorem proved above, that the conditions R (y) > 0, 
R (u’) > 0 are sufficient for the validity of the addition theorem for the 
- function P,, (2), was established* by Hobson. The theorem was established} 
earlier by Whittaker and Watson that the conditions 


R(u)>0, R(w)>0, Biup' — (u2— 1k (wh 
are sufficient for the validity of the theorem. A much less precise investi- 
gation was givent by Heine. 


‘n® (cos 6) = (— 1)™ P,,- (cos 8). 


221. Since the sum of the series in § 220 is continuous, it is clear that, 
if the line joining the points 


pel — (w? = 18 (pw? = 1), wp! + (v2 = 1)F (w? — 18 

crosses the real axis, it must cross it on that part which joins the points 
—1,+ o, for the function P,, is continuous only if its argument crosses 
that part of the real axis. The corresponding function Q,, of the second 
kind is however discontinuous if its argument crosses the real axis between 
the points — 00, + 1. 

The statement made above as to P,, will be verified, and the circum- 
stances will be investigated in which the line joining the points 

pe! & (v2 — 18 (u2— 18 

crosses the real axis, with a view to the ensuing investigation of the 
addition theorem for the function Q,. 


Let y= cosh (+m), p’ = cosh (é’ + um’), where, assuming that 
R(u)> 0, R(u’) > 0, we have 
ae ee eS Eee 
3<1<5> 351 <> 0o<é 052. 
We have then 
wel +V pe? — 1p? — 1 = cosh (E+ £’)cos(n + 7’) + esinh (E+ sin (q+ 7’), 
py! — Vp — TV? = 1 = cosh (€ — €') cos (q — 9’) + esinh (€— £’) sin (y— 7’). 
* Proc. Lond. Math. Soc. (2), vol. x1x (1928), p. 355. 


+ Modern Analysis, 3rd ed. (1920), p. 328. 
{ Kugelfunctionen, vol. 1, p. 319. 
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The point ¢, in which PQ cuts the real axis, lies on the segment PQ joining 
the two points P, Q which denote 


pel + VP Vd, pp) —V-1Vp? 1 
respectively. The points P, Q have the coordinates 

cosh (§ + £’) cos (q + 7’), sinh (€ + €’) sin (q + 7’), 
and cosh (§ — €') cos (q — 7’), sinh ( — &’) sin ( — 7'), 
respectively. The point R in which PQ, when produced if necessary, cuts 
the real axis has the coordinate 7 


1 sinh 2é sin 27’ + sinh 2é’ sin 2 
2sinh (€ + €’) sin (q + 7) — sinh (€ — €’) sin (q — 7)” 

If € + é’, we may suppose that > é'; if 7 + ’, 7 — 7’ have the same ~ 
sign, P and Q are on the same side of the real axis; if » + 7’, 7 — 9 have 
opposite signs, P and Q are on opposite sides of the real axis for any — 
value of ¢. In the former case ¢ is not on the real axis, and we need 
therefore only consider the latter case. Then (1), if 7, y’ are both positive 

_and 7 < 7’, the numerator and the denominator in the expression for OR 
are both positive, and therefore OR > 0; (2), if , 7’ are both negative 
and n> 7/, we also have OR > 0; (8), if y is positive and 7’ negative, 
7 — 7’ is positive and 7 + 7’ is negative; the denominator is negative, and 
the numerator is : 


OR 


< 4sinh 2é (sin 2y + sin 27’), 

or is < sinh 2é sin (n + 7’) cos (yn — 7’), 
which is negative, thus the numerator is negative, and therefore OR > 0; — 
(4), if 7 is negative and 7’ is positive,  — 7’ is negative and 7 + 7) is 
positive; the denominator is positive, and the numerator is 

> sinh 2€’ sin (n + 9’) cos (q — 77’) 
and therefore positive; thus OR> 0; (5), if 7 = 7’, Q is on the real axis ab ~ 
a distance cosh (€ — é’) from O; thus OR is positive and > 1; (6), if 
n= —17/, P is on the real axis at a positive distance cosh (€ + ¢’) > 0 
from O. The point ¢ can coincide with P or Q only when ¢ is zero or @ 
multiple of z. It has thus been shewn that, when é + €’, the point Rig 
either not on the real axis, or is on the real axis and has a positive value, 
except in case ¢ is zero or a multiple of 7. We shall assume provisionally 
that ¢ has not one of these values. 

In case € = &’ £0, Qis on the real axis at a distance cos (n — 7’) (> — 1), 
from the origin, and P is not on the real axis unless 7 + 7’ = 0. The 
point R is not on the real axis, because it cannot coincide with Q, on 
account of the restriction on ¢. In case é = €’ = 0, the point ¢ is on the 
real axis, at a distance from O which is > — 1; this case will be excluded 
for the present; that is, we assume that p» and yp’ are not both real and 
between 0 and 1. 
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THE ADDITION THEOREM FOR Q, (11) 


222, Weproceed to investigate the addition theorem for the Legendre’s 
function of the second kind. 


It has been shewn in § 185, (155) that, when R (y’) > 0, Rk (n+ 1)>0, 


1 
{u' — (u’? — 1)2 cos (¢ + ew) }"# 
= Pa) +2 3, pres ay — Pat (008 (Bo) 
P,,(u') 25 : re lp, ” (1') cos m (f + wu) 
=P, G+ ae aT =m (u1') cos m (f + on), 


; and it was shewn that the series converges 


uniformly for all values or i and uniformly for all values of & (u) in an 
interval (0, uw) when u)< $log | a = 


: | . The number w in wis not necessarily 
real, because its imaginary part can be added to ¢. 
If we multiply both sides of the equation by {u — (u2— 1)? cosh 1}", 


and we assume that eae) < |z fet , and integrate through the interval 
a T er gS 


(0, 10g 2 


:) ; we have 


wtl 
jee {u— (uw — 1)? cosh wy} 
0 {ui — 


— U, 
(22 — 1)? cos (¢ + wu)" 
wt1 


dost = 
=P) [w(t yhooshys +2 E SE) pm 


x< | = {u- (We 1)? cosh u}" cos m (fb + wt) du. 
0 


In order to shew that the integration of the series term by term is 
valid provided R (n + 1) > 0, we see that 


> 


x [ "Ee aa P,-” (uw) cosm (d+ a)| du 
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where m, is so chosen that 


mats | Il (n +m) 
a 2——___" P,, 
m=m, I (n) 
for all values 1, 2, 3, ... of s and for all values of u and ¢ such that R (u) 
is in the interval (0, u), is equivalent to 
1 1 (—#) [ mts (ST (n+m) 
[eqs ry Pe 
where ¢ denotes » — (z2 — 1)? e*, and this is less than a fixed multiple of 
e, where & (x + 1) > 0, the point » not being in the cross-cut. Thus the 
validity of the term by term integration is established; and it has been 
shewn that the series converges uniformly for all values of ¢. 


—™ (w’) cos m (6 + uw) | Se 


—™ (u') cos m (f + «| dt|, 


Employing the formula (118) of Chap. v, for Q,” (4), and adding the 
two series obtained by taking both signs for + ww, we see that the series 


P, (uw!) Qn (uw) +2 E (— Pa (x') Qui (x) €08 mg 


converges to 
etd 
tlog =r 


ie {uu — (nu? — 1)® cosh u}" 


x { : ata l au, 
{u’ —(u’? — 1) cos ($ + wi) {u’ — (2 — 1)? cos (f — eu) 
provided R (n + 1)> 0, R(p’)> 0, and j 


[tog ttle jtog 4 = 


and that the convergence is uniform for all values of ¢. 


The last condition is satisfied either (1), if R (u) > 0 and 
w+1 w+) 
log Fea <log | 1 
in which case p is outside the circle on which the ratio of the distances 
of a point from the point — 1 and from the point +1 has the constant 


value ee: or (2), if R (wu) <0, and yp is outside the circle which is 

Ip 4 
the optical image of the former circle in the imaginary axis. This last 
condition may be expressed in the form that the point — » for which 
R (— 4) > 0 is outside the circle on which the ratio for p’ has the constant 
E +1 


value =4\- 
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In order to transform the sum of the series we apply to the integrals 


polos &) {uu — (uw? — 1)* cosh u}" 
0 {u’ — (uw? — Dhcos (6 = "7 
the transformation 
{ue — (u2 — 1) cosh u} {y+ (u? — 1)? cosh x} = 1; 
the limits for v are oo and 0. The integrals become 


[ 2 dw 
o (A+ Beoshv + Csinh v)"**’ 


where 


A= C= pp! — (p2— 1) (u'?— 1008 4, 
B= p! (u2— IE p(n’? = Leos 4, 
C=1(u/2— lisin 4, 
and thus A? — B? 4+ O?= 1. 
Let A={, B=(@—1)tcoshyp, C=(@— 1) sinh yp. 
The expression for the sum of the series then becomes 
eS dv 
a) .G+ Ga iFeok ora’ 
where is determined by the above conditions, and is not necessarily real. 
If p = p + wg, since the integral is unaltered by changing v — g into 2, 
we have for the sum of the series 
ty? dv 
2] —2 {f+ (@— LF cosh (v + yp)}"* 

In accordance with the results obtained in § 172, in case R (2) > 0 the 
integral has one of the three values Q, (2), Q, (0) £ uP, (f) according to 
the relative positions of up) and of the zeros of the function 

C+ (@ — 1)? cosh v. 
If R (¢) < 0, the three values are 


Qn(t, Qu (1) & o{Pa () — Zeer sine Qa} 


where the upper or lower sign is taken in e#”™ according as I (0) is positive 
or negative. 


223. Whenever the segment joining the two points ¢,, ), or 


ppl + (v2 —1)F (Ww? — 
does not intersect the cross-cut from — co to 1 along the real axis, the 
sum of the series will have a form which is the same for all values of ¢. 
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This follows from the fact that the series converges uniformly with respect 
to ¢, and accordingly has a continuous sum. If the segment joining the two 
points £4 and @, intersects the cross-cut, the form of the sum must chang 

as ¢ passes through the value for which ¢ is on the cross-cut, since th 

functions which represent the sum of the series for two values of d, such 
that the corresponding points ¢, are on opposite sides of the cross-cut, 
must be continuous with one another in crossing the cross-cut. It is 
accordingly necessary, for given values of » and yp’, to consider only the 
values for ¢, and %. We shall provisionally assume that R (uz) >0. It 


can be shewn that the phase of — is always in the interval 


& 
(6? — 1) } 
(37, 7) or (— 7, — $7). Let @, B, y be the angles, each within the interval - 
(— a, =), which the lines joining the point ¢, with the three points 1, — 1,0 
on the real axis make with the positive direction of the real axis; then the 
phase of f4 is y, and that of (,2— 1)? is 4 (a@ + 8). When (, has its 
imaginary part positive, and R (£4) > 0, we have a — y> y — f; and thus 

GS : 
(2-1) 


is between $a and 7. When R (&) <0, 


the phase y — } (a + 8), of 


;,is between — 47 and 0; it follows 
Ez 


that the phase of — ——=* — 

(66? — 1)8 

I (&s) > 0, the phase of ae DI is between 0 and 47; hence the phase 
a 

is between — 7 and — $7. When R (£4) >0, I (&) <0, the 


& © 
=i (ee 
is between —z and — 4a. When R (f3)< 0, I (£;)< 0, the phase of 
oe 
(662 — 18 
on 


(6 — DE 


~ is between 0 and 47; and thus the phase of — 
y= 


is between — $x and 0; and thus the phase of — is 


bs 
(662 — 18 


between 47 and 7. It has thus been seen that the phase of — 


is always numerically > 47. 
Let us first consider the case when ’ = 77; we have then 
G= A= pp’ + (2-18 W'?— VF 
= cosh (€ + €’) cos (y + ’) + esinh (€ + €’) sin (n + 7’), 
B= p' (w?—1)F + p(n? 18 
= sinh (€ + €’) cos (n + 7’) + cosh (€ + &’) sin (n+ 7), 
C=0. 
It follows that sinh cp = 0, and thus that pis zero or + 7. Theimaginary 
parts of ¢, and (£,2— 1)? have the same sign; hence p is zero or +7, — 
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according as the imaginary parts of B and ¢, have, or have not, the same 
sign, since B = (£,2— 1)? cosh ep. But since € and €’ are both positive, 
I (¢,) and I (B) both have the sign of sin (y + y’). It follows that p = 0. 
In accordance with § 172, the sum of the series is Q, (£2). 

Incase » + 7' = 0, or in particular, if y and 7’ are both zero, which is 
the case when » and yp’ are both real and > 1, A and B are real and 
positive, and so also is (£,2 — 1)2; therefore cosh cp = 1, and thus p = 0. 
If n+ 7'=+7, ©, is negative, real, and numerically > 1, then Q, (¢,) 
has no definite value. 

Next, let 6 = 0, then 

f= A= pp’ — (nw? — 12 (uw? — 1) 
= cosh (é — €’) cos (y — 7) + e sinh & — &)sin (n— 7’), 
Bap! (w?—1)F- p(w? 18 
sinh (€ — €’) cos (7 — 7) + ecosh (€ — €’) sin (ny — 7’), 
C=C: 
We thus have sinh ep = 0, and therefore p is 0 or + 7. 

When J (B) and J (é) have the same sign, which is the case when 
é> &, we have p= 0. But when é< é’, J (B) and J (4) have opposite 
signs, and then p = + 7: 

It thus follows that, when > é’, the sum of the series is Q, (&); and 
that, when € < €’, the sum of the series is 

Qn (Lo) + ot Pr (So), OF Qn (So) — 7 Pa (£0); 
according as the argument of x (see § 172) is positive or negative, pro- 
vided R (&,) > 0; but if R (&) < 0, the sum of the series is 


Qu (Co) om [Py (Ge) eFom — Z eter sin ma Qn (%)] 


where the sign of the exponential is positive or negative according as 
I (&) = 0; it can however be shewn that this last case does not occur in 
the present connection. 
Assuming in the first instance that R (u) > 0, and thus that 
eet ce 
fie ipl 
this condition can easily be seen to be equivalent to 


I< 


2 


cosh € cos 7’ > cosh €’ cos 7. 
If é<’, we see that || >| 7’ |. When é< é’, the two points %, ¢, 
are on opposite sides of the real axis if 7 + 7’ and 7 — 7’ have the same 
sign, and the segment joining them cuts the real axis at a point R such 
that OR < 0 (§ 221). 


_ Teal axis. 
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We have 
1-OR=1 sinh € cosh € sin 7’ cos n’ + sinh é’ cosh é’ sin 7 cos 7 
sinh € cosh £’ cos 7 sin y’ + cosh é sinh é’ sin 7 cos 7 
_ (cosh £ cos 7’ — cosh é’ cos ) (sinh €’ sin 7 — sinh € sin 7). 
sinh € cosh é’ cos 7 sin y’ + cosh €sinh sin cos 7” 
the first factor in the numerator has been shewn above to be positive. 


If 7 and 7’ are both positive the numerator is positive; also 
sinh é’ sin y — sinh é sin 7’ > sinh € (sin n — sin) > 0, 
and therefore we have 0 < OR < 1, or the segment crosses the real axis 
between the points 0 and 1. We see, by changing the signs of » and q/, 
that the same result holds good when 7 and 7 are both negative. If 7 is 
positive and 7’ is negative, we have 7>— 7’, and the numerator is: 
positive; the denominator is 
cosh & cos | 7’ | sinh é’ sin  — cosh é’ cos 7 sinh € sin | 7’ | 

> cos €’ cos » (sinh é’ sin y — sinh é sin | 7! |) 
> cosh €’ cos 7 | sin 7’ | (sinh €’ — sinh €) > 0; 
hence also in this case 0< OR<1. If » is negative and 7’ is positive, 
74 — 1/ and 7 + 7’ have the same signs, and the segment does not cut the 


When é > é’, the points £, and &, are on opposite sides of the real axis if 
sin (7 + 7), sin (y — 7’) have opposite signs. If 7, 7’ are both positive 
and 7 < 7’, we see that sinh é’ sin y — sinh é sin 7’ is negative, and thus 
OR > 1. The same holds good when 7, 7’ are both negative and y > 7. 


It has been shewn that the segment joining ¢, and in no case inter- _ 
sects the cross-cut on the negative side of the origin, with the restrictive 
assumptions made as to p and p’. 


The following results have now been obtained: 
If R(n+1)>0, R(p)>0, B(w')>0 and Jeo < 


neither of the points y, p' lying in the cross-cut (— 1, 1), the series 
Qn (4) Pn (pw!) + 2 pe UI Oa (1) Pa (1') 008 mp 


converges uniformly with respect to 6. Moreover 


w td 
wad 


(a) If wand yp’ are both real and > 1, in which case the condition 
Je+1) jw t | 
| p-l s pl 
reduces to x’ < 1, the sum to which the series converges is Q,, (Cs), where 
£o= me’ — (u? — 1)8 (w?— 1)? cos ¢. 
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(6) More generally, whenever the segment joining the two points C,, 
does not contain a point on the real axis between the points + 1, the sum to 
which the series converges is Qn (&s). This is the case when &> €', and 
n+1', —1' have the same sign; also when €< €' andy + 7’, — 7 have 
opposite signs, and in other cases determined above. 


(c) When the segment joining the points £,, Cy contains a point of the 
cross-cut (— 1,1) the sum of the series is Qn (Ls) or Qn (S6) F ™Pn (Lo), 
according as the point C4 is on the same side, or the opposite side, of the real 
axis, as ,; the upper or the lower sign in = m is to be taken, according as 
I (¢,) is positive or negative. 


224. It will now be shewn that the condition R (n+ 1)> 0 is un- 
_ necessary for the validity of the above theorem. 


We have 
a; 
Pm (p) =P” na (1); Pa (uw) == tan mm [Qn (H) — Qn (H)]- 
except when x is half an odd integer, in which case Q,” (u) = Ont) 


The addition theorem becomes, on substituting for P,”(u), Qn” (u) 
their values in terms of P®_,_1 (#4), Q" na (H), 


Q”_n-a (&6) + 7 cot na P™_, 4 (£) 
= P_4(2") [Qn (p) + 7 cot nm P_,- (H)I 


x [Q™_n-a (H) + 7 cot nt P™_,_4 (u)] cos md, 
II (n — m) 
II (xn + m) 
by substitution of — n — 1 for n, and employing the addition theorem for 
_ P,, (0), given in § 220, we see that 

Ppa (v’) Qn (#) 


423 (-1" 
m=1 


subject to the conditions stated. Observing that is unaltered 


Il (—n—1-—™) : 
Test nop ea oem 
converges to Q”_n-1 (Z)- 

It has thus been shewn that: 


The addition theorem holds good for all real or complea values of n except 
— 1, when the remaining conditions in the theorem of § 223 are satisfied. 


l-p|_je +1 


225. If R(p)< 0, R(p’)> 0, Ear Fees 
the validity of the addition theorem may be investigated as before, but 


|. the conditions for 
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may more simply be deduced from the above results. Since R (— p)> 0, 
we know that 


Qn (=) Pp (uw) + 2% (— 1)" Qi (= pw) Pa (1!) Cos mp 
converges uniformly to 
Qn {= pe! + (u2— 1) (n’? — 1) cos $}. 
Remembering that 
Qn {— we! + (uw? — 1)F (uw? — 1) cos g} 
= et Q,, {up! — (u? — 1) (uw — 1)? cos d}, 


we see at once that the addition theorem holds in the present case. 
has thus been shewn that: : = 


’ — 
If R (pn) <0, B (py! = este 
If R (pn) < 0, B (n')> 7 | 


il neither of the points p, 


being in the cross-cut, the series 
Qn (4) Pr (Hw) + a (— 1)" Q,” (#4) Pn” (u') cos me 


converges, uniformly with respect to , to 


Qn {tew’ — (u2 — 1)8 (x2 — 18 cos 4}, 
subject to the condition that the line joining the points £,, C, does not conta 
a pownt of the cross-cut. 


EXTENSION OF THE ADDITION THEOREM FOR PP 


226. An extension of the theorem of § 220 can now be obtained. 
Let R(u)< 0, and R (y’)> 0, and let — » be denoted by @; then 
the series , 
, = I (n—m) 
- 1 
Pa (W)Pa(W)+2 E (— Wey my Pn 


(1) P, (n!) cos md 


is equivalent to 


P, (u') [err P, (@) — 20 


7527 0, (p)] 


I (n— m) p es 
Wea Pim (pw) 


x [oem Pm) — SBS, mm Qe 


+2 2 (-)"— 


the upper or the lower sign being taken in the exponential, according as 
I (%) 0; this follows from (35) of Chapter v. 
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The series converges uniformly with respect to ¢, to 
em P, (ap! — (a? — 1)8 (u'*— 1) cos $} 


2SIN 07 Q, au! — (B— 1} (u'2— 1)F 008 4}, 


Ztl Baal So be E 
provided | Pa & | = |. if the segment joining the points 
je! + (#2 — 1)E (uw? - 1) 
does not contain a point of the cross-cut. 


Tt has thus been shewn that, subject to these conditions, the series 
converges to P,, {up’ — (uw? — 1)? (u'2 — 1)? cos 9}. 
The following extension of the addition theorem of § 220, has thus 
been established: ; == 
-1 S+1 
IfR <O0,R )> 0, and |H=— | <|E, 
f B(u) () ee eS 


ae |, the series 


Py (u) Pa (W) +2 E (— 1 Py (u) Pa™ (x!) cO8 ms 
converges, uniformly with respect to the real variable 4, to 
P, {um — (u2 — 12 (v2 — 1)? cos gb}, 
provided that the segment joining the two points wy’ + (u* — 1)? (w’? — 1) 
does not contain a point of the cross-cut (— 1, 1). The convergence to the same 


sum also occurs when the segment contains a point of the cross-cut, for those 
values of ¢ for which f4 is on the same side of the real axis as Cn. 


227. There remains for consideration the case in which p» and p’ are 
both on the real axis, between the points 1 and — 1. We may assume that 
the cross-cut between these points is provisionally displaced so that it lies 
along a curve joining these points, and below the real axis. The functions 
P,, (uz), Qn (u) will then be continued across the real axis between 1 and 
—1 so that they have no discontinuities as p crosses this part of the real 
axis; the values of the functions on this part of the real axis will then be 


P,™ (w+ 0.e) and Q,™ (w+ 0.1). 


The investigations in §§ 220, 221 can then be adapted to the case in which 
p = cos 9, p’ = cos 7. The values of P,, (£;) and Q,, (¢s) then become 


P,, (cosy + 0.c) and Q, (cos y + 0-2), 


where cos y = cos 7 cos 7’ + sin 7 sin 7 cos $. Remembering that 
P," (cos 0 + 0.1) = e-3"" P,,™ (cos 8), 
i (cos 8 + 0.1) = €2”™ {Q,.” (cos 8) — $a P,.™ (cos 8)} 
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(see Chapter v, § 133), we deduce from the theorem of § 220 that 

II (x — m) D 
TGs P,” (cos y) P,.” (cos 7’) cos md 
converges to P,, (cos y), uniformly with respect to ¢, provided 0 < » < $n, 
0< 7 <4n. 


P,, (cos y) P,, (cos ny’) + 25 


In § 228, the condition | ae | < | ots | becomes, when 0 < 7 < 4a, 
0< 7’ < $7, cos < cosy’, or 7> 7’, hence we see that, provided. that 


this condition is satisfied, the series 


P,, (608 9’) [Q,, (cos 9) — $7 P, (cos 7)] 
& I(n—m) ; = 7 5, 
se ae TUCEE ae? (cos 7’) [Q,™ (cos 7) — $a P,,” (cos n)] cos mb 
converges uniformly to Q,; (cos y) — 4aP,, (cos y). For, in this case, we 
have ¢, = A = cos (yn + 7'), B=csin (7 + 7), C = 0, and the phase of 
& 6 esin (n + 7’) 
-— ; hence h up = — “= 1, and thus p= 0. 
~@_pi is $7; hence cosh up vain (7 £7) p 
Again ¢,= cos (y— 7’), B=csin (7 — 7’), C=0, and, as before, we 
have p= 0. 
Employing the preceding result for P, (cos y), we see that: 


Af 0<<42,0< 1! < $n, 7> 177, the series 


: 2 II (x—m) 
P,, (C08 7’) Qn (cos 9) + ae Il (+m) 


converges to Q, (cos y), uniformly with respect to d. 


P,” (cos 9’) Qn” (cos 7) cos md 


In order to extend these theorems to the case in which 7 is in the 
interval ($7, 7), let 7=7—y, and thus 0< 7<47. We have, from 
Chapter v (62), 


P, (cos) = (— 1)"P," (cos) cos mm — (— 1)" - sin nm Q,,” (cos #). 


Since the two series 
= > I (n—m) 
P,, (cos 7) Pp (cos 7’) + 2 2 We 


Q, (087) P, (cosy') +2 E os 


P,2” (cos 7) P,.™ (cos 7’) cos md, 


Q,.™ (cos 9) P,,™ (cos 7’) cos md, 
converge uniformly to 

P,, (cos 7’ cos # + sin 7’ sin 7 cos $), Qn (cos 7’ cos 7H + sin 7’ sin 7 cos 4), 
respectively, provided that 7> 7’, or 7 + 7’ <7, we have on multipli- 
cation of the series by cos nz and = sin m7, and then subtracting them, 


P,, (cosy) P, (cos 7’) +2 = Hike) 


— eee 1)"P,." (cos 7) P,.” (cos ’) cosmd 
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converges uniformly to 
P,, (— cos 7 cos 7’ + sin 7 sin 7’ cos d) cos mz 
— $rsin nz Q, (— cos 7 cos 7’ + sin 7 sin 7’ cos ¢), 

or to P,, (cos 7 cos 7/ — sin 7 sin 7’ cos ¢). On changing ¢ into 7 — ¢, we 
have the theorem: 

If 0< 9! <}2,407<9< 7, andy + 7 < 7, the series 
U(n-—m 
Team z 
converges to P,, (cos 7 cos 7” ze sin 7 sin 7’ cos ¢), uniformly with respect to d. 


P,, (cos n) Pn (cos n’) + 2 2 2 (cos n) P,” (cos 7’) cos mh 


If we employ the relation (63) of Chapter v, 

2” (cos n) = (— 1)"*1 cos nz Q,” (cos H) — $7 (— 1)™ sin nz P,” (cos 7), 
we obtain in a similar manner the theorem: ~ 

If 0< 9 < 40, 40< <7, andy + 7 < 7, the series 
II (x — m) 
o I (@+m) 
converges, uniformly with Fae to d, to the series 

Q,, (cos n cosy’ + sin 7 sin 7’ cos ¢). 
It has thus been shewn that the addition theorems, for pent: on the 


_cross-cut, are valid for unrestricted values of 2, when y and a: are such 
“that 0 < + 7' <7, where 7 and 7’ are both positive, and y < 47. 


Q,, (cos) P, (cos 7’) + 2 2 Q,™ (cos n) P,™ (cos 7’) 


A FURTHER ADDITION THEOREM FOR Qn 


228. With a view to an application, the addition formula will be found 
for Q, {vv + (v2 + 1)? (v’2 + 1)? cosh v}, where v, v’ are real and positive 
and n is a positive integer. Denoting the argument of Q,, by @, let us con- 
sider the integral 

2 du 
—o (€ + 6 cosh u + ¢ sinh u)"+*’ 


where 
bar’ (24+ LP + vt 1)? coshv, c= sinhv(1+ y'2)2; 


thus ¢, 6, c are real, and we find that ¢? — b?—c?= 1. Therefore the 
integral is equivalent to 


i du 

: —o {f+ (2 — 1)F cosh (wu — 8)}"#2” 

where b = ({2— 1)? cos 8, ¢ = (2 — 1)? sin 8; and thus 8 is real and be- 
tween 0 and 4x. By aresult in § 172, this integral has the value Q, (cosh £); 


for ¢+ (€2— 1)? cosh (wu — 15) has no zero for values of 6 such that 
0 <5< zz, so that we may put 5 = 0 in the integral. 
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Let us now consider the expression which is the arithmetic mean be- 
tween the expressions : 
| obs = fea ui licosy 
0 {n+ 008 (y + w) (w’? — RH 


? 


a 


where p= w, p= w’. : 
If we expand {’ + cos (y + w) (u’2— 1)3}-"—! as in § 185, we have f 
the arithmetic mean of the two expressions, the expansion 
See om ae oan 
m=n+1 I (n) I (m—n— 1) *” ie x 
which converges uniformly with respect to x. : 
We thus find for the arithmetic mean of the two integrals, the series 


. GME es gai: 
mower I (n) Wm —n— 1) on" HVE 


f cot—ty i b 
x | {u — (wu? — 1)? cos x}" cos my dy 
5 j 


-which, on employing the formula (118) of Chapter v, is equivalent to 
ys © leita Q, 7 ( )Q. m 59) emmy. 
: Tm m—1) Im pny 2 (H) On” (wom, 


m=ntt 


as is seen by taking u = — y. 
If we transform the integrals 
cotty {uw — (u*— 1)? cos x}" 
| 0 {u! + cos (y+ w) (w?— 1)8}4 
by means of the substitution 
{v — cos x (v? + 1)3} {» + cosh u (v2 + 1) = — 1, 
we obtain for the arithmetic mean of the two integrals the expression 
(eee a (+ b cosh & esinh w)"*4’ 
which has the value z (— 1)"*1Q,,™ (0). 
Tt now follows that: 


$ 1 1) e-mv 
Q(0= = tee way anew On") Oa Wes 


dx 


where v is positive and real, and ¢ denotes 
w’ + (v2 + 1)2 (v'2 + 1)? cosh v and L=0 f= 


This theorem is due to Heine*. Only a slight change in the proof is a 
required to extend it to general values of n. d 


* Kugelfunctionen, vol. 1, p. 339. 


CHAPTER Ix 


THE ZEROS OF LEGENDRE’S FUNCTIONS AND ASSOCIATED FUNCTIONS 


229. It has been shewn in § 14 that the only zeros of Legendre’s 
' polynomial P,, («) are in the real interval (— 1, + 1) of p. 


Tn the present chapter an investigation will be made of the number 
and position of the zeros of the general Legendre’s functions and associated 
functions. It was proved* by Macdonald that, when m and n + $ are real 
and positive, P,-” (u) has real zeros between — 1 and + 1, of which the 
number is the integer next less than n —m + 1. It was proved by Stieltjes 
that Q, (1) for values of » on the plane with a cross-cut along (— 1, 1) has 
no zeros, where n is a positive integer, or zero. A general investigation of 
the number of zeros of P,, (4), Q, (#4) was made} by Hille in two memoirs 
which contain an extensive treatment of the subject. Hille also determined 
the number of zeros of P,” (w~) when m is a positive integer, and is thus 


equivalent to (u? — 1)" ee. He also treated the case of P,, (uw) when 


nis complex. The investigation which follows of the number of zeros of 
P,(42) when n and m are real, depends upon the well-known theorem? of 
Klein, that the number of zeros of the hypergeometric function F (a, 8; y; 2), 
where a, 8, y are all real, which are in the real interval (0, 1) of a, is 


ye eet re 


2 


where & is always either 0 or 1, and is always zero if y > 1. In this formula 
E (z) denotes the greatest integer less than z, in case z > 1, and is zero for 
all other values of z. 


The theorem of Sturm will also be employed, that, if p (x), qg (x) are 
single-valued and continuous in a closed interval aX x<b, and y, (x), 
4, (a) are any two linearly independent solutions of the differential equation 


a d : 
ch + pe) +a (a) y=0, 


then, if x, 2 are any two zeros of y, (x) in (a, b) with no other zero of y, (x) 
_ between them, y, (x) has one and only one zero between x, and 2. 


* Proc. Lond. Math. Soc. (1), vol. xxxtv (1902), p. 52. 

{ Arkiv fér Mat. vol. xi (1918-19), No. 17, and vol. xvir (1922-23), No. 22. 

$ Math. Annalen, vol. xxxvu (1890), p. 573; see also Hurwitz, Math. Annalen, vol. xxxvmt 
(1891), p. 452, and Van Vleck, Trans. Amer. Math. Soc. vol. rt (1902). 
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THE ZEROS OF P,,”” (41), WHERE 2 AND ™ ARE REAL, FOR pt = cos 9 


230. Since P”_,_, (4) =P," (4), we may assume without loss of gent 
that n + $= 0. We shall take no account of zeros at the singular po 
pw =1, w= — 1. We take the formula for » = cos 4, 

Z Sa = eer ( =o =p) 
Pe) eres F n,n+1;1—m; 
where m is not a positive integer, and also, when m is a positive inte 
= 1 I(n~+m) 1- 
Pam (uw) PT (m) (mw —m) a” 
We see from the first expression that, when m is not a positive integer, 
number of zeros of P,.” (1) is 


p(n a Nek, 


poe FE (m—n, nem -+1; l+m; 


where & = 0, in case m < 0; therefore, when m < 0, the number of zero 
-E(n+m-+ 1), which was established otherwise by Macdonald. Th 
number is zero in case | m | = n. 


From the second expression we see that, when m is a positive inte 
the number of zeros is 
Se = 1 
n(2 +1 ae ) ae 


where k=0, since m>0. The number of zeros is then EH (n—m+! I) 
which is zero in case m = n. 


1— Z 
In case m= 0, we see that, since F(- n,n+1;1; 5") has the asym- 


ptotic value = log «, as uw = — 1+ 2e, and «0, where n is not inte 


the value of the hypergeometric function is positive or negative in 
neighbourhood of the point » = — 1, according as H (n+ 1) is even or odt 
Sinde the value of the hypergeometric function for » = 1 is positiv 
follows that the number of its zeros in the interval is even or odd according 
as E (n + 1) is even or odd; it is thus seen that & = 0. When n is a positiv 
integer, we know that the number of zeros is H (n + 1). Thus, itis H (n 
for all values of n => — 4, when m = 0. 


We have to determine the value of &, (1), when m is positive but no 
integral, and (2), when m is a negative integer. 


(1) When m > 0, n = — 4, we have, when neither 7 nor m is inte; 


P(onns ital ge) MOON 
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as pp~—1. Since 
IL (m — 1) I (— m) sin a7 


Il (— x — 1) II (n) sin mz’ 


the sign of the hypergeometric function, as » ~ — 1, is positive or negative 
according as sin nz, sin mz have opposite signs or the same sign. Since 


_F(—n,n+ 1;1—m; 0) = 1, it follows that the number of zeros is even 


or odd, according as sin nz and sin mz have opposite signs or the same sign. 
 Ifn= a+f,m= 8+ f’, when a, f are integers, and f, f’ are positive 
and less than 1, we have: 
ife>f, H(n—m+1)=E(a—fB+f—-f' +1) 
=a—-B+1,if>f’,and=ce—fiff<f’; 
fe=—p, EH(n—m+1)=1if>f’,and-O0tfS/f'; 
ifa< B, E(n—m+1)=0. 
Since sin (2 + f)7, sin (8 +f’) have the same sign or opposite signs 


' according as | « — 6 | is even or odd, we see that the number of zeros is 
"even or odd according as | « — 8 | is odd or even. Hence we see that: 


ife>6,f>f', then k=0; iie>f,fSf’, then k=1; 
ife=8,f>f', then k=0; butiff =f’, then k=1. 
_Ita< 8, then & = 0 if B—a is odd, and k=1 if B—a is even; the number 
_ of zeros is then zero or one. 


In case n is a positive integer and m is positive but not integral 


F( n,n+13;1 m; +) 


has its first term 1, and its last term 
(—n)(—n4+1)...(-n+tn—V (m4 aw een ey 
~ 1.2.3...” (1—m) 2—™)... (n—m) : 
and the sign of this term is that of 
(<p : 
(1 — m) (2— m) ... (n — m)’ 
the number of zeros is accordingly even or odd according as this sign is 
positive or negative. In case m > n, the sign is positive and there are no 
real zeros. If mis between 0 and 1, the sign is positive or negative according 
as m is even or odd, and the number of zeros is n. If m is between r — 1 
and r, where r<n, the sign is that of (— 1)"**1, hence the number of zeros 
is even or odd according as n — r + 1 is even or odd; also 
E(n—m+1)=H(n—74+2)=n—-r+l; 
in this case k = 0. 
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(2) When m is a negative integer, we have 


= SSIE (Wenn) 
P,™ (u) Wea (4); 
hence the number of zeros of P,” () is the same as that of P,-™ (u), and 
this number is H (n + m+ 1). 


If nis a positive integer, F ( m1 Tm zi ff ) is algebraic. Since 


Il (n — m 
eo P,” (z); 
it follows that P,” (2) has the same zeros as P,,~” (1) (see (33), Chapter v). 
The number of zeros of P,” (u), when n and m are positive integers, is 
therefore H (n — m + 1), whenn= m. Otherwise P,” (u) is zero. 

It has now been proved that: 


The number of zeros of P,™(p) within the real interval (— 1, +1) 
is E(n—m-+1) when m<0, n+4=20. If m>0, n=—-Hh, tt is 
E(n—m+1) f «2B, f>f', or ff a< BP and B—«a is odd; tt is 
E(n—-m+1)+1lifa>B, fSf', or if a< B and B— ais even. If n 
as a positive integer, the number of zeros is E(n—|m|+1). Here a+f, 
B+f" are the values of n and m, where f and f' are such that f and f' 
are > O0and <1. 


P,™ (u) = 


THE NUMBER OF ZEROS OF P,,” (4) FOR pw REAL AND > I, 
WHERE 7 AND ™ ARE REAL 


231. Assuming that” and m are real, we proceed to find the number of 


zeros of P,” (w) for real values of » greater than 1. We assume also that 
2n+120. 


We have from Chapter v (41), 


Pe W=qem (ES) A) 


x F (n +1lnan—m 
In case m is a positive integer, this formula becomes (see § 131), 


ye 2 
Pr (u) e = i) (43 *) = ez a 1) 


x F(n+1n+m+1j1 +m; 2) 
etl 


It is clear from (6) that, when m is a positive integer or zero, P,;” (js) 
1 
i 


has no zeros within the interval (1, 00) of j, or (0, 1) of : = 
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By Klein’s theorem applied to (a), the number of zeros of & = ss is 


pri 
p (ete [Pn + A= Il *) +h, when & is 0 or 1, and certainly has 


the value 0 if m <0. Hence there are no zeros of P, (u) if m < 0. In case 
m > 0, the number of zeros is 1 or 0. 


When n and m are both integral there is no zero; in this case we have 
n > m, if the function is to exist. 


If m is positive but not integral, the hypergeometric series in (a) con- 
verges to 
I (2n) 1 (— m) (f + fee 
Bai ay eae > 


or to 


Bt+l-- 

TI (n) I (n= mye a 
according as 2n + 1 is positive or zero, as  ~ 00. Since the hypergeo- 
metric function is positive when pu = 1, it is seen that when n<m the 

II (— m) 
II (xn — m) 
_ tive or negative, that is, according as sin (m—m)z and sin mm have the 
same signs or opposite signs. If =m, the number of zeros is 0 or 1, 
according as II(— m) is positive or negative, that is, according as the 
integral part of m is even or odd. 


It has thus been shewn that: 


The function P,,” (1) has no zero in the interval (1, 00), when m < 0, and 
in every case in which n and m are both integral. If m> 0, but is not integral, 
and if m > n, there is no zero, or one, according as sin (m — n) 7 and sin ma 
have the same or opposite signs. When m is a positive integer or zero there is no 
zero, whether n is integral or not. When m <n, there is no zero, or one, ac- 
cording as the integer next less than m is even or odd. 


number of zeros of P,,”() is zero or unity, according as is posi- 


THE NUMBER OF ZEROS OF P,,” (uw) WHEN pp HAS VALUES ON 
THE REAL AXIS BETWEEN — ©O AND — I 


232. We proceed to find the number of zeros of P,,” (4) when p is on 
the ppper side of the cross-cut between — 1 and — oo. 


Employing the formula (34), of Chapter v, we have 


em a" (1) 
+ csin n7P,,™ (pu), 


_ 2sin (a+ m) a 
7 


PAP (—-pt0uyd= [20s na P,™ (pn) 


where the expression in the bracket is real, for real values of 4. Assuming 
in the first instance that neither 7 nor m is integral, it is seen that the real 
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and imaginary parts of the expression cannot both vanish for any particular 
value of y in the interval (1, 00), since they are both solutions of the 

differential equation satisfied by P,™ (ju). Therefore P,,” (4 + 0.:) has no 

zero in the interval (— 00, — 1) of p. 


Tf n is integral, but not m, the formula becomes 


Pew it jaa [> 1 (ys) — 2M ome Qn (w)), 


or, using the relation (33) of Chapter v, 
= Tl (w+ a = 
Pom (— wt 0.) = (= IP EP, (1) 
Hence P,,” (— » + 0.1) has a zero if P,,-” (1) has a zero in (1, 00). Therefore 
there is no zero if m= 0, but there is one zero if m < 0 and n is odd, so that — 
sin (m — n) 7 and sin mz have opposite signs. 


Tin+misa oe integer, or zero, and 7 is not integral, we have 
2” (— w+ 0.1) = oP,” (us), 


: ad there is a zero in case P,,” (4) has a zero in (1, 0), which is only the — 
case if m > 0, and sin (m — n) z, sin mz have opposite signs. 


If n + mis a negative integer, the formula must be written in the form a 
ET (fit 0 1) 
2 
= [cos nm Py (wv) 4 =i Ho On "(u)| 


+ csin m7 P,” (u), 


(see § 133). Thus, unless n is an integer, there can be no zero of 

P,” (— p+ 0.2), j 
in the interval (— 00, — 1), since the real and imaginary parts are both 
solutions of the differential equation. 

If m and m are both integral, and n + m is positive, or zero, andn=m, _ 
there is no zero in the interval (— oo, — 1), for we have then only to con- — 
sider P,.-™ (uw) which has no zero. 

If x and m are both integral, and n + m is negative, n — m must be 
= 0. There will be one zero, or none, according as j 


8, 


n—™ 
takes opposite, or the same, signs at + 7 and oo. 
From the formula (a) of § 231 and the formula (19) of Chapter v, we see 


that, at 1 = 1+ 7, the dominant term of (— 1)"P,,” (1) is a positive multiple 
of (— 1)" 74”, and that of the second term is a positive multiple of 73”, 
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hence the dominant term of the whole expression is a positive multiple of 
92”, and is therefore positive. 


Near p = 00, the dominant term of Q,-” (u) e"" is a positive multiple 


of race and cos n7.P,” (4) has for its dominant term a positive mul- 
tiple of (— 1)"u"; it follows that a multiple of (— 1)"y” is the dominant 
term of the whole expression. From this it is seen that the whole expression 
changes its sign if n is odd, and there is then one zero of the expression 
in (1, co). Hence, when n is odd, P,” (4 + 0.c) has one zero in the interval 
(— 0, — 1) of p, although P,,” (~) has no zero in (1, 00). 


It has now been shewn that: 


P,,” (1) has in general no zero in the interval (— co, — 1) of 4, the interval 
being taken along the upper (lower) edge of the cross-cut. There is one zero in 
case (1) n and m are both integral and n + m is negative, and n is odd, (2) of 
n is integral and m < 0, but m is not integral, and sin (m —n) 7, sin mz have 
opposite signs. 


THE COMPLEX ZEROS OF P,,” (1) 


233. In order to find the number of complex zeros of P,.” (11), we find 
the change of phase of P,™ () as y describes a complete circuit round the 
upper side of the plane with the cross-cut; this circuit excluding all the real 
zeros of the function and the points 1, — 1. This change of phase divided 
by 27 must give the number of complex zeros in the upper part of the 
plane, since the circuit contains no infinities of the function ; and. there 
must be an equal number of zeros on the lower side of the plane, since 
the point conjugate to a zero is also a zero. We take the circuit to consist 
of the straight segment from 1+ 7 to R, excluding a zero, if it exists, by 
means of a small semi-circle, then along a very large semi-circle of 
radius R'to — R + 0.0, then along a straight segment from — R + 0.1 
to —1—7+ 0.1, then on a small semi-circle from — 1—7+ 0.1 to 
—1+7 + 0.1; then along the segment from — 1+ +0..tol—+ 0.4, 
with semi-circles so as to exclude the zeros in the segment (— 1, + 1); and 
lastly a semi-circle from 1— 7 to 1+. We suppose that R= oo, and. 
n= 0. The following changes of phase will be found: 


From 1 + 0 to oo the change of phase is zero or — 7, according as P,,” (12) 
has no zero, or 1, in this segment. 


From oo to — oo + ¢.0 the phase increases by mz, since 
1 
Per (u) = wt {ay + (2), 


for values of » with very large moduli, as is seen from (36) of Chapter v. 


, 
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It will in the first instance be assumed that neither n nor m is integral, 


From the formula (a) of § 231 it is seen that the commencing phase at 
1+ 7, as 7 > 0, is zero unless m > 0 and sin mz is negative. As 2 > co the 
sign of P,,” () is that of II (n — m), and is therefore positive unless n < m_ 
and sin (m — n) 7 is negative. The phase of P,,” (2) is accordingly zero ora 
in (1, 00), according as II (— m) is positive or negative, unless there is a 
zero of the function in the interval, in which case, as 1 changes from 1 to 00 
the phase changes from 0 to — z, or from z to 0; the latter only in case 
m > 0 and sin mz is negative. 

From — 0 + 0.. to — 1— 9 + 0.1 we have from (34) of Chapter v 

Bain (8) agama) 
+ csin n7P,.™ (u), 
the expression in the bracket ‘ real. Denoting by w the phase of 
sin na 
cos nz — L (p) 


Pim (— pt Ou) = [eee naP,™ (uw) — 


P,.™(— #+0.c) we have tanw = 
-2sin (n+ m) 7 ae a 
enmn ) 
7 a” Gy 
The function e-”™ = ” (1) is of constant sign in the interval (1, 00) of p, 
as is seen from the formula (19) of Chapter v. It will be shewn that, in any 
interval cons in a <0) such that it contains no zero of P,, (u), the 
* Qn” ( 
Tee ae 
satisfied by P,,” (j) and a (u), we have 


reg [Oo] ar or 2 


, where L(y) denotes 


function © is monotone. For, from the differential equation 


from this it can be er that 
d al 
ee fee pee ge 
(1 = wt) [Pam (a) a Qa (4) = Qa (uy PE 
is constant through the interval, and thence that 


em Pm (1) oe (1H) g-mme Qm (4) 2Pn™ (H) ae 


is of fixed sign. 


d erm —— ( #) 
dP,” (w) 
is monotone in the ee 


Therefore 


is of fixed sign in the interval, or es § 


2” (H) 


If there is a point 7 in (1, 0) at which P,,™ (1) is zero, the function 

= QE ( (u) . 
n™ (Hw) 
oe to — oo in that interval. When p> @ the function changes sign, 


increases steadily from 0 to + 0 in (1, 7), or else decreases 
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and then increases steadily in (7, 00) from — o, or else decreases 
steadily from + oo. In either case the function is always increasing or 
always decreasing in the whole interval (1, 00) of p. 


Since cos m7 — L (jz) always increases or always decreases in (1, 0) 
the same is true of tan w; this holds good even if cos nw — L(y) is zero at a 
point of the interval; for then tan w changes sign in passing through an 
infinite value, and it increases on both sides of the point or decreases on 
both sides of the point as p increases. 


It now follows that w always increases or always decreases as » changes 
from 1 to oo. 


In order to determine in any given case whether w increases or de- 
creases, we need only consider the neighbourhood of the point ~ = + 00. 
I (w + m) II (n — m) 

jigs 
positive constant, as is seen by employing for e-™"Q,,” (uw) and P,,” () 
the expression (19) of Chapter v and (a) of § 231. We have now, in the 
neighbourhood of the point wp = + 00, tan (w — nz) = L (yu) sin nz, ap- 
proximately; therefore w increases from the value nz, or from (n — 1) 72, 
or from (n + 1) z, as the case may be, if 


We have L(y) ~ Asin(n +m) , where A is a 


sin (x + m) 7 sin nz II (n + m) II (n — m) 


is positive, and it decreases if this expression is negative. 


The absolute value of the change of phase of P,,” (— yz + 0.1) as pw goes 
from oo to 1 is < z, in case P,,” (2) has no zero in (1, 00), for the imaginary 
part of P,” (— 4 + 0.1) then never vanishes. If P,,” (u) has one zero in 
(1, ©) the absolute value of the change of phase Az of P,, (— uw + 0.1) is 
< 27. 


In the trivial case in which m + n is integral and positive, we have 
Pim (— w + 0.) = eo P,,” (u); the phase of P,,” (— ys + 0.1) then remains 
constant unless P,,” (u) has a zero, in which case it changes by 7, at the 
zero, and remains constant on both sides of that zero; thus A = 0 unless 
there is a zero, and if there is a zero, A= 1. 


If m+ is negative and integral, sin (n + m) 7.e-™"Q,,” (u) is in- 
determinate and must be replaced by 


Ee mre —m + 
Il (@ —m) 1 (—n—m—1)° Qn" (3 
cos na — L (wu) may then have a zero in the interval (0, 1). 


The cases in which m + n is integral require separate consideration. 


As pw describes the small semi-circle from — 1—« to — 1+ « the in- 
crement of phase tends as « + 0 to 4 | m | z. This is seen from the formula 
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(51) of Chapter v, since the second term is dominant when m > 0, and th 
first term when m < 0. In the semi-circle from 1 — « to 1 + « the increme! 
of phase tends to $mz (see § 119 (11)). Thus, when m > 0, the sum of the 
two increments tends to mz, and when m < 0, it tends to zero. 

We consider now the following cases, assuming that neither m nor m is” 
integral, and for the present that m + n is not integral. It will be assum 
that n > 0. f 

(1) If m < 0, P,,™ (u) has then no zero in the interval (1, 00), in which 
the phase is everywhere zero. The changes of phase of P,,” (— » + 0.1) inv 
passing over the points » = 1, «1 = — 1 then cancel one another. The” 
phase at the point — 1 — 7 + c.0 tends to 2/7 or to (22 + 1) 7, as 7 + 0, 
according as II (— m — n — 1) is positive or negative, as is seen from (51) ~ 
of Chapter v; I denoting some integer. 7 

We have therefore nz+Axr=2In, or (22+ 1)7, according as” 
Il (— m—n-—1) is positive or negative. Since n= H (n)+/f, when 
0<f< 1, we have, provided n is positive, when H (n) is even, or zero, 
E (n) + f+ A= 21 or 21 + 1 according as II (— m — n — 1) is positive or 
negative. It is positive when | m|=n, and also when | m |< and 
sin (n — | m |) is negative. It follows that when II (| m|—2-—1) is 
positive, then, in case H (n) is even, f +A=0, since |A| < 1, f< 1, and 
in case H (n) is odd, f + A= 1. When II (| m | —  — 1) is negative, it is 
seen in the same way that f + A= 0 when £ (n) is odd, and f+A=1lin 
case E (n) is even. The total change of phase up to the point — 1— 7 isin” 
any case one of the numbers F (n) 7 or E (n) 7 + 7, when n> 0. 

The change of phase in the interval (— 1, +1) is H(n—|m|+1)z, 
which is zero if n < | m |. The total change of phase in the complete circuit — 
is either | 

a[E(n)—E(n—|m|+1)] or w[H(n)+1-—E£(n—|m| +1). 

The total number of complex zeros in the whole plane must be even, 
and is thus one of the two numbers 

E(n)—E(n—|m|+1), E()+1—-EH(n—|m|+)), 
whichever is even. If | m | = n, this number is Z (n) or # (n + 1). 


In case n is such that — $< n< 0, II (— m — n — 1) is positive, we 
have then n + f = 0, and there are no complex zeros. 

(2) If m > 0, P,™ (u) has then no zero, or one, in the interval (1, 00). 
When there is no zero sin mz and II (n — m) have the same sign; the ; 
phase in the interval is, as is seen from (a) in § 231, zero or 7, according as 
II (x — m) is positive or negative. This number is positive if m= m, and 
when n < m, it is positive or negative according as sin (m — 7) z is positive ~ 
or negative. The phase of P,,” (u) at — 00 + 0.c is mm or (n + 1) 7. When 
there is one zero, the phase changes, as passes through that zero, from 
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x to 0, in case II (n — m) is positive, and from 0 to — 7 in case II (n — m) is 
negative. The phase of P,,” (1) at — co + 0.1 is mz in the first case, and. 
(n — 1) z in the second case. 

First, let it be assumed that there is no zero in (1, 00). The change of 
phase of the function in passing over the points » = — 1, » = lis then mz, 
as is seen from (51) and (11) of Chapter v. From the former of these expres- 
sions it can be seen that the phase of P,™ (— 1 — y + 0.1) tends, as » > 0, 
to 22 — mm, or to (21 + 1) 7— mz, according as sin nz is negative or 
positive. As before the increment of phase in (— 00 + 0.4, -lL—q + 0.0) 
tends, as 7 — 0, to Aw, where | A | < 1. 

When there is no zero of P,,” (jz) in the interval (1, 00); sin mz has then 
the sign of II (n — m). The sign of A is that of sin (n + m) a sin nz Il (xn — m). 
We have to consider the following eight cases: ; 


Phase Phase 

I (n—m) sina sin (x +m) 7 a in (1, 0) at — 00 

(1) + + + + 0 nt 

(2) + + = 0 as 

(3) + - — + 0 Nr 

(4) + _ + = 0 ut 
(5) | = 7 (n+ 1)7 
(6) : + 7 (n+ 1)7 
(7) 7 (n+ 1)a 
(8) = _ + + 7 (n+1)7 


The phase at — 1 — 9 + 0.1 is 204 — mz or (22 + 1) 7 — mz, where I 
is integral, according as sin nz is negative or positive; also | A | < 1. When 
sin (» + m) 7 is positive, E (n + m) is even, assuming that n> 0; and 
when it is negative, H (nm + m) is odd. 

In case (1), we have na + Aa = (21 + 1) 7— m7, n+m=EH (n+m) +f’ 
where 0 < f’ < 1 (the case in which x + mis integral being omitted), hence 
f’ + A= 1. The total increment of phase in the whole circuit is 

{nw + dor + ma — [E (n— m + 1) + [1]}, 
and thus the number of complex zeros is 
E(n+m)+1—H(n—m+1)—[I], 
where [1]is 1 or 0 as determined by the theorem in § 230, for the number of 
zeros in (— 1, 1). 

Thus the result is that one of the two numbers H (n+ m) — E (n—m-+ 1), 
E (n+ m) + 1— EH (n—m + 1) which is even (or zero). 

In case (2), we have na + Aw = (21 + 1) 7 — mm; then f’ + A= 0. 

The number of complex zeros is then that one of the numbers 

E(n+m)—E(n—m-+ 1)-[1] 
which is even (or zero). 
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In case (3), na+Aa=2I7— mm, hence f’+A=1; the number of 
complex zeros is then # (n + m) + 1— E (xn — m + 1) — [1], whichever of 
the two numbers is even (or zero). 

In ease (4), na + An = 217 — mz, A+ f’ = 0; thus the required number 
of zeros is H (x + m) — E (n— m + 1) — [1]. 

In case (5), 7 + ua + dn = (21 + 1) 7 — mz, A+f’ = 0; the required 
number is then # (n + m) — E (n— m + 1) — [1]. 

In case (6), 7+ na + Av = (21 + 1)7— mm, 4+ f’ = 1; the required 
number is then # (n + m) + 2— HE (n—m + 1) — [1]. 

In case (7), 7 + na + Ax = 2M — mz, d+ f’ = 0; the required number — 
is then H (n + m) — E (n — m + 1) — [1]. 

In case (8), 7 + na + An = 217 — ma, + f’ = 1; the required number 
is then H (n + m)+1— E(n—m +1) —[l1]. 

When there is one zero of P,,” (4) in the interval (1, 00), sin mz and 
II (n — m) have opposite signs. If II (n — m) is positive, the phases of 
P,’” (u) at (1, 00) are 7, 0, and the phase at — oo is nz. 

If II (x — m) is negative, the phases of P,,” (2) in (1, 00) are 0, — 7, and 
the phase at — oo is (n — 1) z. The sign of A is that of 

sin (n+ m)asinnaz Il (n—m), and |A|< 2. 


The alteration in the eight cases is in the last two columns only. 

The only alteration in the first four cases is that 1 must be subtracted 
from the results, on account of the change of phase at the zero in (1, oo). 
Thus the required numbers are H (n + m) — E (n — m + 1) — [1] in cases 
(1) and (3), and Z (x + m) — 1 — E (n — m + 1) — [1] in cases (2) and (4). 

Tn case (5), we have (n — 1) 7 + Aw = (21 + 1) — mz, f’ +A=0, and — 
we have # (n + m) — E (n — m + 1) — [1]. 

In case (6), we have (n — 1) 7 + Aw = (22 + 1) 7 — mz, 

H(n+m)+f'+A—1=27 41, 
hence since  (n + m) is odd and d is positive, f’ + A = 2; and therefore 
the number of zeros is  (n + m) + 1— E (n—m + 1) —~ [I]. 

In case (7), (n — 1) 7 + Aw = 21m — mz, and 2 is negative, E (n + m) is 

odd and A + f’ = 0; the number of zeros is then 
E(n+m)— E(n—m+ 1) — [1]. 

In ease (8), (x — 1) 7 + A= 21a — mz, d is positive and EH (n + m) is 
even and f’ + A=1; the number of zeros is E(n+m)— E(n—m+ 1)-[1]. 
The case in which — }< n < 0 presents no special difficulty. 


If n + m is a positive integer, or zero, we have X= 0, and we have 
na + ma = 2I or 21 + 1; thus F (n + m) — 1 is 27 or 27 + 1. There is no 
difficulty in distinguishing the various cases, as before. 
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If n+ m is a negative integer, there may be a zero of P,™(y) in 
(— co, — 1), and the cases may easily be distinguished as before. We shall 
consider in detail only the cases in which ” and m are both integral. 


234. There remain for consideration the cases in which one at least of 
the numbers n and m is integral. 


(1) Let m be integral, but not n. From (33) of Chapter v it follows that 
pe (1) = me P, (u); and hence that P,-™ (u), Py" (1) have the 
same zeros. From (0), of § 231, it follows that P,,” (j2) has no zero in (1, 00); 
algo it has no zero in (— 00, — 1). The number of zeros in (— 1, 1) is 
E(n—|m| + 1), (see § 230). Considering the case m > 0, it is seen from 
(b) of § 231, that the phase of P,,” (u) in (1, 00) is zero if x > m, and that 
when n < m itis zero or 7 according as sin (m ~ n) zis positive or negative. 
The value of P,,” (4) for m > 0, in the neighbourhood of » = — 1, is given 
by the formula on p. 226. The dominant term when p + 1 is very small is 


sin a7 1 


a_ py Sina d™ Bt) On (ym (2 1)" 
(ut — 1) Sn log A on (1p (at — ae 
It follows that the increment of phase in passing from — 1— 7+ 0.1 to 
—1+7+ 0. is }mz. Also the phase of P,”(— 1— 7+ 0.1) is 27 or 
(2I + 1) 7, where J is integral. The increment of phase in passing over the 
point p = lis 4mz. 
We have now na + An = 21m or (2I + 1) 7; it being assumed that the 
phase of P,,” (jz) in (1; 00) is zero. 

Since n = H (n) + f, (n> 0), we have f + A= 0 or 1. 

The total increment in the circuit is nm + Aw + ma — EB (n— m4 la 
and thus the total number of complex zeros is Z (n) + m — E (n— m+ 1) 
or E (n)+m+1—E (n—m +1), whichever is even. In case the phase 
in (1, 00) is 7, we have (mn + 1) a + Aw = 2Im or (27 + 1) z, hence f+ A= 0 
or 1. The total increment in the circuit is m7 + Aw + ma — H (n — m+ 1) 
and thus, as before, the total number of complex zeros is 

E(n)+m—E(n—m+1) or E(n)+m+1—-H(n—m+ 1), 
whichever is even. This holds when m > 0. Therefore when m may have 
either sign the number of complex zeros is Z (n) + | m|— #(n—|m|-+ 1) 
or E(n)+|m|+1—H#H(n—|m| +1), whichever is even. If m= 0, 
there are no complex zeros. 

(2) Let 2 be integral, but not m. The total number of zeros of P,,” (1) 


: 2 ¥ : 
is then n, since P,” (wz) is, apart from the factor (e553) a a finite 


=B# 
3 


polynomial in , of degree n. The number of these in (— 1, 1) is 
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£ (n — | m| + 1), and there is one zero in (— oo, — 1) incase nis an odd 


integer and m < 0. 
Thus the number of complex zeros is 
n—E(n—|m|+1), 
or, when n is odd and m < 0, itisn — EB (n—|m|+1)—1. 
(3) Ifn and m are both integers, the zeros of P,,” () and P,-™ (1) are 
the same, except that, when m > n, the function P,” (4) does not exist, 


but II (x — m) P,.” (wu) may be substituted for it. If m <n, we see from 
(12) of Chapter v that P,(u), where m> 0, is, apart from the factor 
(v2 — 1), a finite polynomial of degree n — m. 

Therefore, whenn > m= 0, thereareno complex zeros, since EF (n— m+ 1), 
the number of real zeros in (— 1,1) is n—m. If m< 0, P.” (2) has 


n zeros, as is seen from (11) of Chapter v; if | m|= 7 there are no zeros 
in (— I, 1), (see § 230). 
_ There are no zeros in the real interval (1, 00), (see § 231). 
For the interval (— co + 1.0, — 1+ ¢.0) we have, (see § 232), 
2 em™ Q.-™ (1) 
II (n= m) I (—n—m—1) aE 


when m < 0, | m| >; and this may have one zero; it can be shewn that 
it has one zero in case 7 is even, but none in case 7 is odd. For the value of 
P,™ (— p) it has as its polynomial factor 


Pam (= et 0.0) = (— 1)"P,™ (p) 4 


F(—mn+11+|m|;t#), 


and this has, when +1 — oo, the sign of (— 1)", and it is positive if 
uw + 1= 0, hence if 7 is odd there is one zero. 

For example, it may easily be verified that P,? (1) has the zero 4 = — 2. 
It follows that the number of complex zeros of P,,” ( #4), when m is negative, 
and | m | > n, is the even one of the two numbers n,n — 1, 


The single case of the zeros of P,.”() has been discussed by Hille*, 
for which n is real but not necessarily integral, and m is a positive integer. 
He obtained the result that the function then has E (n) — H (n — m+ 1), or 
EH (n + 1) — E (n— m + 1) complex zeros, that one of those numbers being 
taken which is even. As above, no account is taken of zeros at 1 and — 1. 


This result is not in agreement with that given above, but it certainly 
cannot be correct when x and m are both positive integers and m< n. 


For it has been shewn above that P,,” () is in that. case a multiple of 
a polynomial of degree n — m, all the roots of which are real; thus there can 
* Arkiv for Mat. vol. xm (1918-19), No. 17, p. 23. 
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be no complex zeros of the function. The difference between the two 
results would appear to arise from a divergence between the estimates of 
the change of phase in passing over the point — 1, where Hille appears to 
employ the expression (a) which does not converge in the neighbourhood of 
that point. 

The complete result obtained is the following: 

If m is integral but not n, the number of complex: zeros is that one of the 
numbers 

E(n)+|m|—E(n—|m|+1), B(n)+|m|+1—E(m—|m| +1) 
which is even. 

If n is integral, but not m, the number of complex zeros is 

n—-H(n—|m|+1) or n—E(n—|m|+1)—-1, 
whichever is even. If | m |= n the number is n or n — 1. 

If n and m are both integral, and if n= m= 0 there are no complex 
zeros. If however m < 0, | m| > n, the number of complex zeros is n orn — 1, 
whichever is even. 

When neither n nor m is integral, the number of complex zeros is deter- 
mined by the results obtained in the various cases discussed in § 233. 


THE ZEROS OF Q,,” () 


235. Some remarks will be made about the zeros of Q,’"(), although 
no theory, as general as has been given for P,,” (1), will be developed. 
Tf » is real and > 1, and 7 is real and > — 1, and m is positive or zero, it 
ig seen from (19) of Chapter v that Q,, (4) hasno zeros in the interval (1, 00), 
if m is positive, or more generally if n + 3 and x + m are positive, since 
the coefficients in the hypergeometric series are all positive. From the 
relation = 

Qa (h) = Fe) etm Qa (1) 
it follows that, when m is negative, Q,” (u) has no zeros in the interval 
(1, co) of w. It is assumed that neither n + m nor n—™m is a negative 
integer. If 2 is negative and < — 1, there is in general at most one 
zero of Q,,™ (j) in (1, 00), for if there were two, there would be a zero of 
P, (u) in the interval, which is in general not the case (see § 231). 

The function Q,,” (cos @) is not the analytical continuation of Q,/" (u). 
For Q,," (cos 0) we can employ the expression (58) of Chapter v, which 
expresses the function in terms of hypergeometric series which converge 
within the interval (0, 7) of 6. We find, by using the asymptotic expres- 
sions for the hypergeometric series, after some reduction, that, as 6 0, 
or » > 1, when m > 0, : 


Qn” (H) ~ 


a 
B. 


2 sec ma 


i= 
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Similarly, when cos @> z, or p> — 1, 
Ti(m—-1 2 \im 
Qu (w) ~- SD (2 Y"; 


secnm \l+p 


thus the number of zeros of Q,,” (cos @) in the interval (0, 7) of 6 is even or 
odd according as cos nz and — cos mz have opposite signs or the same 
sign. There is one zero of Q,,” (cos @) between each consecutive pair of 
zeros of P,”(cos@), and the number of these latter zeros is # (n—|m|+1) 
or E(n—|m|+1)+1as the case may be, and the number of zeros of 
Q," (cos 6) may exceed these by 1 or 2, which are not between consecutive 
zeros of P,, (cos @). 


It thus follows that the number of zeros of Q,,” (cos 9) is 
L(n-m+ 1) +k, 


where k may have the values — 1, 0, 1, 2, and must be such that the 
number is even or odd according as cos nz and cos mm have opposite signs 
or the same sign. 


In case 1 is a positive integer, and m= 0, the number of zeros of 
Q, (cos 9) is mn — 1, n, or n + 1, since cos nm = (— 1)"; hence the number 
must be n — l orn + 1. 


It can however be shewn that the number of zeros of Q, (cos 6), when n 1s 
@ positive integer, is n + 1, in the interval (0, 7). 


For, since Qq(}) = #Pa(H) log #— Waa, 


it follows that, when pu is very nearly — 1, the sign of Q, (u) is (— 1)"; 

hence the sign of Q, (y)/P, (uw) near »=—1 is negative. Therefore 
d Qn(H) . ee - . = : ' 
TP, (u) is positive in the neighbourhood of the point » = — 1; or 


P, (1) S12) — Q, (uy Se) 


has the positive sign in the neighbourhood of = — 1. But this expression 
has a fixed sign throughout the interval (— 1, + 1), (see § 233), and this 
sign is therefore positive. If py be the zero of P,, (u) nearest to the point — 
p= — 1, we must have — Q,, (tu) ete positive, and thus Q,, (v) and 


aP,, (Ho) # s aP,, (Bo) 5 yet. 
Se have opposite signs. Now aie has the sign of (— 1)"+, hence 


Q, (#0) has the sign of (— 1)”, the opposite sign to that of @, (u) in the 
neighbourhood of the point » = — 1. There exists therefore one zero of 
Q, (u) in the interval (— 1, y»). Hence the number of zeros of @Q, (cos 8) 
in (0, 7) isn + 1. 
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THE ZEROS OF Q,, (uw), WHEN 7” IS A POSITIVE INTEGER 


236. It was shewn* by Stieltjes that the function Q,, (u), defined over 
the whole plane of » with a cross-cut along the real axis along (— 00, 1), 
has no zeros, real or complex. 

We have by F. E. Neumann’s definition, Chapter m (63), 

_1(! Pw 
Qu(w)= 5) roan 


Hence if yu) is any zero of Q,, (4), we have 


iB ts. 
=1 po — & 


From this we have 
1 2 1 = - 1 
ff CaP a = [7 Pa eo Paleo — Pe ll ay Pu (es 
-1 Ho & -1 Bo Thom 
and the integrals on the right-hand side are both zero, hence 
1 2 
| ay 
=1 Po — & : 
This is impossible in case j is real and greater than 1; and if py has a value 
@ + 1B, in which case it may also have the conjugate value, we have 


aa) ee ee 
(iz poe 0, 


> 


front which we have 


* _ {Pw} = 
B is @—u? ae du = 0, 


a- u)? + e 
which is impossible, since the integrand is essentially positive. Hence, we 
have the theorem: 
If n be a positive integer, Q, (4) has no zeros, real or complex. 


THE ZEROS OF P_,.. (1) 


237. Investigations have been made by Hille of the number of real and 
complex zeros of P,, (1) for general complex values of p. We shall consider 
the number of real zeros of the function aa + (#), Which is the only case 
of importance for application to potential problems, when n is complex. 


Taking xn = — 3 + gu, we have from the formula (11) of Chapter v, 
ih 
Pain (W) =F (b- Dod t+ BG li~G t) 


Sieg ee 


1 1 8 
gt Py (gs + 2°) (55 + 2°) 2 ae 
pw, 2 2 (: #) : 


ieaat 2 D2: 
* Annales de Toulouse, vol. tv (1890), p. J 9. 


e 
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for coal <1. Since the coefficients of the series are real and positive, 


it follows that P. (#) has no zeros in the segment (— 1, + 1) of p. 


shim 

In order to find the number of zeros in the infinite segment (1, 00), we 
employ the formula (143) of seer v, 4 
sin pu : 


h — coth ———- -. 
FP uawaoe Ze P* }, (cosh u — cosh 7) 


Let $= —, 7 , where r is a positive integer; we have then 


@rt+Dz (r+2)a 
Le 


2b sin pu 


TT ee Dp 1 
Ee (cosh m2 colt pn cS mS Pt) + (cosh « — cosh pe 
Dp Femme ‘2 


2 Dee 
“coth pr. ( N= ip eal 


where J, denotes 
(+17 : 
D sin pu 


ae E (cosh u — cosh y)# 


It is clear that I, > I,.1 > I,..> ...; hence the function P Bi § (cosh) 
is positive or negative according as 7 is even or odd. It is thus seen that 
in each interval (cosh =, cosh —— of p, the function has one zero, 
or an odd number of ees It has thus been shewn that: 


The function P. Te (pz) has an infinite number of real zeros, all im the - 
interval (1, 00) of p. 


It can be at once deduced that each of the derivatives of P_,_., (u) 
has an infinite number of zeros in the interval (1, 00) of u. Accordingly 
this is also the case for the function P” be (u), where m is a positive 
integer. That this function has no zeros in the interval (— 1, 1) can be 
z a ¥ has all its coefficients 


¢ 


seen from the fact that the series in powers of 
real and positive. 

In order to find approximations to the zeros of P_,,,, (u), lebw=v+4¢, 4 
then 


cos pv 
IP te (cosh x) i tanh px = sin pb EF P 


0 {cosh (v + %) — cosh one 


sin pv 
0 {cosh (v + %) — cosh pe 


t cos pi | 
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If # is large, we obtain from this the approximation for 


P4 4p, (cosh f) = = coth pre : | 
A © cos pv © sin pv ! 
dv 4 | d |. 
x [sim ay | ea ly + cos pis 1 1 
Since 


Dep Nien) ae 2G 
Tl (po) [as (l-d dt 


le cos pv a, an sin pv 5 
0 (e—1)2 0 (e—1)8 


=U-vwW, 
we have, at a zero of 1 +p. (cosh #), approximately, _ 
U sin pf + V cos ps = 0, 
and therefore the large values of # are given by tan pf = — Le Therefore 


the values of the large zeros of IER 4p, (cosh $) are given approximately by 


ga} (— tom f+ be), 


T(- 4) ($+ py) 


where ~ UO-wW Tp) 


THE ZEROS OF P,,” (2) CONSIDERED AS A FUNCTION OF 1 


238. In certain boundary problems* it is necessary to find the values 

of n for which P,™ (14) = 0, or more generally, for which 
AP,” (un) + BP,” (1) = 0, 

where » has a prescribed value cos ,, and m has a prescribed real value, 
positive or negative. The zeros of P,” (u), considered as a function of n, 
were investigated by} Macdonald. 

- It will be shewn that: 

If m is real and positive, and p is fixed in the real interval (— 1, 1), 
P,, (1) as a function of n, has no complex zeros. 

We have, as in § 23, 


(only (ment + 1) [Pam (H) Pa (H) dn 


= (1 22) Pye ) FA — Pim yy Ba ON 


* See Thomson and Tait’s Natural Philosophy, vol. 1 (1879), Part 1, p. 196. 
+ Proc. Lond. Math. Soc. (1), vol. xxx (1900), p. 264. 


404 The Zeros of Legendre’s Functions (OH. 


Hence, if m and n’ are two values of » for which P,~” (1) = 0, for a 
fixed value of » in (— 1, 1), and for a fixed positive value of m, we have 


i 
[Pa (1H) Pa (1) du = 0, 
# 
provided x — n’ and n+ n’ + 1 do not vanish; since P,,~” (1), Py” (Hw) 
then both vanish when p= 1, ried that m is positive, since 
a 1 (= ; -i=# 
P,~ (n) a F( n,m +15 1+ m3 ). 

In case m is negative, P,,-” (1) diverges at the point p» = 1, and the 
argument is inapplicable. 

Tf 2 has a complex value for which P,~” (1) = 0, the function will also 
vanish if n’ has the complex value coniuzate to that of n; andn+n'+1 
is only zero when the real part of n is —-}. This case must accordingly be* 
considered separately. If L + uM, i= iM are the values of P,~” (y) for 
the conjugate values of n and n’, we have 


[Pam H) Pa (u) dp = [[ aa a) du, 
aml this cannot vanish. It fosowe that P- (1) can have no complex roots. 
In the case R (n) = 
Hae 1; 1m; +5) 


has all its coefficients real and positive, and thus P,—” (4) cannot vanish 
for any such value of n. 


It has also been shewn{ by Macdonald that, when m is positive, 
P,” (u) has at most 2H (m) complex zeros. 
CALCULATION OF THE REAL ZEROS OF P,,~” (cos 6) 


239. When n is real and large, we may employ the formula, given in 
Chapter vi for the calculation of such values of x, for a prescribed value of 8. 


n=m) cos {in + 0-5 Sal 
+3) (2 sin 0)? 

m2 T enfosne—2—l 
te (2 sin 6)? 


re BN Os 
(12 — 4m?) (3? — 4m?) es {in + $)9 4 
2.4 (2n + 3) (2n + 5) (2 sin 6)? 
* Loc. cit.; see also Proc. Lond. Math. Soc. (1), vol. xxrx (1898) where corresponding properties 
of Bessel’s functions are considered. ‘ 
It is stated by Macdonald (loc. cit. p. 266) that, when is complex, the series for P,— (u) 
in powers of 1 —p has its coefficients all real. This is however only the case when R (n)= -4, 
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The large values of n for which P,,-” (cos 0) vanishes are given approxi- 
mately by Z 
7 mr 


nek 
(n+ 3)8 q 5) 


(2k + 1) 


i 
3? 
where & is an integer; that is by 


n+ $= 55 (2k + m+ §). 


Let N+t=a, ap (etm + §) Xo; 


then, for all large positive values of n which make P,,-” (cos @) vanish, 
(« — a9) 0 = os, where yf is to be determined from the relation 


tan 4 = the quotient of 


in (5-9) 
12— 4m? D9 7) (12 — 4mm?) (82 — 4m?) sin (@ — 26) | 
B(+a) 28nd | B#(l+x)(2+2)2! @smd? 


7 6) 
12 — 4m? 08 G 2) | (12 — 4m?) (32 — 4m?) cos (4 — 28) 


1 


by lt+oGaa aem0  * 8G +a)@4+a)2! @smnoz 07 
This may be written in the form 
e Crees Cy ; C3 
tand=7 at G¢ar' @raets | Oia 
ds < & 
‘apar@se)'(ta@t+aGra 
where 


=, G=—%4b,, d=b,, te=+42b,, dy= — a2b;— aby, 
es = bs, Cy= — Ay2D,, dy = 2002, + 4,70,, ey = — Mado, 


fa = — 13 — ab, 9g = 24, ete., 


and 
T s 7 
1 — 4m? © G- 6) BP 4m25 G — ) 
ae ee ee ee 


(12 — 4m) (82 — 4m?) 
9 (2 sin 8)? 2! 


As cos (7 — 26). 


From this expression we have 


tan (% — %) 0 = @ + G+ a+ %+..., 


Gy Cy j dy 
(l+2)2" (1+2)(2+2) 


where CA Oy , ete. 


eae Ge 
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On pos by Lagrange’s theorem, and neglecting terms of the — 


order Gta) we have 
a 
T= hy + 5 (Gy + Oat Oy + Mat 1) = — 3 (my? — 7 a2) 
se Fa (een! + Oy 09! + 0’ Om) +... 
where x, is written for x in a, a, ..., and a,’ denotes = 
0 


On substituting for «,, c, their values, we find that 


Ae by a bs aby _ 3a,%b, — 6,8 

"=%T FT+m)  O0+m)2tm O0+me?' 301+ aH)? 

Gnd, + yb, sii 62 
(1 + %)? (2+ a) " O(L+ %) (2+ %) (B+ %) GF (LF m/e 

a,b,3 — a,3b, : 204 dnb, + a2, — 5,7, yb, 
O(1+ mb © 8 (1+ x)? (2 + a) 8 (1 + a) (2 + a)? 

Ds + gb “4 by a 
8 (1 + a)? (2+ a) (3 + %) 8 (1 + %) (2 + %) (3 + %) (44 %) a 
3a, 6,7 2b, b, 6,6, i 


| TRA +a FI ta) etm) Pte) e+ a 
The negative values of n are obtained from the above by changing the sign _ 
of the right-hand side, as the function P,,~” () is unaltered by changingay 
n into —n—1. 

When @ is between 7/4 and 37/4 it will be found that the omission of ; 


terms of order ase and higher orders at most affects the fifth decimal 
place, and the series can be extended so as to approximate more closely. 
When @ is near 0 or z the series is unsuitable. 


THE ZEROS OF P,,~” (cos @), WHEN @ IS SMALL, OR NEAR 7 


240. Macdonald has treated also the case in which @ is small, by 3 
employing an expression which he obtained for P,,~” (cos 6) in a, series” 
Se Bessel’s functions. He found that 

nn” (cos A) 
ss 1 
~ (n cos $6)" 


re 


[2 (a) — sin 30 Tyna (#) — Sin? $9 {nis (#) — AI nag 
— sin? $0 12 Jugs (@) ~ BTmss () + ¥eTnsa Oh 


z 4 4 
+ sint 40 {35° Iae (2) — HPI (2) + moa) — ge Tmsa (= oe] 


where x = 2n sin 30. 
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When @ is very small, the zeros are given by those of J, (a); if % is one 
of these zeros, the corresponding zero of P,,~” (cos 8) is given by 42) cosec 30, 
or by n=2,/0. This is a first approximation when 0 is small. Further 
approximations can then be obtained from the series. 


In order to make J,, (x) — sin $0 Jm41(%) +... vanish, Macdonald 
assumed that 
© = Xp + a, sin $0 + a, sin? $0 + ...; 


and he obtained, by applying Lagrange’s theorem, the following values 
of the first four coefficients 


ay 1, a 


592m? + 40m — is, 48m4 + 6480m? + 28400m + 7720 
1802 8602, 
To obtain a suitable formula for calculating P,,~” (cos @) when 7 — @ is 
small, it is convenient to express P,,-” (cos 6) in terms of functions of — cos 6. 
We find from the formula (62) of Chapter v, 3 


L 


2 sin (n + m) 7 


P, (— cos 0) = cos (n + m) a P,” (cos 6) — = 


Q,™ (be) 
also 
Q,’” (cos 0) = 


T 
2 sin mz 


ee (cos 8) cos ma — oe P,,-™ (cos a} 5 


‘and thence 


P,j” (— cos 6) = cos (n + m) wP,’” (cos 6) — ve 
Il (x +m) 
Il (x — m) 


The zeros of P,,-” (cos 9), when 7 — @ is small, are thus given by 


x {Pam (cos 8) cos mz — P,™ (cos a. 


sin ma P,,~” (— cos 8) 


= 7 
a a m P,,-™ (— cos 6) — cos ma P,,™ (— cos 8) 


tan (n — m) 7 


that is, by 


n=m+k+ * tan Ce ae ETE ei sn gerbe cr) > 
cee) P, (— cos 6) — cos mz P,,-™ (— cos 5) 


where & has all positive integral values, including zero. 


Employing Lagrange’s series, and letting 7 — @ have the very small 
value ¢, we have : 
ene _, (0 (n + m) II (— m) ade 
n +k = ban oT a ee) tan” 5 Sinma, 
Tl (2m + b) ag 
Toile =) PW 


k+ 
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The negative zeros of P,,—” (4) are found by writing — n — 1 for n. This — 
method fails in case m is an integer, in which case we can proceed as 
follows: : 

From the relation 


P,,-™ (— cos 6) = cos (n — m) 7 P,,~ (cos 6) — aes 


Qu (cos 8), 
the zeros of P,,~” (cos 8) when z — @ is small, are given by 
2 sin (n — m) x II (n — m) 
7 II (n + m) 
that is, by 
n=™+ b+ 2 tan-*{ 


Q,-™ (— cos 6) — cos (n — m) 7 P,,™ (— cos 6) =0, 


II (n + m) P,,~™ (— cos 6) 3 
II (x — m) Q,-™ (— cos 6) 2)” 
where & has all positive integral values, including zero. 
When z — @ = ¢, and m is different from zero, we find by expansion, 
II (2m + k) 


= t ¢ 
WS ayn = 


as before. 


When m is zero, the zeros of P,, (w) are given by 


Geb * Ste 
7 1 —cos@ 
lo; 


1+ cos@ 


that is, by n=kh+ z 


3 
2 log 5 
THE NUMERICAL CALCULATION OF THE ZEROS OF P,,” (1) 


d 
AND ah P." (wu), WHEN 2 HAS A GIVEN VALUE cos 0 


244. A method has been given* by Bholanath Pal of obtaining the 
values of x for which P,,” (cos #) vanishes, when m and @ are given. 


He employed the asymptotic formula 
II (n) Bo WS er mr oT 
Py" (008 8) = FE Ge ny ( ) 00s {(n + h)O+ 5 i 


nm sin 6, 
30, . mn 7 
Gn) + at, + sin fn 13) 0 oem i 


x{ = Foot 0 oan th 


* Bulletin of the Calcutta Math. Soc. vol. rx (1917-18), p. 85; and vol. x (1918-19), p. 187. 
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which he obtained from one of Watson’s general SF ees expressions 
(see § 198). 
The values of C, and C,’ are 
Cy = § (m® — 9)? — 3 (em? — 9) (m2 — B) cot? 8, 
C,! = 4 (m? — 3) (m? — 3) cot @. 


By using a Lagrange’s expansion, Pal obtained the values of n 


n=€+4 [ we “3 cob (m2 — 4) (m® — 4) cot 0 — 3Cy’ 
3 (m2 — 4) C,' cot 0, (m? — f)% cot? 6 | | 
(2€)8 3 (26) Sea 
_ Lf _ (m2 = B2 cot? 2 {(m? — 4) (m* — 3) cot 0 — 30, 
Y 62 [ Q2¢8 28g” =| 9 


where € denotes 


Pal also employed a similar asymptotic expansion for P,” (cos 6). 
He shewed also that the asymptotic expression (15) of Chapter vi can be 


employed to calculate the values of n for which Fa P,” (uw) is zero. The 


large values of n for which Le P," (uw) = 0 are given by the equation 


dp 
7 mir T Mir 
cos {in — 0-7 + ME — cos 6 feos (n + HO— FZ + "Gh =O. 


Tables were given of the first few zeros of the equation i P,” (uw) = 0, for 


6 im 0; 6 jm 1; 0 im 2. 


In Pal’s second memoir, he gives tables of the zeros of P,” (1) for 
T 


> Te and m=0, 1,2. Tables are also given of the zeros of 


P,” (uw) = 0, for 6 = 47, m = 0, — 1, — 2; and 6 = 37, m 0, —1, — 2. 


CHAPTER X° 
HARMONICS FOR SPACES BOUNDED BY SURFACES OF REVOLUTION 


242. In this chapter the theory of Spherical Harmonics will be applied — 
in various cases to the determination of harmonic functions for the space 
interior to, or exterior to, a surface of revolution of given form. It will be — 
‘seen that associated Legendre functions of arguments and degrees different 
from the ordinary ones which are required in the case of spherical boun- 
daries will receive application. 

If the coordinates x, y, z be expressed by z + wp =f (n + 16), « + wy = pe®, 
where p denotes (x? -+ y®)?, the distance of the point (a, y, z) from the axis 
of z, it will be seen that 7 and @ are the parameters of orthogonal families — 
of curves in the family of planes ¢ passing through the z-axis. Thus con- 
stant values of y, 6, ¢ form triply orthogonal sets of surfaces such that 
0 = constant and 7 = constant are two orthogonal families of surfaces of 
revolution with the axis of z as axis of revolution. It will be shewn that if 
the function f(y + 1) satisfies certain conditions, normal solutions of 
Laplace’s equation exist when 7, 0, ¢ are taken as the independent variables. 


The problem of determining a potential function for the interior of a 
spheroid when its value on the surface is prescribed was first treated* by 
Lamé in connection with the conduction of heat. In his Inaugural Dis- 
sertation} Heine dealt with the same problem, and shewed for the first 
time that the functions which occur in the solution are the functions P,™, 
the associated functions of Legendre. In a later work of Lamé the solution 
is given in the same form. 

The solution of the external problem was given by Heine, and it was 
in this connection that he first introduced the Legendre’s function of the 
second kind, together with the associated functions. The expansion of the 
reciprocal of the distance between two points in a series of spheroidal har- 
monies was givent by F. Neumann, and another solution of this problem — 
was given§ by Heine, who has also considered in detail the case of the 
circular disc as a degenerate case of an oblate spheroid. 


We have 


(dx)? + (dy)? = (dp)? + p? (dd), 
(dz)? + (dp)? = f’ (y + 08) f" (n — 08) [(dn)? + (48)?}, 


* Tiouville’s Journal, vol. tv (1839), p. 351. a 

T De aequationibus nonnullis differentialibus (1842), also Crelle’s Journal, vol. xxvt (1843). 
A full account, with many references, is given in Kugelfunctionen, vol. 1 (1881), pp. 98-136. 

4 Crelle’s Journal, vol. xxxvu (1848), p. 21. 

§ Ibid. vol. xu (1851), p. 70. 
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and thence 
(du)? + (dy)? + (da)® = p? (dg)® + f’ (q + 8) f" (q = 08) [(dn)? + (49)"]. 
With the notation employed in § 2, we find that 


Hy? H~— H;? 


a+ me @— 8)’ 


and thus Laplace’s equation is equivalent to 


: : : 1 dw 7) op é ow’ 
if (n 4 0) f (n 0) ad AG ae T en (6 a) + BY) (6 0) 0, 
where 2up = f (yn + 0) —f (yn — 46). 
If u = HO®, where H is a function of 7 only, © of @ only, and ® of ¢ 
only, the equation becomes 


420 1 f+ ®)—fq—2) 

dg * Hf ( Fi Comat o—-f- OF, 
_lft+)—fm—) ac) 
SP era era a fat Mfr ay ey] =0 


This equation can be satisfied only when is a constant, say — m?; in 


120 
® dg? 
which case © = = * mg. We have then the differential equation 

Lie eee 
pt TO 8) 2 [a+ -fo-OF | 
ul st (2) 
54 fin Se [UF +) FO) Gy] + det =O. 


Of a+ fF q— 
Let it now be assumed that the function f is such that 


f a+ #)f' a-#) pa 


[f(y + 8) — fm — 8)P 
can be expressed as the sum of a function y, (7) of 7 and a function x, (4) 
of 6, then the equation becomes 
1@H  1@0 , f'(y+6)—f' m— 6) 1 dH 
HI dy? "© de * fm+0)—f@m— 6) Hd 


fm+6)+f m—81d0,,, m2 
+05G4 a) — fq) © de” 4m? [x1 (9) + Xe (8)] = 0. 


If now the function f is such that 
f a+) —f' =) 


Fa + 8) —fq—) 

is a function F, (y) of 7 only, and 
Lot Mth a-#) 

fn + 6)—f(n— 8) 
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is a function F, (#) of @ only, the equation can only be satisfied if 


eH dH 
aqua Fa) apa 4m? x, (n) H = oH 
2 
amd oe + F, (8) S 4m2y, (6) © = — a®, 


where @ is a constant. When the function f satisfies the above conditions, 
the normal solutions ®HU exist, where H and U are solutions of these 
ordinary differential equations, and m, « are arbitrary constants. 


THE PROLATE SPHEROIDS 

243. The first case which we shall consider is when f (7 + 10) has the’ 
value ¢ cosh (7 + 16). In this case we have. 

z=ccoshycos@, x=csinhysin@cos¢, y=csinh 7 sin 0 sind; 

then the surfaces for which 7 is the parameter consist of the confocal 

prolate spheroids 

ee ge a ae y? 

: ce cosh? yn © ¢?. sinh? 7 

and the surfaces for which 6 is the parameter consist of the family of 

hyperboloids of revolution 


1, 


ge oR x + yr ane 
C7 cos? 0 2c sino = 

If we take for the range of values of 7, 0, ¢, 0X1 < 0, 0X0 a 
0S ¢ < 2n, each point of space is uniquely specified by the curvilinear co- 
ordinates (7, 8, ¢). 

In this case we have 


f+ 8) =ccosh (y + 8), f' (7 + 8) = csinh (n + 8), 
hence . 


ff (7 + 8) f' (9 — 8) = c? (sinh? y cos? 6 + cosh? 7 sin? 0) 
= ¢? (cosh? 7 — cos? 6) = c? (sinh? 7 + sin? 6), 


and [f (7 + 6) — fq — 6) = — 4c? sinh? 7 sin? 0; 
hence we have 
f q+ 8)f' q— #) at Teeter ) 
[f(y + 8) f ( — 6)P 4\sinh? y " sin? 6)’ 
1 
thus Xa (0) Tsnh?y’ Xe (8) a 
f' m+) —f' q—- 8) 
Also Get =) coth y, 
and SECS Ge) cot 0. 


“Fa+ 8) —f— #) 
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We see then that, referring to § 6, a normal solution of Laplace’s equation 


is given by HO se m¢, where H and © satisfy the differential equations 


2 2 

ae + coth nS F ney th | 1)| Hsinh y= 0, 
PO dO 
aoe + 0089 ae + [m@+y- suzy] sind =0, 


where n is a constant. 

Hence © is given by P,,” (cos @) or @, (cos 6), and H by P," (cosh 9), 
Q,.™ (cosh y). For the usual applications we take P,” (cos 6), where m and 
n are positive integers such that 0 < m <n. Thus the normal solutions to 
be employed are 

P,” (cos @) P,,” (cosh y) aa md, P, (cos 6) Q,7* (cosh 7) ee md, 
where OX mn. 
_ The first of these normal solutions cannot be applied as a potential 
function in a space which has an infinite boundary, because P,™ (cosh 7) 
becomes infinite with 7. 

Also, since Q,’" (cosh 7) becomes infinite when 7 = 0, the second form 
cannot be applied as a potential function in a space which contains the 
origin. Hence, for the space interior to a Oe spheroid 7 = , 


P,™ (cos 6) P,’” (cosh We mob 

must be taken, and 

P,” (cos 0) Q,” (cosh ) ea mod 
must be taken for the space exterior to 7. 

244. It is clear that 
p, (77S ee Et EE) on and Q, (@+ ost swam) 

both satisfy Laplace’s equation, for they are functions of an expression 
which is linear in x, y, z and such that the sum of the squares of the co- 
efficients is zero. It will be shewn that each of these expressions can be 
represented as a sum in which the terms are normal spheroidal solutions. 
From the addition theorem in § 220, letting » = cosh 7, p’ = cos 8+ 0.1, 
where 0 < 6 < 41, we have 
P,, (cosh n cos 9 — e sinh 7 sin @ cos 4) 


e-}mn 


= .9"5" m LU (n — m) 
= P,, (cosh ) P,, (cos @) 4 Zea (—.1) TE Gem) 


x P,” (cosh 7) P,™ (cos @) cos md, 


remembering the relation P,” (cos 6) = e™™ P, (cos 0 + 0.1). 
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Changing ¢ into ¢ + 7 — #, we have 


B e + ut os + y sin ‘) P,, (cosh 7) P,, (cos 4) 


4 2°3)" e-dmm Mins: ee is 2” (cosh n) P,™ (cos 6) cos m (¢ — ), 


m=1 Il (x + m) 


which is the required expression. We obtain at once the formulae 


z ic P,( alee cost else ri/sell ‘) dt = P,, (cosh y) P,, (cos 6), 
7 


1 [_p. (Gpeoeet ane 
Qa J — c sin 


~Lmm I (a —m) a COs 4 
Weer P,i” (cosh n) P,” (cos 9) in ‘ 

If, in the addition theorem given in § 223, we put p’ = cos@+ 0. in 
= cosh 7, then, if 0<6@<4nr, q 


On (cosh 7 cos 0 — csinh 7 sin 6 cos 4) 


= Q, (cosh 7) P, (cos @) +2 s on (cosh ») (— 1)" e"" P,-™ (cos 8) cos mo q 


m= 


coshn +1 1+ cosO 


cosh 7 — 1 ~ 1— cos 6° Bio 


in case 


Qn (cosh n cos 8 — ce sinh 7 sin 6 cos $) = P, (cosh 7) Q, (cos @ + 0.1) 
+ 2% (— 1)" P,™ (cosh 7) Q, (cos 8 + 0.1) cos md 


coshyn +1 _ 1+ cos 0 


ee cosh y—1 > T— cos 0" 


It is assumed that 7 + 0. 


As before, we now obtain the formula 


0, G + sot + ywsin ) @, (cosh ») P,, (08 6) 


125 am Q,” (cosh n) P,-” (cos 8) cos m (6—=#), 
m=1 ie 


or P,, (cosh 7) Q, (cos 6 + 0.1) 
+ 2% P,-™ (cosh 7) Q,” (cos 6 + 0.1) cos m (bd — #), 


according as cos 0 cosh 7 = 1. 
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We now have 
1 * Qy (@ SEE EY at 


Qa J» @ 


= Q, (cosh ) P,, (cos 9), if cos @ cosh y > 1, 


and P,, (cosh ) Qn (cos @ + 0.2), if cos @ cosh y < 1. 
‘Also 1 i Q, ( + wcost+ wsin ‘) CO8 tt 
Weippe ¢ sin 


= e™™ Q," (cosh 7) P,-™ (cos 4) He md, 
or P,,-™ (cosh 7) Q,'" (cos 6 + 0.) ee md, 


according as cos 6 cosh y > 1, or <1; thatis,z2c. _ 

The exceptional case, in which the formula fails, is when z = ¢. 

A convenient expression for the calculation of Q,” (cosh ) is obtained 
from (67) of Chapter v. We have to write e” for z. Hence we obtain the 
formulae 


Q,2" (cosh n) = 2” ( 1)" Tl (vn + m) Il (— 


Il (n+ 4) 
x er tnemeon (£4 mint+mt+i;n+ 356"), 


Q, (cosh 7) = See F (k,n +1; + $; eo"). 


He 
2" sinh” y 


We have also, from (70) of Chapter v, 


: Il(~—4 
P, (cosh 9) = F a as em F (4, —n; 4 — 1; e™) 
ptannm ——L@)__ gm FG, nt] nt $e). 


Tl (w+ 3) H (— 2) 
245. An expansion as a series of normal functions will be obtained for 
the reciprocal D of the distance between two points (7, 0, 4), (n’, @, ¢), 
where 7 > 7’. 
We have 
D?/c? = (cosh 7 cos @ — cosh 7 cos 6’)? 
-++ (sinh 7 sin 0 cos ¢ — sinh 7’ sin 6’ cos $')? 
+ (sinh 7 sin 6 sin ¢ — sinh 7’ sin 6’ sin ¢’)? 
= (cosh 7 cosh 7’ — cos 8 cos 6’)? 
— {sinh 7 sinh 7’ + sin @ sin &’ cos (¢ — ¢’)}* — sin? @ sin? 6’ sin? (¢— ¢’). 
Let A =cosh 7 cosh 7’ — cos 0 cos 6’, 
B =sinhysinh 7’ + sin @sin & cos(¢— ¢’), C =sin @sin #’ sin (¢-¢'), 
then D3/c? = A? — B? — C?, 
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and A-— Bcosv—Csinv 
= cosh 7 cosh 7’ — cos 8 cos 6’ 
— {sinh 7 sinh 7’ + sin 6 sin? &’ cos (¢ — ¢’) cos vy} 
— sin 6 sin &’ sin (¢ — ¢’) sin v i 
= cosh 7 cosh 7’ — sinh 7 sinh 7’ cos v 
— {cos 6 cos 6’ + sin @ sin 6’ cos [v — (6 — ¢')}} 
Hence we have, by the result in § 218, 
ae 
D oy-8 
where = cosh 7 cosh 7’ — sinh 7 sinh 7’ cos », 


and Sandon? aban (¢— ¢')] 


= 4 is expressible by the series 


: & (2n + 1) Q, (y) Pn (8) 
which converges uniformly with respect to v. It thus appears that 5 is” 


Since y > 1, 8 < 1, we know that - 


aS by means of the series 


5— 2 (2n + 1) is Q,, (cosh 7 cosh y’ — sinh 7 sinh 7’ cos v) 
P,, {cos 6 cos 6’ + sin 6 sin 6’ cos [v — (¢ — ¢')} dv. 
Employing the addition theorems (see §§ 223, 227) for 
Q, (cosh 4 cosh 7’ — sinh 7 sinh 7’ cos 2), 
and P,, {cos 6 cos 6’ + sin 6 sin 6’ cos [v — (¢ — ¢’)}}, 


we have for c/D the expansion 


z (2n + 1) P, (cos 6) P, (cos 6’) Q,, (cosh n) P,, (cosh 7’) 

n=0 

Suan 

(a+ m)! 
nv” (cosh y) P,” (cosh 4’) cos m (¢ — 6’), 

where 7 >’. As in § 185, it is seen that this expansion converges uniformly 

with respect to ¢ and ¢’. 


246. Let 7) be the value of y on a fixed prolate spheroidal surface of 
the system. Then, if the oe of a potential function on the surface Mh 


42 z n+) = (= aye ft 


if P,” (cos 0) P,,” (cos 6’) 


be given by AP,” (cos One °. md, the value of a potential function for the 
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interior of the spheroid 7) which has the prescribed value on the surface 


No is A eee P n™ (cos @) 9) . ee in > and the value of the corresponding 
Q,™ (cosh 9) 5 im cos 
potential function for the exterior space is A 0," (coshn (cosh) -” (cos 9) an mo. 


Tf the potential function on the surface 7 is eapresehiee by the sum of 
a finite number of terms such as AP,” (cos Oe “mds the potentials for 


the interior and exterior spaces are represented bar ATE sum of a finite number 


of terms such as 
P,7" (cosh 7) 
P,” (cosh 7) 


Q,™ (cosh 7) 
Q,” (cosh 7) 
respectively. We proceed to consider the more general case in which the 
number of such terms is infinite; and thus to find in certain cases an 
explicit form for the solution of Dirichlet’s problem in the case in which the 
boundary is the prolate spheroid 7). It is known that the solution of this 
_ problem is unique. : 


247. Let U =f (0, ¢) be a function which is absolutely integrable (a 
Lebesgue integral) over the domain given by 0S 0S 7, 0S $< 27. Let 
it further be assumed that the function has for its corresponding series of 
surface harmonics the expression 

2 2n+1 
0 4a 


f(0,4)~ = [7 [Fa (cos 1) § (6%, 8) sin 6° d8"a8"; 


where cos y = cos @ cos 6’ + sin @ sin 6’ cos (¢ — ¢’), taken over the sur- 
face 7 = 7), whose points on the surface are represented by (yo, 6’, ¢’). 
For the present we make no assumption as regards the convergence of 
the series. 


P,” (cos 6) md, 


and ef (con 0) ae md, ~ 


The series may be expressed in the form 


o 


U~= Y,(6,¢)= = 5 Y¥,"(6, 4), 
n=0 n=0m=0 


where Y,” (0, 6) = om A 2 P,;” (cos @) 


x [cos md E ik "f (8, ¢’) Pn” (cos 8’) cos m¢’ sin 6’ db’ dg’ 


+ sin md \ lp £(6", 4°) Py (cos 6’) sin md’ sin oras’ ay, 


and in the case m = 0, the factor 2 is to be expunged. 


HH 27 
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Let us consider the two yer 


P," (cosh y) 


(a) U.~ > Y,.” (8, #) Bm (cosh 1)’ for 7 < , 


@) Vem ¥ "S” Yam (6) Ga (OPT), tor 9 > ny. 


It will first be i an the two series (a) and (0) are absolutely conver-— 

gent in the spaces 7 < 4, 7 > 4, for which they are defined, and thus’ 

have definite sums U., U, in those spaces. 

P, (cosh 4) 

PP (cosh 7)’ 

= ae cosh 4 ] (cosh? » — a,?) (cosh? 7 — a?) ... (cosh? 7 — ay?) 
sinh y/ [cosh 7] (cosh? 9 — a”) (cosh? n) — a”) ... (cosh? yy — a,?)’ 


We see that for 7 < 7, is of the form 


cosh 7 Feil 
cosh 7 
occurs in the latter case; the numbers ¢@,?, ,?,... a)? are all within the 


cosh? 7 —a? _ cosh? . 
cosh? yp) — a = cosh? 7’ it follows that 
P,” (cosh 7) cosh ay 
Pr (ocak) “ ooaky) ? IS: 


In. the case of the series (b), we observe that @Q,” (cosh 7) is a fixed 


: © cosh mu - 
multiple of i} essen ema eoa du (see (117), Chapter v). Since 


(cosh y + sinh 7 cosh 7) cosh 7) > (cosh 4) + sinh y cosh «) cosh 7, 
when 7 > %, the integral is 
2 (ae aye {- cosh mu 
cosh 7 (cosh 7 + sinh 7) cosh u)"*t , 
and it follows that 


where p denotes 4 (n — m) or 3 (n — m — 1), and the factor 


interval (0, 1). Since 


Qn” (cosh 7) Ss (= yr" 
.” (cosh 7) cosh 4 : 

Since P,, (cos 6 cos 6’ + sin 6 sin 6’ cos a 

men (n — m) 


= P,, (cos 6) P,, (cos 6’) + 2 = 


oom Pa ™ (cos 6) P,, (cos 6) cos md, 
m=1 


we have 


[cos mé P,, (cos 6 cos 6’ + sin 6 sin &’ cos 6) dé 

: (n—m)! 

(n + m) 

whence it is seen that, for all values of n, m, 0, 6, 
(n—m)! 
(n +m)! 


=I , Px (cos 6) P,” (cos 6’), 


ee (cos 0)-P. (cos 0). = 1, 
1 
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since | P, | <1. It follows that | Y,,” (6, 4)| is less than a fixed multiple 
of 2n + 1, since f (6, ¢) is absolutely integrable over the unit sphere. 


Since each term of the series (a) or (6) is less, in absolute value, than 
a fixed multiple of : 
-cosh 7 


ey lea No 


? 


\e or of (2n + 1) (e)" 


it follows that the series (a) and (b) are absolutely convergent for 
<1 and 7 > y respectively. 

248. It will now be shewn that, for any fixed values of 0, ¢ on the surface 
no, the values of U., U, converge as 7 > 7, to the value of s "Ss "ym (8, 4), 

n=0m=0 
provided that this series is absolutely convergent, in the sense that 
o m=n r == 
Dy | ¥77(0;-¢)4 
n=0m=0 
is convergent. 

The following Lemma will be required: 

If the series a,¢, (@) + dd. (x) +... + 4,¢,(") +... ts convergent and 
have s(x) for its sum, for all values of « such that aS x <1, and if 
0<|¢,(x)| < land lim 4, (x) = 1 for each value of r, then, provided the serves A 

. an 
‘ G+ A, + ...+a +... 
is absolutely convergent, and its sum be denoted by s, it follows that 
s=lims (a). 


zl 


It may be observed that, in the case ¢, (x) = a’, the condition of 
absolute convergence of the series & a, is unnecessary, simple convergence 
being sufficient, in accordance with Abel’s theorem for power-series. 


To prove the Lemma we observe that p may be so chosen that 
| @ps1 | + | Gora | + --- 


is less than an arbitrarily chosen positive number e. If » be any integer 
> p, we have 


| 82 — 8p (%) |S | & — 8 (@) | + | Gora | 1 - don @)} 


+. + | an || OL — bn @)}| 


<| 85 — 8, (z) | + 26. 


The number X, can be so chosen that | s, — s, (x) | < «, for all values 
of 2 such that = X., since 


ang (x) — 4%, 1H of (x) — Ag, o+ lim gs (2) — ay 
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are all zero. We have therefore 

| Sn — Sn (#) | < 8c, forw= X., n>p; 
hence |s—-s(#) |S 3c, forx= X.. 


Since ¢ is arbitrary, it follows that s = Be S$ (x). 

This Lemma can be immediately applied to shew that: 

If, for fixed values of 0, $, the series = - Y,™ (0, $) is absolutely con- 
vergent, in the sense that 2 = | ¥,” (8, $) | as convergent, then the numbers — 


U., U, converge to the sum oF the series 2 a ene $), a8 n>, for 
1 < Np and y > n respectively. 

Tn order to apply this result to the solution of Dirichlet’s problem for 
the interior and exterior spaces with the boundary 7, it is necessary to 
shew that, subject to sufficient conditions, U, and U, converge, as 7 >, 
to the value of the function f (8, 4) for the surface 7 = 7. It is not suffi- 
cient for this purpose to shew, as for example, Heine did*, in the case of — 
the series U,, that the series U, and U, are absolutely convergent. It is” 
necessary to employ the condition just established, of the convergence of 


the series 2 a a Y, (8, 6) |, or some less stringent condition, to ensure 


that the sums im U, converge to the function f (0, 6) over the surface m. 
It is further necessary to shew that the functions U,, U, are potential 4 
functions for the spaces to which they belong. To do this, the theorem of 

Harnack, quoted in § 97, may be applied. ; 


The functions a Y,” (8, $) Preps 
Qn" (cosh 7) 
= 2 Y,™ (8, ¢) Q, (cosh 7) 


are, for each value of n,, potential functions for the spaces 7 < , 7 > 1} 
respectively. As m, is increased indefinitely these form sequences of 
harmonic functions which converge to U, and U,. If the sequence of the 
corresponding values when 7 = 7 converges uniformly on the surface, it 
follows from Harnack’s theorem that U, and U, are potential functions 
for the spaces to which they belong. 

The following has thus been shewn: 

Let f (0, 6) be a function prescribed over the sugars No, and let it bel ! 


represented by a series of surface harmonics = se Y,™ (6, d) over the 
n=0 m=0 


* Kugelfunctionen, vol. 11, p. 120. 
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surface no. Then, if this series, considered as a single series, is uniformly 
and absolutely convergent over the surface, the potential function for the 
internal space which converges to f (8, 6) on the boundary is 


P,™ (cosh 7) 


= "Sy," (6, 
n=0 m=0 "(0 $) p ™ (cosh 7)" 


For the external space the value of the Spend function which converges to 
f @, 4) over the boundary is 


Q,™ (cosh y) 


= "S” ym (0, 6) wa cost a) 
a ag 8” 8 8) Gor (cost 79)” 


THE OBLATE SPHEROIDS 


249. In case we take the value of f (7 + 18) (§ 242) to be csinh (n + 18), 
we have 


z=csinhycos#, x=ccoshynsin@cos¢, y=ccoshysin 6 sin }; 
then the surfaces for which 7 is the parameter are given by 


ety eB 
@ cosh? y © c? sinh? y 


which consist of confocal oblate spheroids of which the z axis is the axis 
of revolution. The surfaces of which @ is the parameter are given by 
ae + ety ge 
sin? 6 c? cos? 6 

If we take for the range of values of 7, 0, 4, OS 7 < ©, OX O77, 
0< ¢ < 2z, each point in space is uniquely specified by the curvilinear co- 
ordinates (n, 9, ¢). 

When 7 = 0, the spheroids flatten down to the circle z = 0, 2? + y? = c; 
we find that 

-f' + 8) f' (ny — 8) = cosh? n — sin? 6 = sinh? » + cos? 8, 

and Lf (m + 6) — f (ny — 6)? = — 4 cosh? 7 sin? 0; 


= 1, a family of hyperboloids of revolution. 


and hence we have 


f' + 8) f' a= 8) a( 1 1 ); 
If + 6) — fm — 6) 4\sin?@ cosh? y 


1 
Xa (7) Zeosh? 7’ x2 (0) = — Fanep: 


fi m@+)—-f' —#) f+ 6) +f 9 = 8) 
ea et) 


we see then that normal solutions of Laplace’s equation in the coordinates 


422 Harmonies for Spaces bounded by Surfaces [ CH. x 


(n, 8, @) are given by HO ne md, where H and © are solutions of the 4 


differential equations 


PH dH om? te 

dn? pes, dn =r = niet 
PO, dQ m 
GO DG ag = 


where n is a constant. The solutions of these equations are, for H, 

P,™ (c sinh 7) or Q,” (« sinh 4), and for ©, P,” (cos 6) or Q,™ (cos 8). 6 

For application to ordinary potential problems we must take for © the 
function P,™ (cos @), where n and m are positive integers, including zero, 
such that m <n. It will be shewn that, at a point on the focal circle z = 0, 
22+ y? = c?, the function P,” (cos @) Q,” (sinh 7) has an infinite differ- 
ential coefficient in the direction normal to one of the surfaces 7 = constant, 
or 6= constant. Hence the form P,.” (cos @) Q,,” (c sinh 7) ee md cannot 
be employed in any domain which contains the focal circle, for the 
representation of a potential function, because such function must 
have continuous differential coefficients throughout its domain. Since 
P,™ (csinh y) becomes infinite with y, P,” (sinh y) cannot occur in a poten- 
tial function for any domain which contains points at which 7 has 
indefinitely great values. Thus, in the interior of a spheroid 7), the normal 


functions employed must be P,,” (cos 6) P,” (« sinh 7) md, and in the 
exterior of 7, the functions P,,” (cos @) Q,” (« sinh 7) ed md. 


The elements dy,, dv, to the surfaces 7 and @ are easily seen to have the 
values edn (cos? @ + sinh? n)?, cd@ (cos? @ + sinh? y)?. Thus the gradients of 
P,” (cos 6) Q, (« sinh 7) in the directions of dv,, dv, have the values 


dQ,’" (v sinh y) dP," (cos@) sin 6 : 
Pome @ : ” (vsinhy). 
iene) c(cos?@+sinh?)?dy 4 (cos 9) ¢(cos?@+ sinh?n)* 2" (a 
P,2" (cos 6) 


Tf n— m is even, becomes indefinitely great as 9 converges 


cos 6 

to the value 47; thus the first of these expressions has definitely great 

values in the neighbourhood of the point y= 0, = 47; the value of 
dQ,” ( (enna) DD estiare nite, 

: dP,” (cos @) 

When n — m is odd, dices OF 


is finite when 7 = 0, and the factor 


does not vanish, also Q,” (« sinh 7) 
sin 6 


—____—_ has indefinitely 
(cos? 6 + sinh? y)* : v 
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great values in the neighbourhood of the point 7 = 0, @ = 37. Therefore, 
in either case, P,,” (cos 6) Q, (sinh n) has a discontinuous gradient at 
that point. 


250. The functions P,, 


jecost+ ysint + @ Q a@cost+ ysint + 
\ c ): »( c ) 
both satisfy Laplace’s equation; it will be shewn that each of these func- 
tions can be represented as a series in which the terms are multiples of the 
normal forms for the oblate spheroids. 


From the addition theorem in Chapter vii, we have, taking » = «sinh 7, 
p’ = cos 8 + 0.5 
P,, (u sinh 7 cos 6 + cosh 7 sin 4 cos $) = P, (« sinh 7) P,, (cos 8) 


Bee T(x — fmm : 
+2 "5" ( ree te" Pym (csinh n) P,™ (008 ) €08 md. 


Changing ¢ into ¢ — ¢, we have 


p, (22 Scot EES) = P, (sinh 2) Py (00s 6) 


€ 
men TL (2 = M) 4mm : 
+ 2 gu 1)" i m 7 mn eo" Pm (c sinh ») P,” (cos 8) cos m (¢ — t), 


which is the required expression. We obtain at once the formulae 


1 le P, (2 + & = +ysin ‘) dé = P, (vsinh ») P, (cos 6), 


2a 
1 [ge (se cn meat 
Dee c sin 


=e 2"" (— 1)” P, (vsinh 7) P,” (cos 8) oe md, 


which express the normal functions of one kind for the oblate spheroid in 
terms of integrals* involving P,, (costa yen) a 

If, in the addition theorem given in § 223, we put »=csinh 7, 
p’ = cos 0 + 0.1, when 0 < 6 < 37, and observing that 


ee | 11+ cos 6 
csinh 7 — 1 1 — cos 6 


2 


we see that 
Q,, (u sinh n cos 8 + cosh 7 sin 6 cos ¢) = P,, (cos 6) Q, ( sinh 9) 


+2 2 (— 1)" é™ P, (cos 6) Q,. (« sinh ») cos m¢. 


* See Blades, Proc. Edin. Math. Soc. vol. xxxum (1914-15), p. 68. 
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Changing ¢ into ¢ — t, we have 


Q, (FOS EEUSETS 2) — p, (cos 0) Qy (c sinh 9) 


+ 2 (— 1)" *"" P,—™ (cos 0) Q,™ ( sinh 7) cos m (¢-0); 
thus we have, for 0 < @ < 3, 


Qn 7 
| Qn (SSE ERIS) at P,, (cos 8) Q, (sinh 7), 
0 


mt dt 


f (2ecs tt ysin t+ 2) 09s 
2ajo ~” @ sin 


= (— In P,™ (cos 8) Qa (v sinh 7) "mp; 
which are expressions* for the ‘normal functions when 0 < 0 < bn. 


Similar expressions with P and @Q interchanged can be found for 
di <O0<7. : 


- 251. The reciprocal of the distance between two points (x, 0, 4) and 
(7, 0, $’) in a series of normal functions for the oblate spheroid will be 
obtained, when 7 > 7’. : 

We have 
Dc? = (sinh 7 cos 6 — sinh 7’ cos 6’)? 
++ (cosh 7 sin 6 cos ¢ — cosh 7’ sin 6’ cos ¢’)? 
+ (cosh 7 sin sin ¢ — cosh 7’ sin 6’ sin ¢’)?, 
and this can be expressed in the form 
D?/c? = — (sinh 7 sinh 7’ + cos 6 cos 6’)? 
+ (cosh 7 cosh 7’ — sin @ sin 8’ cos w)? + sin? 0 sin? 6’ sin? 
=— A2+ B+ C2, 3 
where A, B, C denote the real expressions in the brackets, and w = ¢ — ¢. ( 
Now 


| a du | 2 du 
D -o 4+ Bcoshu+ Csinhu J}_.A— Beoshu + sinh wu’ 
as may easily be verified; and this is equivalent to 


2 du 
is sinhy sinh 7’ + cosh ncosh 7’ cosh + cos @cos6’— sin sin 6’ cos (w + ws) 


rs du 
= [- « sinh sinh 7’— coshy cosh’ cosh w+ cos cos6’+ sin Osin &’ cos (w—ws)" 


* See Jeffery, Proc. Edin. Math. Soc. vol. xxxim (1914-15), Part , p. 118. The addition 
formula for Q does not appear to be employed in a correct form. 
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The result of the transformation may be written in the form 


Qe i. du -[" du 
D =o © p Jeg0-—p 


where « = sinh 7 sinh 7’ + cosh 7 cosh 7’ cosh u, 


B = (sin 0 sin 6’ cos w cosh u — cos 6 cos 6’) — usin 6 sin 6’ sin w sinh u, 


and a’, 8’ are given by similar expressions. 


may be expanded in the convergent series 


és 1 
The expression a 


B 
a ee + 1)Q,(@)Pa (8), (see § 38), provided | 8 + (62—1)?|<|a+ (a®—1)2]; 
= 

and it will be verified that, for each value of u, this condition is satisfied. 


Let sin @ sin 6’ cos w cosh u — cos @ cos 6’ = p cos q, 
— sin @ sin 6’ sin w sinh w = (p? — 1)? sin q, 
where p= 1. 


We find that 


6? — 1 = {cos q (p?— 1)3 + sin g}?, 
and thus 8 + (6?— 1)8 = {p + (p?— 1) (cosq + e sing), 
and therefore [B+ (62?— DF | =|p + (pt— 1]. 
It will be shewn that p < cosh u, unless x = 0; and thus 
j |B + (62— VE] <elul. 
By eliminating q from the two equations which give pcosq and 
(p? — 1)? sin g, we see that p? is given by the quadratic 


p? (p? — 1) — (p? — 1) (sin @ sin 8’ cosh u cos w — cos 8 cos 6’)? 
— p? sin? @ sin? 9’ sin? w sinh? u = 0; 


the expression on the left-hand side is positive for p? = + oo, and is, in 


general, negative when p? = 1; hence the equation has one root between’ 


land oo. It will be sufficient to shew that the expression on the left-hand 
side is positive when we put cosh? u for p?; then the positive value of p? 
is < cosh? wu. 

Writing cosh? u for p*, and rejecting the positive factor sinh? u, we have 
to shew that 

cosh? w (1 — sin? 0 sin? 6’) — cos? 6 cos? 6’ 
+ 2 sin @ sin 6’ cos @ cos 6’ cos w cosh u 
is positive. Considering the expression 
a? (1 — sin? 0 sin? 6’) — cos? 6 cos? 6’ 


+ 2 sin @ sin 6’ cos 6 cos & cos w, 
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we see that it has one and only one positive zero in x. It will be shewn to 
be positive for «= 1, and it must then be positive for x = cosh u; its 
positive zero lying between 0 and 1. 


When «x = 1, we have 
1 — sin? 6 sin? 6’ — cos? 6 cos? 6’ + 2 sin 6 sin 6’ cos 6 cos 6’ cos w 
which may be written in the two forms 
1 — cos? (0 — 6’) + 2 sin @ sin 6’ cos 6 cos 6’ (1 + cos w), 
1 — cos? (9 + 6’) — 2 sin @ sin 6’ cos @ cos 6’ (1 — cos w). 
If sin @ sin 6’ cos 6 cos 6’ > 0, the expression has a value > sin? (@ — 6’) 
and < sin? (@ + 6’); and if sin @ sin 6’ cos @ cos 6’ < 0, the expression has a 
value < sin? (9 — 6’) and > sin? (6 + 6’); in any case it has a positive value. 


It has now been proved that the value of p is < cosh u, unless u = 0, in | 
which case p = 1; and therefore | 8 + (82 — 1)? |< el#l, 


. The value of «is > cosh 7 cosh 7 ’ cosh w; also (a? — 1)? > sinh w, there- 
fore a+ Ce 1)? > (cosh » cosh 7 — 1) ane +el"!_ It follows that 
-| B + (82 — 1)? | < | @ + (@?— 1)3 |, for each value of u except u = 0. 


Tt has now been shewn that, when u + 0, = (2n + 1) Q, (a) P, (8) con- 


verges to a It will now be shewn that, when = s B is integrated 
over the indefinite interval (— 00, 00) of u, the terms of the series may be. 
integrated term by term without anocans the result. 


It is sufficient* to shew that = | (2n + 1) Q, (@) P,, (8) | converges to 
n=0 


a function of u which is integrable in the indefinite interval (— 0, co) 
of uw. 


We have 


aa 
Qn (a) i tee = sae ( n 


where z = « + (a? — 1)?; hence (see Chapter v1, § 192) 


| Qn (a) |< (2) aaF (bn+ 1;n+3; =) = ee (a = 


0 4 
* For, if f, (4) + Sp (w) be the general term of a complex series, and = | f,,(w)+upp_(u)|, or 
n=0 


© © o 
= {f,2(u) +¢,2(u)}* has a sum which is integrable over (—, o), then = |f,,(w)| and 2 $n (%)| 
n=0 n=0 n= 


have the same property. In accordance with a known property of real series (see Hobson, Theory 
of functions of a real variable, vol. 1, p. 306), the series =f,,(u), =¢,,(u) may then be integrated 
term by term, hence also = {f,,(u)+¢, (u)} may be integrated term by term without affecting 
the result. 
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Also (see Chapter 1 (61)), i 


= 1 
P, (8) rene 4) p ht (8? pip F (3 mt oT ees 


and therefore, since 


1= P= arp tb Ds 


we have | P, (B) |< |B + (62 — DF I 
Consequently we have 
| (22 + 1) Qn (@) Px (8) |< 
and thus 


(Qn +1). Soe) a 
| (2m + 1) Qn (a) Pa (8) Is ne = 7 cosh 7’ — 1) cosh u + wat 


(2n + 1) at | B+ (8? — 1)? (0 He 
n fa + (a — ay oy 


x 1 (1 ye 
(cosh 7 cosh 7’ — 1) cosh u + e!™! ze) 


We assume that 7 and 7’ are not both zero, so that cosh 7 cosh ni —1>0, 
thus (cosh 7 cosh 7' — 1) cosh u + e!"!> (1+ A) el"!, where A is some 
positive number independent of wu. We thus have 


Qn +1)n2/ 1 \et 1\-4 
§ | n+ 1) Q, (@) Py (B)| < PPED™ (LY em (1a) 
From this it follows that 


| n+ 1) Qn (@) P, (8) | 


n=0 
<mte ll = oS » ( + ee (a+ Ta = 7) 


Since A > 0, the expression on the right-hand side converges to a number 
which is less than a fixed multiple of e-!, and it is therefore integrable in 
the indefinite interval (— 00, 0) of u. 


It has now been proved that 


2 du op 
[ar FE, On QP. 0, 


and, by making very slight modifications in the proof, it can be shewn that 


[Mn Fem + 00. (0) Pa 
-a @& n=0 


We have therefore 


ae $ en +1) {[° Qn P, Brau— |" se) Pala}. 
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For P,, (8) and P,, (f’) we substitute their values given by the addition i 
theorem 


P, (8)=(—1)* DS (— 1y"a,™ P,m (cos 6) P, (cos 6") cos m (w + wl), 
m=0 
P, (8) = (-— eh a,(™ P,™ (cos 0) P,” (cos 8’) cos m (w — w), 


where a,” denotes 2 aes 


(Guan aah 7, except for m=0, in which case a, =1. 


We thus have, for = , the series of which the general term is 


(2n +1) (— 1)""S"a,'™ Pm (cos 6) Pym (cos 6’) |" {(— 1)" Qu (a) — Qn (a) 
: = Z 2 7 cosh mu cos madi 


To evaluate (— 1)" | = {(— 1)" Q, (a) — Q, (a’)} cosh mudu, we utilize — 


what was proved in § 228 that (— 1)" Q,, (2) is the arithmetic mean of thetwo 
integrals 


i (sinh 7 ‘cosh 7 COS x)” 
0 {sinh 7’ + cos (y + w) cosh 734 Oe 


A similar statement holds good for «’, which is obtained by changing — 
cosh 7’ into — cosh 7. 


We thus find for 


1" fia 1)" Q,, (2) — Q, (a’)} cosh mudu, 


the expression 


cot~*sinhy 
2 | (sinh 7 — cosh 7 cos x)" dy 
0 


x ha [(— 1) {sinh y’ + cosh (wu + cx) cosh 7/}-@+) 


— {sinh y’ — cosh (w + ty) cosh ’}-@+”] cosh mudu. 


If it be now assumed that 7> 7’, then, in the first integral, y is 
SS cot“! sinh y, and sinh 7’ < sinh y < cot y. Hence, for each value of 7’, 


x has its values all within the interval (0. 332 moreover the critical point 


of sinh 7’ + cosh (u + wy) cosh n’, is where cosh (w+ wy) = — tanh 7’, _ 
that is where u = 0, cos y = — tanh 7’, and this is a point where y has a 
value which is > $7. It follows that the critical point is, for every relevant — 
value of x, outside the area bounded by the line u = 0 and a parallel to 
it at a distance y from it. 
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In the second integral, the critical point is where 

sinh 7’ — cosh (wu + ex) cosh 7’ 

is zero, that is at the point where wu = 0, cos x = tanh 7’. 

The greatest value of yx is cot-tsinhy=costanhy, which is 
< cos“! tanh 7; hence the critical point is, for every relevant value of x, 
outside the rectangle bounded by the line u = 0 and a parallel line at the 
distance x from it. 

As in § 172 we have 

| © cosh m (uw + tx) du IE cosh mudu 
_«[sinh 7’ + cosh 7’ cosh (u + ex) ]}"** — (sinh 7’ + cosh 7’ cosh u)"+1” 

since there is no zero of sinh 7’ + cosh 7’ cosh u between the lines for u 
and wu + xy. - i pei 


We have also 
@ sinh m (w + wy) du | 2 sinh mu 
i. [sinh ’ + cosh 7’ cosh (w+ wy) I]t) [sinh 7’ + cosh 7’ cosh u}*+ 
Multiplying by cosh my, sinh muy and subtracting, we find that 


0. 


| w cosh mudu Seay | 2: cosh mu du 
_o [sinh 7’ + coshy’ cosh (u+ ux) |"** x _o (sinhy’ + coshy’ coshu)?*! 
YESS 4) X, ) 0 


Similarly we find 


| 2 cosh mudu ni } 2 cosh mudu 
-«[sinh 7’ — coshy’ cosh (w+ xx) }"*+ X } _., (Sinhy’— coshy/ coshu)"*" 


We now have 


| © cosh mu [(— 1)" {sinh 7’ + cosh 7’ cosh (% + uy)}-eY 
= — {sinh 7’ — cosh 7’ cosh (wu + ty)} “+ ] du 
= We 2. cosh mudu 
l= EOS TX ie (sinh 7’ + cosh 7’ cosh u)"*1 
| 2 cosh m (u + un) du 
~~ J _« {sinh 7’ + cosh 7’ cosh (wu + um)yt1] 


As in § 172, we have 
i cosh mudu | ee cosh m (u + uz) du 
- (sinh 7’ + cosh 7’ cosh u)"** _« {sinh 7’ + cosh 7’ cosh (w + um)}"*t 


2, | = cos midis 
* |, (sinh 7’ + cosh 7 cos py” 


In § 172 the case in which the critical point was on the line u= 0 was 
excluded, but in the case in which n and m are integers the integral on the 
right-hand side may be interpreted uniquely, if the point cos“ (tanh 7’) is 
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avoided by introducing into the straight path of integration a small semi- — 
circle round the point and on either side of the point. The value of 


= cos mpd 
o (sinh 7’ + cosh 7’ cos )"+1 


is, in accordance with § 166, equation (109), 


= ! 
a(-1" pi Pm (vsinh 7’). 


The value of 
ob-! sinh 9 
[ cos my (sinh » — cosh 7 cos x)" dx 
0 
is, in accordance with § 171, equation (118), 
(oe ami (c sinh 7). 
We thus find for the value of the complete integral 


i (— 1)": 


2a ae = a LERAG ae 7’) Q,™ (c sinh 7). 


It has thus been shewn that D, the distance between the points (y, @, 9), 
(n’, , 4’), when y > 7’, is given by 


5= E (2n + 1) [?. (cos 8) P, (cos 6’) Qy (v sinh 7) P, (v sinh 7’) 
=0 


Qu (enh n) Pym (esinh 1’) e05-m (b — 4), 


which is the required expansion of 3 in a series of which the terms are 
normal solutions in the two sets of coordinates. This proof was in principle 
given by Heine, but his proof has been considerably modified. 


252. Let 7) be the value of 7 on a fixed oblate spheroid. Then, if the 
value of a potential function on the surface 7) be given by 


AP,” (cos 6) oe mo, 
the value of a potential function for the interior of the spheroid 4 which 
has the prescribed value on the surface 7 is 
Pm (v sinh 7) 
P,7 (« sinh 7) 
and the value of the corresponding potential function for the exterior spaceis 


Qi” (« sinh y) 
Q,™ (v sinh 79) 


BP (cos 9) cin ee md, 


P,2” (cos @)° en oS md. 
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If the potential function on the surface y, is ee by the sum 
of a finite number of terms such as AP,” (cos 8% a in? the potentials 


for the interior and exterior spaces are eaeenee ty the sum of a finite 
number of terms such as 


P,” (« sinh ») = cos 
P,”" (sinh 1) P," (cos 6) an mo, 
Aa (c sinh 1) p ¥ cos 

and AO eG aaeay* (cos 6) sin md, 


respectively. We proceed to consider, as in the case of the prolate spheroid, 
the more general case in which the number of such terms is infinite. 


Let U =f (0, ¢) be absolutely integrable (i.e. a Lebesgue integral) over 
the domain given by O05 0S 7, 0S ¢$ < 27. 

Let the function f (@, 4) have for its corresponding series of surface 
harmonics 
uae | is P,, (cos y) f (6’, $”) sin 0'd0' dd, 

Te \; Sy ) sin 

where cos y = cos 6 cos 6’ + sin @ sin 6’ cos (¢— ¢ ), taken over the sur- 
face 4), on which the points are represented by (9, 6’, ¢’). For the present 
we make no assumption as regards the convergence of the series. 


x 


The series may be expressed in the forms 
co Oo m=n 
U~x Y,(6,46)= = =X Y,™(8, 4), 
n=0 n=0m=0 
where 


Y,” (6, 6) = ne z 2a) Pan (cos 6) 


x [cos md i; : [, *" £(6", 6") cos md sin 0 d8' de 


+ sin mp ie [a f (0, 4) sin mg’ sin oraa'ag' |, 
and when m = 0, the factor 2 is omitted. 


Let us consider the two expressions 


(@) U.~ ES" Yom (6, pee for 7 <p, 


(c sinh 7)’ 


HAL Q, (c sinh 7) 
6) U, ~ z x Y," (0, 6) 7 ~—__“, fi 5 
() n=0m=0 (6, 9) Q,.™ (« sinh 79) Be ET 


It will be shewn that the two series (a) and (6) are absolutely convergent 
in the spaces 7 < ) and 7 > 7 for which they are defined, and thus that 
they have definite sums in those spaces. 
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P, (« sinh 7) 
P,m (v sinh 79)’ 

cosh 7\" [sinh » |] (sinh? y + a”) ... (sinh? n + a,?) 
(a A [ja 4 (sinh? yj + 4) ... (Sinh? m9 + a5)” 


We see that for 7 < 7, is of the form 


where p denotes 4 (x — m) or $ (n — m — 1), and the factor sae only 


sinh? sinh? 7 + a? _ cosh? q 
occurs in the latter case. It is easily shewn that aah =a ee < cosh? a 


and therefore that 


P,™ (c sinh 7) 2 (a B 
2” (c sinh 7) cosh a) 
In the case of the series (®); ange Q,"" (c sinh ) is a fixed multiple of 


I, = cosh mu 
(sinh 7-+ cosh 7 cosh yrs 


(ee (117), § 170), and 
(sinh 7 + cosh 7 cosh ~) cosh y > (sinh y) + cosh y) cosh w) cosh 7, 


for 7 > 7, we have 


eet cosh 7\"*1 he 
| Q,m (esinh 7) |< (San) | Qa (e sink no) | 


2” (« sinh 7) = = ee 
2” (c sinh yj) cosh 4 


As in § 247 it is seen that 
So ae 2” (cos 6) P,” (cos 6’) | < 1 


Since each term of the series (a) or (6) is senna) less than a fixed 


multiple of (2n + 1) (oe a) or of (2n + 1) (ae) | it follows 4M 
0 : 


the series are absolutely convergent, for 7 < 4 and for 7 > yn) respectively. 
If the absolutely integrable function f (8, ¢) have, corresponding to it, a 


oO m= 
series of surface harmonics & ZY," (6, ¢) on the surface n=, the two 
n=0m=0 


P,” (c sinh y) aa (c sinh 7) 
7 (0, 6) =———._, — a -Y," (6; 0." (aaa 

9) P,” (esinh 7)’ n=0 m=0 ( Og ae ou sinh 7) 

. converge absolutely to functions U,, U, for n < yo and n > np respectively. 


Exactly as in § 248, in the case of the prolate spheroids, it follows by 
employing Harnack’s theorem, that: 
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If the series which represents f (0, $) be uniformly and absolutely con- 
vergent over the surface no, the value of the potential function in the interior 
which converges to the value f (0, 6) on the boundary is 
a nv” (c sinh 7) 

3, EL 9 pecans) 
For the external problem, the value of the potential function in the exterior 
which converges to f (8, 6) on the a as 


2 m=n (c sinh y) 
= 2 Y,” (6, 0," (sinh 7, 
n=0m=0 ( 6 a” a sinh 79) 


THE RING-FUNCTIONS 


253. We shall now consider the ring-functions- or toroidal functions, 
which arise when Laplace’s equation is transformed so that the three co- 
ordinates which are taken as independent variables are the parameters n 
of a family of anchor-rings or tores, the parameters 0 of a family of spherical 
bowls orthogonal to the anchor-rings, and the parameters ¢ of a family of 
half-planes orthogonal to the rings and bowls. . 


Z 


If A, B are points on a straight line through the origin, perpendicular 
to the z-axis, and making an angle ¢ with the z-axis, we take as the co- 


YAP 
ordinates of a point P in the plane ¢ = constant, the value of log Bp’ 


which may be denoted by », the angle APB, denoted by 0, and the azimuthal 
angle ¢. The distance 2c between A and B is taken to be constant. It is 
clear that as ¢ increases from 0 to 2z, the surfaces for which 7 has constant 
values will be the family of tores generated by the revolution round the 
z-axis of the circles of the family of coaxal circles of which A and B are 
the limiting points. Also the surfaces for which @ has constant values will be 
the family of spherical bowls having as common rim the circle generated 
by the revolution of A or B round the z-axis, on the plane of zy. 

If we take OX 9 < ©, —-7XO0<7, —7< 4 X77 we have a unique 
representation of any point by (n, 0, ¢) except for the points in the plane 


HH 28 
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z= 0 within the circular disc generated by the revolution of AB, at which — 
there is a discontinuity in 0, which has the values 7 and — 7; we take @ to — 
have positive values on the upper side of the plane of zy, and negative 
values on the lower side. 

Taking p to denote the distance of a point P from the z-axis, we have 
2cz = AP. BP sin 0, AP? + BP? = 4c? + 2AP.BP cos 6; hence we have 

2c? e csin 6 

cosh 7 — cos @” cosh 7 — cos 0” 

esinh 7 
cosh 7 — cos 0° 


AP.BP 


Also AP? — BP? = 4cp; and thus p = 


For the element of length ds, we have in the new coordinates 7, 8, ¢ 
(ds) = (dp)® + (dz)? + p? (4), 


which is easily found to reduce to 


(ds)? = eee {(dq)? + (48)? + sinh? » (dd) 


(cosh n 

Employing the general form 2), § 2, we have for Laplace’s equation 
0 sinh x) () ( sinh 7 0 ) 
on = 7n — cos 0 dn 06 \cosh n — cos 6 08 


1 Ca 


(cosh y — cos 4) sinh n 0¢? % 


In order to reduce this equation to a form in which integrals can be : 
obtained, let V = U (cosh n — cos 6)2; the equation then becomes, after — 
some reduction, 

e2U  2U 5 eo 
q2 | 002 | sinh?» Od? 

If we write U = HO9, the product of functions of 7, 0, ¢ respectively, 
and divide by U, we have 

1@H _1€0 1 1@@® _, cothndH , , 
HI dy? © ae Y Sah? © dpe Ge Gh 


0U 
+ cot +4U=0. 
q on a 


0; 


we must then Tae a + m? ® = 0, where m is a constant, and 
£0 
“de? 


where n is a constant. For the determination of H we must have 


CH | dH pana 
aq Oa G 74 eee 0, 


+nv0=0, 
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which is satisfied by Pr'_; (cosh n) and Q7"_; (cosh y). Thus the required 
solutions of Laplace’s equation are 


1 cos cos 
(cosh 7 — cos 0)? Pr_3 (cosh 7) aie no nin md, 
a om cos, cos 
and (cosh 7 — cos 6)? Qi; (cosh 7) sin no an md. 


For ordinary potential problems in which the boundaries are anchor- 
rings, these must be periodic in 6 and ¢; and thus m and n must be positive 
integers; it is thus seen that Legendre’s functions and associated functions 
of degree half an odd integer, of integral order, and of argument real and 
greater than unity, arise in this connection. These solutions are known as 
toroidal- or ring-functions; they were introduced* by C. Neumann, in con- 
nection with the problem of the distribution of heat in a solid anchor-ring; 
they were also treated shortlyt by Riemann. They were discussed in 
detail byt W. M. Hicks, by§ A. B. Basset, and by|| W. D. Niven; an 
account of them was also given {] by Heine. 

The spaces interior to and exterior to an anchor-ring are not simply 
connected; and thus the toroidal functions are not always directly applic- 
able to the solution of potential problems for those spaces in which cir- 
culation is involved, as the potentials in such cases are not always uniquely 
determined by their values on the surface of the tore. Some cases in which 
potentials of this kind may be determined were discussed by W. M. Hicks. 


254. We have to consider the values of 


cos 


cos 
(cosh » — cos 6) P7"_, (cosh ) sin sin ™® 
cos 
and (cosh 7 — cos 6)? Q7’_; (cosh 7) aa n6 a mo, 


in the space 0< 7 < 7p, outside a fixed ring 7, and also in the space 
% <= © interior to the ring. The outer space contains the plane surface 
for which » = 0; on this surface we have e-2" = 1; the value of 


(cosh 7 — cos 6)? P?" 4 (cosh ) 
is seen by employing (110) of Chapter v to be, apart from a numerical factor, 


(1 — cos 6)! [feos modé, 


* Theorie der Elektricitéts- und Warme-Vertheilung in einem Ringe, Halle, 1864. 
+ Math, Werke, vol. 1, p. 431. 

£ Phil. Trans. vol. ouxxu (1881). 

§ Amer. Journal of Math. vol. xv (1893), p. 287. 

|| Proc. Lond. Math. Soc. (2), vol. xxrv (1892), p. 372. 

| Kugelfunctionen, vol. u, pp. 283-290. 
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which is zero, except when m = 0, in which case it is 7 (1 — cos @)3, so 
that (cosh 7 — cos 6)? P”_, (cosh 7) is finite in the outer space for which 
0<7 <1. Further (cosh 7 — cos 6)? Q7 3 (cosh 7) is, by (67) of Chaptery, 
apart from a constant factor, 


ed (1 — e-)™ F (4 + m,n + m+ 3; n+ 1; €") (cosh 7 — cos 8)2, 


which has, apart from a numerical factor, the asymptotic value 


(1 — cos 6)2 (1 — e-2")™ (1 — e-®9)-2™, or (1 — €-2")-™ (1 — cos 0)2, 
as n - 0; this is infinite, except that when m = 0, the asymptotic value ig 


log —— which is infinite. It follows that, for the space external to 
1, the forms z 

cos 

sin ms 


(cosh » — cos 6)? P73 (cosh ) — no 


must be applied as potential functions, the second set of forms being 
inapplicable. 


The space interior to the ring 7 = 4) contains the points of a circle for 
which 7 is infinite and positive. 
The form P7_, (cosh 7) is, apart from a numerical factor, as is seen 
from (73) of Chapter v, 
em (1 — e2)™ F ($4 m, n+ m+ 4; 2m + 1; 1 — es) 


which has, for 7 > oo, the asymptotic value C e~-4)" (e-21)—™ or Celmth a, 
where C is a constant, and this is infinite as n > oo. The form 


Qn-x (cosh 7) 
is, apart from a numerical factor, 
e-(™3)1 (1 — e-)™ F(Limn+m+4;n+ 1; e-) 
which has the asymptotic value e~"+2)", and this converges to 0, as 7 > 00. 
It follows that, in the interior space, the forms 


= kom cos, Cos 
(cosh n — cos 8)? Qr_ 3 (cosh n) fs no in md 


are applicable as potential functions, but* not the corresponding forms 
which involve the P-functions. 


* In Heine’s Kugelfunctionen, vol. 1, pp. 289, 290, the P-functions are erroneously stated to 
be adapted to the interior space, and the Q-functions to the external space. 
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255. From the formulae of Chapter v, we have from (95) and (96) the 
following expressions for P7_, (cosh 7):, 


ae II (n + m — $) sinh” 9 
Pr-s (cosh 0) = Tq —m— 4 (HM mF 


Xe [cosh 7 + sinh 7 cos o)"—"-3 sin?” pds 
0) 


_Uam+tm— 4) sinh” y ic sin?” b di; 
2 3) 2” TT (— 4) Im — 8) Jo (Cosh 7 + sinh y cosp)rim3 


and in case m = 0, 


P,,_4 (cosh ) = =|. (cosh 7» + sinh 71 008 b)r-3 db 


7 S09 (cosh y ak sinh 7 cos pyres 
From (108) and (109) we have 


— 1) a= : 
Pr_x (cosh n) = = Ate ye (cosh 7 + sinh 7 cos ¢)"-+ cos modg 
1 I(™m—4) cos md 
an I —m — Fy & ue ee Cameco or 


From (141) of Chapter v we see that 


2 cosh nd 
P,- (cosh 7) = =|" dé. 
sory) ™Jo (2 cosh y — 2 cos ¢)* $ 
Again from (117) we have 


II (x — 3) cosh mudu 
yim m. 2 
ee ch yy (x — m — 3) J (cosh 7 + sinh 7 cosh u)"*4’ 


provided n — m + $> 0; thus 


du 
Qn-4 (cosh 7) o (cosh 7 + sinh 7 cosh w)"*¥ 


From (118) we have 


TL = 
Oy (cosh n) = (— ye ESD 


(cosh n — sinh y cosh u)"-4 cosh mudu, 


log coth 4 
s } 


from which we have 


‘log coth 4 
Qn-4 (cosh y) = | (cosh n — sinh 7 cosh u)"-# du. 
0 
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256. From (67) in Chapter v, we have 


(w+ m— 4) (—4).. an tn. 
Tm) sinh™ n.e-™rm+d) 1 


Qn-s (cosh n) = (— 1)” 2” 


xF(b tmnt m+ 4sn+lje™, 


and in particular 


= eet 
Q,-3 (cosh ) = oe eb F (4,n+4;n4+1; 6). 
These expressions may be employed for obtaining approximate values 
of the functions for large values of 7. 


For example, an approximate value of Q,,4 (cosh 7) is 


TI (m — 3) W(—3) 


—(n+$) 
Tl @) eere 


From (74), of Chapter v, we have the expression 


P52 (cosh 1) = sap qq (A — en ets 


am ) 
xF4im,n+ m+ 4; 2m+ 1; 1-e), 
and in particular 


P,,_4 (cosh n) = e-("*8)" F (3, m + 4; 1; 1— e-). 


These formulae may be employed to determine approximate values of — 
the functions when 7 is very small. 


257. The determination of approximate values of P7_, (cosh ) for 
large values of 7 is a matter of greater difficulty than in the case of 
Qr-x (cosh y). An expression for P7_, (cosh y) has already been given in 
(37) of Chapter v, for the function in inverse powers of cosh 7. 

We observe that, in the formula (68) of Chapter v, when n — } is 
integral, say p,, the second series has, after a finite number of terms, 
infinite coefficients, and in the first series the coefficient sin nz is infinite; 
thus the series requires modification in the present case. This modification 
we proceed to carry out. 

Taking the formula 


sin (n + m) 7 II (n + m) 
cosna II. (nm + 4) II (— 3) 


P,” (cosh o) = 2” sinh™ o.e- ig 


x F(m+4,n+m-+1;n +4 $;e*) 
TH (0 9) __ sinh oe(n-me 


+2" Tm —m 0 (-# 


x F(m+4,m—n;4—n;e™), 
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where 7 + } is a positive integer p); we obtain, first, a finite series, 
TL = 4) On AGH ae 
po" T@-j-m0e Dp 
(3 +m) (Po — $ — m) m) 
ot 
=D y= m= Der 


_ B+ m) (E+ m) (Bo = 
1.2 (p — 1) ce 2). e207 


4 —m)... (§ — m) etorae| ; 


_ (+m)... (b+ mM + Bo — 2) (Po = 3 
: (Po —.1)! (Ho — 2)! 


and secondly, the undetermined form, for p — Por 5 


hie ee ee os 
a Te ap sino. 6 oe 
x F(m+3,pt+m+};ptl;,e) 


cos (p — 
: I (p— 1) pee rares yat 
+2" pm Dy hte 
x Em) (E+ m + Bo = 1) (p—m— 3)... (D> M=3— M+) 
: Bo! (p — 1) (p— 2)... (p — Po) 
x [i+ 3 Bere) Tl (p = m= Po— 2) 
s=-1 U(m+p—%) W(p—m—p—s-—3) 
TI (~) I (p = po = $= dew]. 


TT (p + 8) Il (p — pp — 1) 


The numerical coefficient in the second series is 
1) 


I (p — Bo 


on __U(@=1) _ W(p+m—3) M(p—m-}) 
(p—m—H)U(—3) Wns) W(p—p—m—F) I (m) UM (p— 1) 
which is equal to 
an (m+ m—4) I (m—p+m— 4) sin(p—p+m—3)a 
TE (po) W(m— 3) (— 3) WN (me — 2) sin (2) — p) 7 
Now the limiting value of 
sin (p — 3 + m) m /sin (mM — p+ m— 9) 
sin (Pp — P) : 


cos (p — 3) 7 
as p > Py, is easily seen to be —1; moreover, when p=, the ex- 


ponential factors become identical, as also the two series in the above 


expression. 
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Evaluating the undetermined form, according to a known rule, we 
obtain S, + S;, where S, denotes 
TI (pp +m — 3) . om 2 f P= Po UW (m-p+m=3) 
Qm —___ 9 27 __sinh”™ o lim > 
(po) (m=) (—F) pm [Sin (Py P)* (Po — 
x sin (~ — p+m-— 3)z. en (M+3) 6+ (P—279) + 
x fit $ 5 Lm + m +s — 3) (p—m— m= 
=1 ll (m + py — 3) I (p—m— pp 


JE Po — 8 — 1) = 
“TT (py + 8) (p— jigs) 


and 8, denotes 


an d p—p U(prm— 
rep elim Slaeo Ds Tey ne 


x etme F (m+ 4, p+m+3;p+1; | 


It will be assumed, for simplicity, that m is a positive integer, or zero, 
‘in which case cos (p) — p + m— 4)7, and cos (p — $+ m) 7 are both zero. 


We have then for the required expression, since 
p— a mid: d IDES IY) 
a sin (Py — dp cos (p — 3) 7 
converge to zero as p > pp: 
(1) The finite series S,, 


am ,U (p+ m— 2), a 
Cae Anoka” 


x ertmtotdo F (m + £, 1m + po + $3 Po + 1; e**), 


ie er lm+nyth) © 


(0) _W'(m—})_ (m+ m-} 
«fir ~ Wash Wet t 


x F (m + $m + Dy + $3 My + 1; e-™), 


2” ohm g.e-menepe & [Hlmte—})M (m+ m+e-¥ 
praahe o.eiminibe 3 AOE 


ie = 1 
& 


L 
7 


1 
i 4 — 280 
ys aRS Sse aes ae | 
There is no difficulty in finding the corresponding expressions when m 
is not integral. 
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In order to simplify the expressions in (3), we have 


Dip) 
(pm) 1° 2" * p* Woy’ 
I (m=3)_ 91 1 1, UCD 
H(m=3) mg mgt TT Eg’ 
I (m + po ~ 3) Boe oS VED) : 
T(@m+p—t) m+ p—F" ye UES 


hence we have 
I’ (0) UW (m—3)_ iW (m+ m—}) , I’ (a) 
(0) W(@m—3) (m+ py— 4) * I (pm) 


Cn MO oe 


Take the well-known theorem 
TI (@ — 1) TI (@ — 4) = (20) 2? “TI (2x — 1); 
on taking logarithms and differentiating, and then putting x= $, we find that 
wo) We-p_: 
0) WH ~ e* 
Taking the expressions (2), (3), (4) together, we now have the expression ' 


II (p) + m — 4) 
— 1) Qnt1— £9 ___2- Jog (4e7) sinh” o. e-(@orm—2) : : 
[Gwen 
xF(m+hm+ mt mt he) 
sinh” o.e7(%otm+3)* © TI (m+ s— 4) I (m+ p+ 8 — 4) 


+ (— Iman 


all (— 3) I (m—35) sa II (po + 8) HU (s) 
X {Unis + Us — Umis-k — Vogvmes—ths 
| 
where wu, denotes ; = : af ase : > ' 
1 ali ik i 
d v,.4 denot ee 
and v,,3 denotes ite ised : 


On writing n instead of p,, so that n is now a positive integer, we have, : 
for P73 (cosh c), the expression \ 
IL (n — 1) om — atw_m_pe $y 4 (m+ 4) (n—m— 4) 
See Gee) tee a 
(m + 4)... (m+n — 3) (n— m-— })... 3 —m) 
(n—1)!(n—-1)! 


2' 


x err + 4 


eae 
x erPmDeo 4 (— Lym Qmir ss log (4e7) sinh™ o.e~t-3) 2 
II (n) 7? 
1 
xf 4, $3; + 1; e-*) 4 ye 2 
(m+4,m+n+35n )+ ©} Al@oD 


H(m+s—4})U(mints—}) 
= TI (a +8) 16) 


Unys + Us — Umis+4 mie > 
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where u, denotes 


and v,,3 denotes 


In case m = 0, we have, for P,_3 (cosh c), the zonal harmonic, the 
expression 


Ete) erbe fh pM pos 
TI (n — 4) x? ln 


-- (w — 3) (m— 3). 3 p-2n-t)e 
(n—1)!(n—1)! 
“ai@) (4er) e-Be F (4, n+ $50 + 1; €*7) 


si s—4)I(n+s—34), - 
az : { TL a f a 2) bass + Us — Us_4 naedf- 

This particular case has been obtained by other methods by Basset and 
by W. D. Niven (loc. cit.). 

258. In order to express the reciprocal of the distance between two 
‘points in a series of ring-functions, we find that if D denote the distance 
between the points (c, 8, ¢), (0, 6’, 4’), 

il 1 (cosh 7 — cos 6)! (cosh 7’ — cos 6’)? 
D cv2 [pn — cos (6 — 6’) fF 
where » denotes cosh 7 cosh 7’ — sinh 7 sinh 7’ cos (¢ — ¢’), which is > 0. 


ais 


4 
T 


> 


We proceed to expand (1 — 2h cos a + h?)~?, where 0 < |h| <1l,ima 
series of cosines of multiples of «. We have 
13 2n—1 
oe) 


n! 


13 eS 
55 (ae 


n! 


(1 — he) (1 — he“) [2 + phe* +... 


rer taf 


x [1+ Ment Irene an] 

As the series are both absolutely convergent, their Cauchy product is 
also absolutely convergent, and converges to the expression on the left- 
hand side. Moreover the Cauchy product may have its terms arranged in 
any order, without alteration of its sum. 


In this manner we obtain for the product series, 


» (5° 3 7 
Go Oe 2 cs Wess 


I+ by CE her = (es + em) 


oe ) (2n + 3) ,, 
x {14 2m ot eS a? 
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which is 


© = 
1+ Rowen eae 


ai eae ec 
n=1 Q2n! WF (3,m+3;n+4 1; 2). 


It is easily seen, as in § 185, that this series converges uniformly for all 
values of a. If we employ the formula (69), p. 234, we have 


Ora (uy = BORD, zn F (3, nt domed z), 


where z= » + Vp? — 1; letting h = 1/z, we see that 


m (22 — 2cos a)? = Q_4 (u) +2 © Qu-g (x) 008 ne. 
a 
From this we infer that a 


(u— cos) = YQ 4 (un) + 72? E Quy (w) 008 ne. 


It thus appears that, just as P, (cos a) is the coefficient of 4” in the 


expansion of (1 — 2h cosa + ny? in powers of h, the coefficient in the 
ae in cosines of multiples of a is, apart from a constant factor, 


Qn—¥ (ee 


In i en for 1/D, we substitute the expansion of 
{u— cos (0 — 64, 


and thus obtain the expansion 
ae aq (cosh 7 — cos 6)? (cosh 7’ — cos 6")? 
x {0-4 W) +2 E Qu (u) 008 (0 — a}. 
oS 


Employing the addition theorem given in § 223, 
4 (#) = @_4 (cosh ») P_y (cosh ’) 


+ 2 = (— 1)" 2 4 i- a Q™, (cosh 7) P™ (cosh 7’) cos m (¢ — ¢$'), | 
Qn (MH) = Qn-4 oe 7) P,,_4 (cosh 7’) 
+ 2 S. ( yr = = oe Ba _, (cosh n) Py_; (cosh y') cos m (4 — ¢’), 


provided 7 > 7’; we find an expression for = as a double series in which 


the general term is a multiple of 
(cosh 7 — cos 6)? Q™_, (cosh ) cos m ($ — ¢’) 
and also a multiple of 
(cosh 7’ — cos 6’) P™_, (cosh 7) cos m (¢ — 9’). 
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HARMONIC FUNCTIONS FOR SPACES WITH CONAL BOUNDARIES 


259. Let us consider the case of the finite space bounded by a half-cone 
6 = a, and by the portions of spherical surfaces r = a, r = 6, interior to the 
half-cone. Let it be required to determine a potential function V for this 
finite space which shall have the value zero on the conal portion of the 
boundary, and have values which are prescribed functions of 0 on the 
spherical portions of the boundary. In accordance with the method given 
in § 239, a sequence of positive values of n denoted by 71, Ne, ...s,--- Cal 
be determined such that P,,, (cos «) = 0 for all the values of s. In general 
the numbers x, are not integral. If the values of V over the two portions 
of the surfaces r = a, r = b can be expressed by finite or infinite series 


=x A,P,, (cos 4), X B,P,, (cos 9), 
s=1 z ~ * s=0 


we can determine the constants a,, 6, by means of the equations 


A,=a,a"s + 6,61, B, = a,b"s + b,b-"s-1; 


‘we then have, for the value of V, the expression 


=z (ars + brs) P,,, (cos 4). 
s=1 


It is here assumed that the expansion of the prescribed values of V 
in series which are uniformly convergent with respect to r on the portions 
of the spherical surfaces is practicable. 


If this be assumed, the coefficients are obtained by making use of the 
theorem 


i " P,, (cos 8) Pq, (cos 6) sin 6d0 = 0, 
0 


for n, # n,. This theorem is a particular case of the general theorem given 
in § 23 (40). The method could also be applied in case the condition on 


the conal surface were a = 0, for @= a. 

This problem illustrates the use which may be made of Legendre’s 
functions of fractional degree. It is clear that in case the space had as 
additional boundaries the portions of two planes ¢ = 0, ¢ = ¢,; tesseral 
harmonics of fractional degrees and orders might be applied. Attention 
was drawn* by Thomson and Tait to the application of such generalized 
functions in the solution of potential problems for suitable spaces. 

260. Let us next proceed to the case in which, for the space considered 


in § 259, the prescribed boundary condition over the spherical portions of 
the boundary is that V shall have the value zero. If S,, denote a spherical 


* Natural Philosophy, vol. 1, pp. 180, 196-7. 
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surface harmonic of degree » (unrestricted), that degree may be determined 


from the condition that (4m+ a) S, shall be zero when r= a and 
when 7 = 0. 


From the equations Aa” + Ba" = 0, Ab" + Bb" = 0, we find that 
1 ka 


a?n+1 — 6"+1, which will be satisfied by n = — at 5 


log, a 


integer, of either sign. It thus appears that spherical harmonics of complex 
degree, — $ + pt, make their appearance in this connection. 


, where & is any 


If, in Legendre’s equation and in the associated equation, we put 
n= — 4+ pr, we have n (n + 1) = — p? — 4; thus the equations become 


At Gt w+ Duo, 


d a) Wu ee ee 
a ah [P+itraal 2 


The functions which satisfy these equations were introduced as inde- 
pendent functions* by Mehler in connection with certain problems of electro- 
static distribution, under the name Kegelfunctionen, or conal functions. 
The principal properties of these functions will be deduced from the general 

‘results obtained in Chapter v. 


261. The zonal harmonics of the type considered may be denoted by 
r-4+0K,, (cos 6), where, for simplicity, K, (cos@) is written for P_a+ (¢08 4). 


We have from (11) of Chapter v, 
K,, (cos 0) = F (4 — pu, $ + pr; 1; sin? 46) 


24 42 24 12) (42 4 32) , 
14 — (4p ae ) sin 20 1 Sass 


sin? 40 + 


It is thus seen that the coefficients in the expansion are all real, and 
that K, (cos @) is unity when @ = 0. Also K, (cos 0) = K_, (cos 8). 


We have, by changing @ into z — 6, 


2 2 2 2 2 2" 
K, (= cos 6) yp EE ost 40 4 (specs apes) 


ey 32.42 cos! $0 + ...; 


hence K,, (cos 9) is infinite when 6 = 7. 


* Orelle’s Journal, vol. txvut (1868), p. 134. See also his memoir in the Math. Annalen, 
vol. xvim (1881), p. 161. Reference may also be made to a memoir by C. Neumann in the same 
volume of the Math. Annalen. See also Hobson’s memoir in the Camb. Phil. Trans. vol. xtv (1889), 
p. 211, where the functions are considered as special cases of spherical harmonics. 
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It has been shewn in (130) and (144) of Chapter v, that 
cosh pu 


K,, (cos @) ca 


7 Jo (2 cos u — 2 cos 6)2 S 
2 c COS pu 
——— ———— du. 
and K., (coz 6) = cosh pa | (2 cos 6 + 2 cosh w)* a 
From (49) of Chapter v, we have 
n+l nN. 7 
K, (e088) = F("3=, - 5; 1; sin’ 8), =5< 9<5 
241 (1)\2 2 1y2 2 ‘By2 
tie ae sin? 9 + (2+ ee +) int 8 + oa 
It has been shewn in § 182, that _ 
1 : 6 pee 6 Ee COS pu d 
2 {2-4+m (0088) + Q.4-» (00s 0)} i; (2 cosh u — 2 cos 6)2 = 


where Q_1,,, (cos @) is the zonal function of the second kind, of which the 
value is 


| = costa du — sinh po J Feo OSU 
0 (2 cosh u — 2 cos 6)? 0 (2 cosh uw + 2 cos 6)? 


We have therefore 
1 
K, (— cos 6) = = cosh pr {Q_1,5. (cos 0) + Q_4_». (cos 6)}. 


It thus appears that K, (— cos @) may be employed for the space 
outside the cone; this function has the value unity along the part of the 
axis outside the cone, and is infinite on the part of the axis inside the cone. 


262. The reciprocal of the distance between two points (r, 6, ¢), 
(r', 8, ¢') is i 
1 a 

{2 cosh (¢ — o’) — cos y}?” 


where r=e7, 1’ =e”, cos y= cos @ cos &’ + sin 6 sin 6’ cos (6 — $’). 


e-fioto’) 


If we employ Fourier’s repeated integral theorem, we have, for the re- 
ciprocal of the distance between the two points, 


4 © co 
Be end lote’) : cos v (o — 0”) dv | See du, 
7 0 0 (cosh w — cos y)? 


which becomes 


= , 
hier) [~ COSY (Gg — 0’) = 
eke [ Sc K, (— cos y) dv. 


In order to express this formula in terms of functions of 6, 6’, ¢ — ¢’, 
we must consider the addition formulae for the function K. Employing 


261, 262 | The Functions for Conal Boundaries 447 
an addition formula of § 227, we see that, when @ < 47, 6’ < 47, we have 
for K, (cos y) the series 
K,, (cos @) K, (cos 6’) 
+ 22 : a ; ae Te a K,™ (cos 0) K,” (cos 6’) cos m (¢ — 4’), 
eo Epes 
2 


FRE) te B (pt + 99). (p+ MEIN) 


In.accordance with a result given in § 227, this theorem also holds good if 
0<@<hr, 4n<O0<z, and 0486’ <7z. 


It has also been shewn in § 227 that, when u <6 <hr, in <0 <7, and 
6+ 6' <7, the series 


K,, (cos 6’) Q-34m (cos 4) 


oe Hapa pe , , 
+ 222 TS be pe Py Ko” ©80) Oy (0088) 005 m (4 — 4) 


converges to Q_3,,. (cos y), uniformly with respect to ¢ and ¢’. 
If we change p into — p and add the two expressions together, we have 


on multiplication by 2 cosh pz, the expression for K, (— cos y), 
K, (cos 6’) K, (— cos 0) 
Cane a ' 
22 SS ee ON Kol 6 ede 
ar ae . 22S aot ) K, (— cos #) cosm (4 — $') 
(pt + 2)... (p?+ =F) 
This holds good if 0 < # < in < 6, and 0+ @’<7z. 


We can now find, in the extended form, the expression in conal har- 
monics of the reciprocal of the distance between the two points (r, @, 4), 


(7, 0, 6’). 
The required expression is 


1 as 


E, (cos 6’) K, (— cos @) dv 


eS 0 cosh rv 
+ & ee x cos m (¢— ¢’ [ra —— i ‘o” (cos 6’) K” (— cos 6) du, 
where Om = (ue 


(+4)... {os + a Ft 
provided 0 > 6’. : 


448 Harmonics for Spaces bounded by Surfaces [cH. x 


263. Let V have a prescribed value 4 f (c,¢) over the surface of the 
Tr 
infinite semi-cone @= 6. We shall assume that the function f can be 
expanded in a uniformly convergent Fourier’s series 
Fy (¢) + © {Fin (a) cos m$ + Gn (o) sin md}, 


and that each of the functions F, (c), Fn (¢), Gm (e), any of which will be 
denoted by f («), can be represented by a Fourier’s repeated integral 


ck fr dv | 20s v (o — 0’) f (0’) do’. 


2at } 0 


Since the functions K,” (cos 8) cos v (« — o’) mo satisfy Laplace’s 


equation and are finite in the interior of the cone, we may take for V, the 
required potential function in the interior of the cone 


if = © K, (cos @) 
Vi.= Xo COSY): , , yi 
2; ie dv | K, (cos 6,) F, (0) cos v (o — a’) do 


1 fe 2 Kym 6 F ‘ 
Be se] 8 | im (oon) C82 (0 — 0”) (Fy (0") 008 md 
+ Gm (o’) sin m¢} do's 


In order to find the external potential we have to change cos 0, cos 6 
into — cos 0, — cos 6, in this formula, since K,” (— cos 6) is then finite 
when # = 7. An investigation is requisite that these expressions actually 
represent potential functions which converge to the prescribed values. 


The application by Mehler of this method to the solution of problems 
of electrostatic distribution is open to criticism on the ground that the 
normal forms ee (p log r) K, (cos @) have an infinite singularity at the 

5g 
vertex of the cones. It was indeed remarked by Heine that what is deter- 
mined is not a potential function but the limit of a potential function. 
Some remarks on this matter were made by Macdonald in a memoir* in 
which he determines, by a method not open to this criticism, the distri- 
bution of electricity near the vertex of a conal conductor subject to the 
influence of a charged point on the axis of the cone. 


HARMONICS IN DIPOLAR COORDINATES 


264. If the system of concentric spheres 7 = constant, of coaxal 
semi-cones 9 = constant, and of planes ¢ = constant, be inverted with 
respect to a point on the axis, the inverse surfaces form a triple system of 


* Camb. Phil. Trans. vol. xvut (1900), p. 292. Mehler’s treatment of the same problem is to 
be found in the memoirs already referred to. See also Heine’s Kugelfunctionen, vol. u, p. 249. 
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orthogonal surfaces, consisting of a set of spheres with common inverse 
points, of spindles formed by the revolution of circular arcs round a common 
chord formed by joining the common inverse points, and of planes through 
the axis. 


Let O be the centre of the spheres in the polar system of coordinates, 
and let the system be inverted with respect to the point C on the axis of 
the cones. Let CO (= k) be the constant of inversion, and let P’ be the 
point inverse to the point P (r, 0, 6); and let r = ke. We have then 


CP? — k? + r? — 2kr cos 0 = ke" (2 cosh o — 2 cos 6). 


o op’ _OP_r_,. 
2 CRE OC = 
thus o = log. 
P 
P' 
- . 
Yo k of” 


If P is on a sphere of centre O, the locus of P’ is a sphere o = log P 


with C and O as common inverse points. If P is on a cone of angle 0, the 
corresponding point P’ is on the surface generated by the rotation of a 
circular are containing an angle 7 — 0 round OC; that is a spindle. The 
planes ¢ = constant are unaltered by the inversion. The coordinates 
o, 0, ¢ are frequently spoken of as the dipolar coordinates of a point. 

In accordance with a theorem given in § 75, corresponding to the 
potential function 7” Y,, (8, 6) at P we have 


ke” (2 cosh o — 2.cos 6)? . 7 Y,, (0, 4), or e"*®” (cosh o — cos 6)3 Yq (0, ¢) 


as a potential in the inverse system at P’. 


It can be verified by direct differentiation that Laplace’s equation in 
the dipolar coordinates o, 0, ¢ is satisfied by the function 


e*"*2)* (cosh o — cos 6)3 Y,, (8, 4). 


The values of o at the two points O and C are — co, + & respectively; 
if oc has a value < 0, the sphere on which o has this constant value contains 
O in its interior, and if o has a constant value > 0, it has C in its interior. 


HH 29 
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The reciprocal of the distance between the two points (c, 0, 4), (o’, 8, ¢’) 
is easily seen to be 
(cosh « — cos 6)! (cosh a’ — cos 6')3 8 *”? 
k {cosh ( — o’) — cos y}4 


where cos y = cos 6 cos & + sin @ sin 6’ cos (6 — ¢’), 


? 


and this can be expanded into the forms 


1 : 2 é 
7, (cosh o — cos 6)? (cosh a’ — cos af = ef" +2) (2) D. (cos y), 


: (cosh « — cos 6)? (cosh o’ — cos 6’)? y Pe P,, (cos y), 
n=0 
according as o < o’ or g>o’. In these forms each term is a potential 
function with respect both to (c, @, 4) and to (o’, 6’, ’). 
265. The potential function which has prescribed values over the 


surfaces of two non-intersecting spherical surfaces, either external to each 
_ other or one internal to the other, may-be determined by using the dipolar 


. system. : 
Let the given value of V over the surfaces o = o, and o = o, be f, (8, ¢) 


5 8, $) f, (8, $) 
df, (6, tively, 1¢ Al _ and ——& 
ped GD regs (cosh o, — cos 6)? ee (cosh o, — cos 6)? 


assumed to be capable of representation by series of the form = Y, n (9,4), 
n=0 


= Z,, (0, 6) then, subject to sufficient conditions as to the nature of the 
n=0 


convergence of these series, the potential function for the space between 
the spherical surfaces is given by 

ee $ sinh (x + 3) (o = 9) 

V = (cosh o — cos 6) 3 SCS aa Y,, (8, ¢) 


sinh (n + 3) (¢ — 9) 
+ (cosh o — cos 6)? Sanh (rea) =) Z, (0, 4). 


The potential for the space interior to o, but not to o, is given by 
V = (cosh o — cos 6)2 Ee" Y,, (6, 4) 
when o > op. 

The first solution of the potential problem for the non-intensity spheres 
is due to* Thomson (Kelvin). The general form of the solution was givent 
by C. Neumann. The problem was also discussed by Dirichlet in his 
lectures. 


* Liouville’s Journal, vol. xit (1846), p. 256. 
+ Allgemeine Lésung des Problems iiber den stationdren Temperaturzustand eines homogenen 
Kérpers welcher von irgend nichtconcentrischen Kugelflachen begrenzt wird, Halle, 1862. 
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266. The method of inversion can also be applied to the case in which 
the boundary is a spindle over which @ has a constant value. We have to 
invert the normal solutions of Laplace’s equation which have been em- 
ployed in the case of the semi-cone. We thus see that the required elemen- 
tary solutions, applicable in the case of a spindle, are 


cosh o — cos 6)? evan o. K,” (+ cos 8) C8 mg. 
os ? sin 


These forms may be applied, as in the case of the cone, to obtain theo- 
retical solutions of potential problems in which the potential function has 
a prescribed value over the surface of a spindle. 


THE HARMONICS FOR A BOWL 


267. The peri-polar coordinates employed in § 253 for the ring-fune- 
tions may also be employed in potential problems in which the boundary 
is a single bowl, for which @ has a constant value, or for the lens-shaped 
boundary in which that boundary is represented by two constant values 
of 6. It is however convenient, in the present case, to let 0 be continuous in 
crossing the circular disc for which it has the value z. 


Let 0,, 6, where 0, < 0, be the values of 6 over the two portions of the 
_ boundary of a lens. For an interior point 6 of the lens we take 0, < 0 <p, 
and for an exterior point 0 we take 0, < @ < 27 + 0,; and 9 ranges from 
0 to oo. 


The particular solutions of Laplace’s equation which will be required 
are 
coe 9 008 


(cosh » — cos 6)? K,” (cosh 1) sinh 2° sin 


mo, 
where K,,” (cosh n) denotes P_;.,. (cosh 7), together with the corresponding 
expression in which the zonal harmonic of the second kind takes the place 
of P. 

These functions K,” (cosh) differ from those employed in § 261 in 
having their arguments greater than unity instead of less than unity as 
in the former case. 


From formulae (144), (143) and (141) of Chapter v we have for 
K, (cosh ) the expressions 


cos pu 
K, (cosh y) = = cosh po |” @aoshu +2 cosh ait ie 2 =.(4), 
2 sin pu 
K, (cosh 7) = 2 coth lE pres Ee w.-(6), 
ooh) ee (2 cosh u — Me @) 
2,7 cos pu 
K, h = Z| Gs 
zon) 0 (2 cosh 7 — 2 cosh ait °) 
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The tesseral function K,” (cosh 7) is defined as 


eae am = 
sinh” 7 T(cosh ny” K,,” (cosh »), 3 
5 2m+1 sinh™ 7 | ee cos pu cosh pr 
= Tl (— 4) 1(— m— 8) Jo (2 cosh w+ 2 cosh y)"-3’ 
(see § 180). 


From (150) of Chapter v, the zonal harmonic of the second kind is 
given by 


enPu 


du; 


tim (cosh [ 4 
O41». (cosh 2) 1 (2 cosh uw — 2 cosh 7)? 


hence 
Q-j1m (008m) + Qa (cosh n) = 2 espaee 
and thus, if K, (— cosh y) be defined as 


Cos pu iin 
u — 2 cosh n)é 


2. COS pu 
o (2cosh u — 2 cosh 7)? 


> 


Z cosh pr | 
T 


. we have 


2 
K, (— cosh n) = = cosh pr {Q_1,». (cosh 7) + Q-4-». (cosh m)}. 


We may accordingly employ K, (— cosh 7) as the zonal function of the 
second kind. The zeros of the function K, (cosh 7) have been discussed 
in § 237. 

268. The reciprocal of the distance between two points (y, 9, 9), 
(n', 0’, $’) is expressed by 


(cosh » — cos 6)? (cosh n’ — cos aye 1 
k.28 {cosh y — cos (0 — 6’)}2’ 
where cosh y = cosh 7 cosh 7’ — sinh 7 sinh 7’ cos (¢ — ¢’). 
Since 
Rep du 
OEE CUS IS i u? + cosh y — cos (6 — 8)’ 


if we let u2+ cosh y = cosh v, the expression on the right-hand side 
becomes 
Te ie 1 sinh v 
7 p, cosh v — cos (8 — 8’) (cosh v — cosh y)* 
To transform this expression we observe that 
2 sinh v 
cosh v — cos (8 — 6’) 


and we employ the theorem 


dv. 


u[cot $ (0 — &’ + w) — cot 4 (0 — & — w)}, 


1zrs-1 _ g-A 


a cot Ar = | 
0 
where R (A) is between 0 and 1. 


l—z Ge 
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By change of the variable z into e-®”", we find that 
sinh (2a —1)wrz 


a cot Ar 2a [ Hae dw, 
and thus, giving X the values 
q 1 y 
an (@— 6 + w), oF (0 — 6’ —w), 


we find on using the expression (b), that 


2 sinh v I bors Bis 2) 02 
cosh v — cos (8 — 6’) 0 cosh pr 


(cosh y) dp. 


The required value of the reciprocal of the distance between the two 


points (n, 0, 4), (n’, 0’, ¢’) is thus expressed in the form 


P K,, (cosh y) dp, 


(cosh 7 — cos 0) (cosh 7’ — cos 6’)? ic cosh (6 — 6’ — z) 
k 0 cosh 7p 
where 6 — 6’ is positive and < 27. 


The function K,, (cosh y) can be expressed as a - uniformly convergent 
series in cosines of ae ¢’ by employing the addition theorem given in § 220. 

Reference may be made to the memoirs of Mehler cited in § 260. 
A memoir* by C. Neumann on the distribution of electricity on a bowl may 
also be referred to. 


* In the Transactions of the Saxon Society, vol. xu. 


it 
i 


Fh 
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CHAPTER XI 
ELLIPSOIDAL HARMONICS 


269. In connection with the problem of determining the steady tem- 
perature in an ellipsoidal conductor when the temperature is prescribed on 
the boundary of the conductor, Lamé obtained sets of normal solutions of 
Laplace’s equation when the parameters of confocal ellipsoids and hyper- 
boloids of one and of two sheets are taken as coordinates. He obtained* 
the normal solutions as products of functions of the parameters of the 
three families of surfaces; each factor in the products is a function, known 
as a Lamé function, which is given as an appropriate solution of a certain 
differential equation of the second order, known as Lamé’s equation. 
A systematic account of Lamé’s investigations was given} by Heine, and 
considerable use of this account has been made in parts of this chapter. 


: In order to obtain solutions of Laplace’s equation of the required type, 
coordinates p, p, v, which are called by Lamé elliptic coordinates, must 
be introduced; these may more appropriately be termed ellipsoidal co- 
ordinates, to avoid the danger of confusion with plane elliptic coordinates. 


These ellipsoidal coordinates (p, 2, v) are connected with the rectangular 
coordinates (x, y, z) by the relations 


x y g 
a t =e ae 


1, 


where & and hare arbitrarily chosen positive numbers such that k > h; and 


a2 y? 2 
ft t wee” ke BP 


1, 


2 yy 22 
ye h2 — p2 k2 — yp? 


1, 


where B<p<o, RSw<kP, 0< Y<2 


These are the equations of a confocal system of ellipsoids, hyperboloids of 
one sheet, and hyperboloids of two sheets; and they form a triply ortho- 
gonal set of surfaces. 


* Lamé’s investigations appeared in Liouville’s Journal, vol. 1 (1837), p. 147; vol. rv (1839), 
p. 126; vol. vit (1843). 

Reference may also be made to his treatises Legons sur les fonctions inverses des transcendentes 
et les surfaces isothermes (Paris, 1857); Lecgons sur les coordonnées curvilignes (Paris, 1859). 

+ Kugelfunctionen, vol. 1, pp. 350-81; vol. 1, pp. 164-73. 
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Since p?, 42, v? may be regarded as the roots of the cubic in A?, 


a? y? 2 


PR’ RE 


1, 


2 2p 
we find that a —— 


and similarly that 
(p? = 8) (w2 — 1A) (h? = ¥2) 


| y 72 (= 23) : 
| o_o — I) (l= 4 (8 — 4) 
q ke (k2 = h?) x 


In order that each point (x, y, z) may be expressed in general by a 
single set of values of p, 4 and v, we may assume that p has only the 
positive values from & to oo; that , ranges from h to & and back again, the 
sign of Vk? — 2 changing as w passes through the value /; and that v 
passes through values — h to h and back again, the sign of Vi? — v? 
changing from positive to negative as v passes through the value k. 


The coordinates of any point (x, y, z) are then expressed by 


ppv Vp? — WV p2 — VB v2 
Wee hVie@— oe : 
Vp? — VP Vie — vB 
z SS 2 
hk Vk2 — TP 

when the positive value of V4? — h2-is taken, and the sign of the other 
radicals is determined as above described. When p has the value k, the 
ellipsoid is flattened down into the focal ellipse given by 


«& 


@ yf? 
te Ne yep 
If we introduce the transformation 


cos 0 = Fe, Se = eee 


hvie—he 
a a ae 
os ee Yo 
where 0S 607, 0S $< 2, 


we have 


c= pies y= Vp?— i? sin 0 cos ¢, z= Vp? — # sin Osin 4. 
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TRANSFORMATION OF LAPLACE’S EQUATION TO 
SPHERO-CONAL COORDINATES 


270. Before proceeding with the transformation of Laplace’s equation 
to ellipsoidal coordinates, it is useful to consider the transformation to 
coordinates in which the coordinates of any point in space are given by 
V2 — VAP — Vie — je Vie — 

> z r > 
hvkt — 12 kV ke — h? 


where p, v have the same range of values as in § 269. 


pv 
« hE y 


With these coordinates, the orthogonal set of surfaces consists of the 
concentric spheres xz? + y? + 2? = r?, and the two sets of cones 


rr ee yr - "ge 0 

fie : pe SS = ee we 2 
2 2 2 

x y z 0. 


pe h2 =— yp k2 = yp? 
_ These coordinates r, », v we may speak of as sphero-conal coordinates. 


In order to transform Laplace’s equation to the form in which 7, p, v 
are the independent variables, we find that 


(da)? + (dy)? + (dz)? ( (any - 
De Go 2) 72 Be 1 (dv)? 
(dr)? + (pi v*) 7 (ye? — 2) (2 — 2) | (RP — ) (PJ 
Hence Laplace’s equation becomes, in virtue of the general formula 
(2) of Chapter 1, 


OV 
(4? = v?) eS G a) ae VP nV ie pe i (vie WV ke pe a 


+ Vi? — v2 Vi — v2 g (vie Vk — v2 e) 0. 
ov ov 
If we define yn, ¢ by means of the formulae 


[ du t iL dv 
DO Nir ee. iy ee 


the equation takes the form 


Of OVS 02 eV 
2 2 1 tt 
(yw v?) a a or) tT on? T 002 0. 
Let V = 7"u, then wu satisfies the differential equation 


Ou  0%u 
at ae 2a 
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which is the transformation of the equation 

Ou i Or 
ap + 000 oe + a age 
the equation satisfied by spherical surface harmonics of degree 7. 


Let us assume that u may be taken to be of the form E (1) E (v), where 
 (w) is a function of » only, and # (v) a function of v only; on substitution 
we have 


» CE 


2 


n(n+1ju=0, 


4m (n+ 1) uA (uh 


Bw) TP) — nn + YEO = 


That this may be satisfied, we must have 


Cae + tm n+ 1) we — p (i + B)] E(w) = 0, 
OTe — fm + LP pO + RYH (») =0, 


where p denotes a constant. On substituting the values of 7, ¢ these 
equations become 


PE (w) 


(8 = 8) (nt — Be) OP + (Qt — I — oe) Ee) 


+ (+ ee 1) w} E(u) = 0 
and an exactly similar equation with v written for 1; thus the two functions 


E (yu), E (v) satisfy the same differential equation, but have different ranges 
of value of the variable. 


The constant p is of course arbitrary; it is therefore possible in an in- 
definite number of ways to find solutions of Laplace’s equation of the form 
m” E(u) E (v). Before proceeding further with the consideration of the 
functions H (), E (v), it is now desirable to shew their connection with the 
solutions of Laplace’s equation in ellipsoidal coordinates. 


LAPLACE’S EQUATION IN ELLIPSOIDAL COORDINATES 


271. From the values of x, y, z in terms of the ellipsoidal coordinates 
p> # v we find 
2 


(dz)? + (ay)? + (de)? = (Oe UE) (a? 


fa 2 
+e i 


00 


p*) 
h?) (k (A? = v?) (kh? — v?) 
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thus Laplace’s equation becomes 


(uw? — v?) ae (p2 — v?) om + (p? — 3) Ae 0s (A), 


where €, 7, ¢ are defined by the formulae 


é is dp [" dp 
a Vp? — h? Vp? — he?” 7 nV pe? — BV RP pe?” 


ibs i fe ses se OES Se 
0 Vi? — v2 Vk? — vy?” 
and thus 7, ¢ are defined as in § 270. It can be shewn at once that the 
equation is satisfied by the product E (p) E(u) E (v), where H (y), E (v) are 
defined as in § 270, and E (p) satisfies the equation 


PEL) — fn (n+ 1) pt— (0 +) pH (p) = 0, 


or on substituting the value of ¢ in. terms of p 


PE dE 
(ot — WA) (ot — 2) 7 + p (pt — 18 — 1s) SE) 


+ (7 + k?) p — n(n + 1) p} EB (p) = 0, 


thus E (p) satisfies the same differential equation with p as independent 
variable that H (x), E (v) satisty with u, v as independent variables. It 
thus appears that whatever value the arbitrary constant p may have, 
functions E (p), H (u), E (v) exist such that H (p) E(u) E (v) is a solution 
of Laplace’s equation, where p, ju, v represent the ellipsoidal coordinates, 
and that 7” # (1) # (v) is also a solution of Laplace’s equation, where 7, 1, v 
are the sphero-conal coordinates defined in § 270. It will in general be 
assumed that n is a positive integer. 


It is clear from the equation (A) that €, 7, ¢ are themselves solutions 
of Laplace’s equations, and thus that Aé + B, A’n + B’, A"C + B" are 
solutions in which the constants may be so determined that for example 
Ag + B has given constant values on the surfaces of two given ellipsoids 
&,, &. Such solutions are adapted to the determination of the temperature 
with a steady flow of heat or electricity in the space supposed filled up with 
homogeneous conducting material between two of the ellipsoids, or two 
of the hyperboloids, when the constant temperatures or potentials of the 
bounding surfaces are given. These quantities ¢, 7, £ are consequently 
termed thermometric parameters. 


The coordinates p, 2, v are expressible as Jacobian elliptic functions of 
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2_ fy2 2 
é,n, 6; denoting by ,”, &,'? the quantities te E Bi 5 we find from the 


definitions given above, 
p= kdn (iké, ky), = kdn (K — ky, y), v= ben (Kl, hy’), 


= é 
where K denotes the complete elliptic integral | pes ees These 
oV1— ke sin? db 


expressions for p, 4, v as elliptic functions were given by Jacobi. 


RELATIONS BETWEEN THE PRODUCT E (1) E (v) 
AND TESSERAL HARMONICS 


272. The functions E (;), E (v) depend upon the parameter p which occurs 
in the differential equations by which these functions are defined. We shall 
shew that it is possible so to choose p that for positive integral values of 
7” E(u) E (v) shall be finite, continuous and single-valued over the surface 
of the sphere which corresponds to any constant value of 7, and that this 
can be done in 2n + 1 ways. We know that Laplace’s equation is satisfied 
by 7” P,,” (cos 8) md, where n and m are integers and m has the values 
0, 1, 2, ... n, these giving a complete set of 2n + 1 functions of degree x 
which are single-valued and continuous over a sphere 7 = constant. If 
these normal functions be expressed in terms of p, v, we see that since 


cos 6, sin 8 cos ¢, sin 0 sin ¢ are rational functions of pv, Vu? — h? ViF — 1%, 


Vik? — 2Vk? — v?, the functions P,,” (cos 6) oe md become also rational 
algebraical functions of these products. 

It is clear that the results of the transformations are of the following 
forms, differing according as m is even or odd, and according as the cosine 
or sine of m¢ is taken: 

P,2™ (cos @) cos 2m¢ = U,,, 
P,2” (cos 0) sin 2m = Vu? — 12 VAP 3 ViF— v2 Vk — v2 U2, 


P,2"+1 (cos 6) cos (2m + 1) 6=Vpe2—- 1? VIF — v? Un, 


P,2m+1 (cos @) sin (2m + 1) 6 = V2 — p2VE— 7 Un, 

where the U’s denote rational algebraical functions of and », of which the 
degree in pz and also the degree in v is denoted by the suffix. Tt is thus in- 
dicated that p can be determined in 2n + 1 distinct ways for a given value 
of n, so that the product £ (y) E (v) is a rational function of degree ” in 
fle V uF — B, V2 pv? and also in », Vi? — v2, Vk? — y?, and that these 
functions E fall into four distinct classes which we may denote by 


K (pw) = Agp™ + apr? + oes 


a 
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the number of these functions being 1+ 3n, or 4 (+ 1), according as 
n is even or odd; 


L (p) = Vp? — 2 (yp? + ap"-8 + ...), in number 3m, or 3 (n — 1), 
UW (p) = Vp? — B (agp + ap? + ...), in number 4m, or $ (m — 1), 
N (pu) = V2 — PV P= FP (app? + agp + ...), 


in number $n, or $ (m + 1). 


The tesseral harmonics will then be expressible in the forms 
P,,2” (cos 8) cos 2m¢ = La K (u) K (v), 
P21 (cos 8) cos (2m + 1)¢6=ZaL (u) L(y), 
P,2” (cos 6) sin 2m = Da N (u) N (v), 
P,2"+4 (cos 8) sin (2m +1) ¢=SaM (p) Mv), 


where the a’s denote constant coefficients, and the number of terms in each 
summation is the number of functions of the particular class. It will be 
' shewn that these functions K, L, M, N actually exist, and are all real. 


THE EXISTENCE AND DETERMINATION OF LAMH’S FUNCTIONS 


273. We shall now demonstrate the existence of the four classes of 
functions K (4), L (u), M (u), N (uz) known as Lamé’s functions. It will be 
shown that there are in all 2n + 1 distinct functions of degree 7, and that the 


solution & a,H, (u) E, (v) of the differential equation satisfied by spherical 
surface cin possesses the same degree of generality as the solution 
2 Pa (1) Om cos md + Cm sin md). The solution © 4, (p) E, (u) By (v) of 
Laplace’s equation possesses the same degree of generality as 

Seer (4) (bn Cos md + Cp sin m¢). 


(1) To determine the functions K (); on substituting the expression 


K (p) = ap" + ayy"? + dap" * + ..., 
in Lamé’s equation 
2K 
aye te + Dw p (f+ bY} K — 0, 
PK dK 
2 2 2 2" 2 2 2) 
or (u? — h*) (u Oya ee h Ler 


+p + ?)—n (n+ 1) pK =0, 
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and writing 4? + k® =a, h®k? = B, we find on equating to zero the coeffi- 
cients of the various powers of p, 


2 (2n — lh a, = a{p — 07} M%, 
4 (2n — 8) dy = a {p — (v — 2) + Bn (n— 1), 
6 (2n — 5) a, = a{p — (wn — 4) a, + B (nm — 2) (n— 3), 


2r (2n + 1 — 2r) a, 
=a{p —(n— 2r + 2)34,4+ B(n— 2r + 4) (n — 2r + 3) a,2, 
(2r + 2) (Qn — 1 — 27) G45 
a {p — (n— 2n)}a, + B(n — 2r + 2) (w= 2+ 1) a4, 
(2r + 8) (Qn — 3 — 27) dps 
= a{p— (m— 2r — 2) Grats 


where r = 4n or } (n — 1) according as 7 is even or odd; it will be observed 
that the last term contains no term in f. The coefficient p will be deter- 
mined so that a4, = 0, p42 = 0, G43 = 0, -.. and thus so that the function 
is an algebraical polynomial of p of degree ; for general values of p the 
series would continue in descending powers of ». If p be so determined 
that a, = 0, it is clear that @,.5, O13) ++ will all vanish, hence p must be 
determined by means of the equation obtained by equating to zero the 
determinant 

0, 0, 2(2n—-1), —a(p—n*) 

CaobeS 4 (2n —3), —a{p—(n—1)}, —fe(n—1) - 


—afp—(n—2r}, —B(m—2r+2)(m—W4 1), vee 0 | 


This determinant is of degree r + 1 in p, and the equation is therefore one 
of degree r + 1 which determines + 1 values of p, which may be denoted 
by (1, Da» ++» Praia; it will hereafter be shewn that all these values of p are 
real and unequal. 

(2) To determine the functions L (), let L (pw) =z Vp? — h?; we find 
as the differential equation for z 


Pz dz 
(uw? — Wh) (yw? — h?) qa’ p (4p? — a — 2k?) di 


+ [ap — k® — (n — 1) (m+ 2) p?] z= 0. 


where r = 3n or } (n — 1). 


462 Ellipsoidal Harmonics [ OH. XI 


Assuming Z = Ap + ap"? + agp”? + «.., 


we find by substituting in the differential equation and equating to ZeTO 
the coefficients of the various powers of p, 


2 (2n — 1) a = [a {p — (nm — 1)} — (2 — 1) F] dp, 
4 (2n — 8) a = [a {p — (n — 3)3} — (2n — 5) k*] a 
+ B(m— 1) (w— 2) a, 


2 (n — r — 1) (27 + 3) ay_,4 = [a {p — (27 + 3 — n)% 
— (47 + 7 — 2n) k?] an_,-s 
+ B (2r + 4—n) (27+ 5—n) ay,-3, 
2 (nm — r — 2) (2r + 5) a,_, = [a {p — (2r + 1— 2) 
— (4r + 3 — 2n) k*] ay, 
+ B (2r + 2 — n) (2r + 3 — n) ay_p-2, 


The constant p is to be determined from the condition a,_, = 0 which 
ensures that all the subsequent a’s vanish, since in the next equation the 
coefficient of a,_,_, is zero. Thus we obtain an equation of degree n — rin p 
for the determination of values of p, corresponding to the n — r functions L. 


The function M can be found in a similar manner. 
(3) To obtain the functions NV (1), put 
N (uy) =2V 2-2 V2 — 7, 
then z satisfies the differential equation 
(ut — BA) (8 — 4) + 8p ut — Bt — bey 
+ {6u2 + (p— 1) (h? + 4) — n(n + 1) pz =0. 


Assuming Z = App? + Apr? + agp” + ..., 


we find as in the preceding cases 
2 (2n — 1) a, = {p — (n— 1)? a} ag, 
4 (2n — 3) dg = {p — (nm — 3)? a} a, + B (nm — 2) (n — 3) a, 


+ B (n+ 4— 2r) (n+ 3 — 2r)a,., 
2r (2n + 1 — 2r) a, = {p — (n— 2r + 1/8 a,_, 
+ B (nm + 2— 2r) (n+ 1 — 2r)a,_9; 
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the condition a, = 0, which implies that 4,1, 4,2, --- ave all zero, 7 denoting 
in, or 4 (n— 1), gives an equation of degree r in p, for the determination 
of the r functions of this form. 


We have thus seen that for a given degree m, there are r + 1 functions 
K, n—r functions L, n —r functions M, and r functions N, making in all 
2n +1 functions. Before proceeding to consider the properties of the 
quantities p, and to shew that the functions we have found are all real and 
independent, it is desirable to consider some special cases. 


REDUCTION OF LAME’S FUNCTIONS IN THE CASE OF SPHEROIDS 


274. If h = 0, the parameter p is related to a family of confocal oblate 
spheroids, and pz is related to an orthogonal system of hyperboloids of 
revolution, and v becomes zero in such a way that as v and h approach the 


limiting value zero, the ratio 738 finite. Let 
p—-hB=p% p=ksini’, v=heoos¢, 
then : 
2= Vp? + ksin 0’ cos ¢’, y= Vp? + sin &’ sin ’, 2 =p’ cos 0’; 
thus p’, 6’, ¢’ are the coordinates we have introduced in treating of 


spheroidal harmonics in Chapter x. The equation for determining the 
values of p for the K functions reduces, since 8 = 0, a = k?, to 


[p — 2] [p — (n — 2)"][p — (n — 4)?] ... [p — (m — 2r)*] = 0; 
the corresponding equations for the case of the functions L is 
[p — »?] [p — (n — 2)7]... [p — (mn — 2r + 2)7] = 0. 
In the case of the M functions, we have 
[p — (n— 1") [p — @ — 3)?] ... [p — (n — 2r — 1)*] = 0. 
In the case of the N functions, the equation for p is 
[p — (n— 17] [p — (n — 3)?] ... [p — (w — 2 + 1)?] = 0. 
If p = m?, the differential equation satisfied by H (1) is 


2. 
pe? (ue re + (2p? we + mth? — n(n + 1) wh} B= 0. 


In this equation make p’ = ive — p? the independent variable, it then 


becomes 


d 1 CH m? 
w{a- wy Sh {n(n ie Al Bo. 
Thus the value of E (1) is P,™ (u’); the corresponding value of H (p) is 
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P,” (p’). Put Za cos ¢’, and let v, h become indefinitely small, the 
differential equation for H (v) then becomes 


CE 
ap +mH=0; 


thus K (v), M (v) become cos m¢ and L (v), N (v) become sin md. We have 
thus shewn that the 2n + 1 normal functions Z (p) £ (uw) £ (v) reduce in 
this case to the functions 


ee 1 COS 
P,” (p’) Px” (cos 6’) ee mo. 
Next let 4 = &, then p is the parameter of a system of confocal prolate 
spheroids, = = cos 6’, and let y, and h approach the limit &, so that 
(ik 


pope sind, BRE — cong, 


- It may then be shewn as in the last case that 


Pye (p) Pait (cos 8) <* md 


is the form to which E (p) H () E (v) in this case reduces. 


DETERMINATION OF LAME’S FUNCTIONS OF DEGREE 0, 1, 2, 3 


275. We proceed to consider the values of Lamé’s functions, and the 
corresponding normal functions for the simple cases n = 0, 1, 2, 3. 


If x = 0, the K function is the only one which exists and this is a 
constant, say K («) = 1; thus 


E, (9) Ey (u) Ey (v) = 1. 
When n = 1, the K, L, VW functions exist, and 
K(p)=4, LW =Ve— BM (wu) = Vie pe; 


in this case the three normal functions are 


PHY, Vp? Behe pe Vie vy, Vp? h2 Vu RVie vy, 
which are equivalent to the solutions a, y, z of Laplace’s equation. 


When = 2, there are two K functions; the values of ‘p for these are 
given by a, = 0, or a®p (p — 4) + 128 = 0; denoting by p,, p, the roots of 
this quadratic in p, the two K functions are 


w+ e(m—4)a, pw2+4(p,—4)a. 
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An UM function p Viz — v7, an L function Vv py? — h?, and an NW function 
Vi eV? — hi? exist; we have thus the five normal functions 
eV 

{p? + 8 (pi — 4) fu? + $(p, — 4) + 3 (p, — 4) 

{p? + & (D2 — 4) a} {u? + 4 (D2 — 4) a} {v? + § (De — 4) ah, 
Pi, P, being the roots of the quadratic e2p (p — 4) + 128 = 0, 

ppv Vp? — kaV 2 — pV 2 — 2, ppv Vp? — WV 2 — BV 1 — 22, 

Vp? — BV — eVE eV 2 — BV PV 22; 
of these five normal functions the last three are equivalent to az, xy, yz 
and the first two are of the form A (y? — 22) + B (2? — 22). 


When 7 = 3, there are two K functions, two L functions, two M 
functions and one N function; the valués of p for the K functions are the 
roots p,, p, of the quadratic 


a (p — 1) (p— 9) + 608 = 0, : a 


and the functions are 
H+ ty (Pi— 9) Bu, po + ty (D2 — 9) Bu. | 
The values of p for the Z functions are the roots pz, p, of the quadratic : 
~ (ap? — B) {a (p — 4) — BRA + 208 = 0, 
the corresponding functions being 


Vi — Tl? + ay ((p — 4) « — 5k], 


The values p;, p, for the M functions are obtained as the roots of the i 
quadratic 


(ap — h?) {a (p — 4) — 5h} + 20p = 0, 
the functions being i 
Vi — 2 [p? + a {(p — 4) « — 5h]. 


The WN function is p Vk? — yp? Vu? — h?. The whole number of functions, / 
seven, has thus been found. 


That the roots of the equation giving the values of p for the 

Lamé’s functions of any one class are all real was proved by Lamé as 
follows: Let Z,, H, be two functions of the same class corresponding to the i 
values ,, p, of the parameter p, then ‘ 
i 


BH. 
dy? + {m (m + 1) uw? — p, (h? + K*)} EB, = 0, 
BE. 
ae t {m (m + 1) nw? — pp (i? + k*)} By = 0, 
@PE. @E, 
hence (Pi — Pe) (h? + kh?) #,E, = Lae — Ey dp? : 


HH 30 
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Integrating both sides of this equation with respect to 7, between the 
limits 0 and w, where 


ee 
nV we 12 /k? — pe 


we have 
8 c dE, aE. 
(Pi — Po) (h? + ?) i: LE, E,dy = [eae ie £5) 3 


The expression on the right-hand side of this equation is 


————— dB, _, dB, 
2 2 2 2 1 2 
[ve BVE= w (E. qe ale 


and we shall shew that this expression vanishes at each limit. 


This is clearly the case if the functions are of the first class since 
BS — Ey, a is then a rational integral algebraical function of yw. If 
the functions are of the second class H, and H, each contain V py? — h? as 
a factor and Cts are equal to rational algebraical expressions each 


dp? dp 
divided by Vu? — F, hence Hy a _B, se 
of »; thus the expression in the bracket vanishes at the two limits 1 = h, 
=k. This may similarly be shewn to be true for the functions of the 
third and fourth classes. We have thus the theorem 


is a rational integral function 


(p.— ps) |B, Bady = 0; 
hence |; B.tidy = 0, unless p, = p., in which case the integral becomes 
0 


| = E,2dn. 
0 
Assume if possible that p, can have a complex value P + .@, then we 


may take for p, the conjugate value P — .Q, and ie £, E,dy is of the form 
0 
- (H? + J?) dy which cannot vanish; thus it is impossible that p can have 
i} 
a complex value, and therefore all the values of p are real. 


The integral le £,2dn cannot vanish, since E£, is a real quantity, the 
0 


value of the coefficients in the expression for it being real since 7 is real. 


The definite integral theorem as to the product of two Lamé’s functions 
of the same degree and class can now be used to shew that no linear relation 
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can hold between the functions of the same degree and class. Suppose if 
possible that 

r 

E eH, (u) = 0, 

1 


where ¢, are constants and the suffixes refer to the different functions of 
the same class. If we multiply the left-hand side of this equation by Z, and 


integrate between 0 and w, each term vanishes except c, [Bad which 
0 


we have shewn cannot vanish; thus such a relation as the above is im- 
possible. It has thus been completely demonstrated that 2n + 1 inde- 
pendent real functions of degree n exist, no one of these being expressible 
as a linear function of the others. 

If a function of j, f (), is capable of being expressed in a uniformly 
convergent series of Lamé’s functions of the same degree and class, the 
definite integral theorem can be used to determine the coefficients of the 
several # functions in the expression for f (u); thus if 


Pw) = BeBe (us 
[iP @o) B. (w) dy 


| Be (qm) ay 


The expansion is consequently possible in one way only. 


we have 6, = 


‘THE EVALUATION OF A CERTAIN DOUBLE INTEGRAL 


276. Let H,° (x), L,,* (uw) be two Lamé’s functions of the same class 
and of degrees n, n’; we shall shew that the double integral 
[e [5 et = 2) Bat (Ba (0) Har! (1) Bat (2) dg dp 
_ vanishes unless x = n’ and s = t; w and w’ denote the quantities 


ik du ie dv 
nV er — BV pe? Jo VIP PV 


We have 
eat) + bn (+ 1) wt — pat (Ht + EH! (u) = 0, 
OM) + fa! (nt + 1) wt — pot (+ BY Bt (u) = 0, 
hence 


d aki,$ (u) 3 (,,) ton’ (#) 
Jp Bot (0) Sete — a (y) 


= (h? + Ke) (Da — Dy*) Hn’ (n) Ey? (uw) 
— (m—n') (m+ n' + 1) p2E,S (yw) By (1). 


30-2 
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Integrating both sides between the limits 0 and w of 7 we have 


(1 + A) (pat — pot) | "Ha? (u) Bar (1) 
= (nn!) (nen $1) [WB as (4) Bt (0) 


In a similar manner we find from the differential equations satisfied by 
E,? (v), By (v); 


(12 + 12) (Da! — Du!) |” Hat (0) Ent () a 


=(n—n) (n+n 


, 


From these two equations, we find by multiplication 
(n= 2!) (w+ w+ 1) (H+) (Det = De’) |" [= #) 
: o Jo 
E,,S (w) En’ (v) By (i) Bat (v) dnd = 0; 

from this result we see that the double integral vanishes unless either 
N= N', OF Pai = Py. 

If both n = n’, p,° = pnt the two Lamé’s products under the integra- 
tion are the same and the integral becomes 

[JF G2 = 9) Gat w) Bat OH dnd, 

which does not vanish, since x? > v?. 


Tf n = n’, but p,' is not equal to p,,*, we have 
[; Bot u) Bat (H) = 0, | Hat (%) Ht (0) = 05 


hence it is clear that the double integral vanishes. 


Tf 2 is not equal to n’, but p,°= p,*, we find from the differential 
equations that 


> e2Bat 1) Bat (u) dy = 0, [V8 But (W) Bat (0) aE = 0, 


hence in this case also the double integral vanishes. It thus appears that 
the only case in which the double integral does not vanish is when the 
functions are of the same degree or are the same members of the same 
class. 


It can be shewn that the value of the double integral 


vat =|" | (2 = 2) Bat (1) Bat gat 


involves the transcendental number z only. 
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An integral of the form 
fo k 2r 
+d; I (eee 
eae nV VIE 
can be expressed by means of formulae of reduction, so as to depend on 
the two integrals 


I dp le pede 
nV pe — VR pe? nV p2 — eV pe? 
or [an \° p2dn; 
0 0 
hence |e (u)}? dy is of the form Kc — Bu) dn, 
0 0 
and [ 2 (Bi (w)}2dy is of the form [4 ~ Bp?) dn. 
0 0 
Similarly | * HW) dl, | "2H (WP dl 
0 0 


are expressible in the forms 
| @ = Bo ag, [4 - Be) ag, 
0 0 


where the constants @, 8, A, B are the same in the two pairs of integrals, 
and are rational functions of the coefficients in L. 
We now have . 
yo! = (BA — aB) |" |” (w2 — v4) dnd. 
The integral on the right-hand side is known to be equal to = and. thus 
on = 5 (BA — @B). 


The constant factor of Z,' (2) can be so chosen that y,° has the value 1. 


277. The coefficients in the expansion of a function F (j, v) in Lamé’s 
products may be obtained by making use of the double integral theorem 
of § 276. We suppose the function F (j, v) to be divided into eight parts, 
of the forms 


A, A, pr, BV 2 Vi? — v, By, pw VF — BV 1, 
CVEP— eVBo, 0, py VE VER, 
DV 2 — Vk eV PVR vv, 

Dip VP h2V ke? peVv iP pV ke v, 


where A, A,, B, B,, ... denote functions with a finite number of terms 
which are even with respect to p, v, V2 — h?, etc.; these eight parts corre- 
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spond to the four classes of Lamé’s products, each class being divided into 
two subdivisions corresponding to the evenness or oddness of the products 
with respect to p or v. 

Each of the eight parts of F (, v) must be expressed separately in terms 
of the Lamé’s products which belong to the corresponding one of the eight 
divisions. Suppose f (2, v) to be one of the parts of the function F (y, v) 
to be so expressed. 


Assume f (pu, v) = 2d c,°H,§ (wu) E,8 (v), 
where the summation refers to all even or to all odd values of n and as 
regards s to all that class of the #,, which corresponds in form to f (p, v). 
Multiplying the equation by £,,. (u) H,' (v) (u? — v?) dyd and in- 
tegrating with respect to 7 and ¢ between the limits w and 0, w’ and 0, we 
have : 25 


ent [| (ut = 2) Lat (u) Eat (I dndt 

= [IPP 4») Bate) Bot (@) (2 — v4) and 
or, in accordance with the definition of the constants in the EH given in § 276, 
we have 


eat [ [F(a ») Eat (u) Ba! (0) (ut 09) dnd 
0/0 


The following corollary from this theorem will be of use in discussing 
the zeros of the functions E (y). If ¢ (, v) is a rational integral function 
of pv, V2 — 12/1? — v2, Vk? — 2 Vk? — v? of degree less than n, and if 
LE,” (uw) LE,” (v) is similar in form to ¢ (y, v), then 


[oJ et = 4 (ee 0) Ba? w) Ba? (0) dnd = 0. 


THE ZEROS OF LAME’S FUNCTIONS 


278. We shall now shew that the roots of the equation H (uw) = 0 are 
all real, unequal, and not greater than &. In the first place we shall shew 
that 
K(p), (W-WyFL (y), (py FM (yp), (u?— hy (k2— py FW (py) 
do not vanish when » = +h, or p= +k. Each one of these functions 
satisfies a differential equation of the form 


Pu du 
2 2) (u2 2 1 \ 
(we h?) (p at 0, 


where P and @ do not contain py? — h? or uw? — &? as factors, hence if wu 
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were zero for p= +h or p= +k, we see that i would vanish for the 


same value of 1; on differentiating this equation with respect to py, we see 


2 
that a would also vanish; proceeding in this manner we should find that 
all the differential coefficients of u would vanish for the same value of p, 
and this is impossible. 


In a similar manner we can shew that the equation H (u) = 0 cannot 
have equal roots, for in that case E (py), oe would vanish for the same 
z : 
value of yw, and this would make a and all the differential coefficients 
of H (uw) vanish, which is impossible. 


ance i Le (u2 — v2) E(u) E (v) dndt = 0, 


and p2— v? is essentially positive, it follows that one at least of the two 
E (z), E (v) must vanish and change sign between the limits of » which 
are k and h, or of v? which are 0 and h?. Let’this value of » or v be a, then 
E(u) E (v) being even with respect to » and v, except for the possible factor 
pv, moust contain (4? — a?) (v2 — a?) as a factor. In the corollary of § 277, let 


 (H, v) = (p> — a?) (v? — a), 
.then we have 


i cs — v?) (u? — a?) (v2 — a?) E(u) H (v) dnd = 0; 


in the integrand the factor (u? — a)? (v? — a*)? occurs, hence as before 
E (uz) or EH (v) must change sign for some value 8 other than «, lying 
between 0 and &; thus # (1) H (v) must contain (2 — f?) (v? — 6?) as a 
factor. If we then put 


d (jt; v) = (uw? — a?) (v? — a?) (u? — B?) (v? — B?) 
and apply the double integral theorem again, we see that other factors 
p? — y?, v2 — y* of E(u) E (v) must exist; proceeding in this way we see 
that all the zeros of # (u) and E (v) are real and lie between & and — k. It 
follows that H (p) has no zeros in the range k to o. 


THE LAME’S FUNCTIONS OF THE SECOND KIND 


279. The Lamé’s product E (p) H(y) E(v) satisfies the potential equation 
and is finite and continuous within any ellipsoid p= p,; it plays the 
same part in potential problems connected with the ellipsoid as the corre- 
cos 


sponding normal function 1” P,” (cos @) sin 


md for the complete sphere; 
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or 7 E (u) # (v) in sphero-conal coordinates. For the space external to 
an ellipsoid p,, a solution of Lamé’s equation will be required which shall 
vanish at infinity; denoting such a function, which we shall proceed to 
determine, by £ et the product # (p) H (1) EZ (v) will correspond to 


Tae Erle (COS 8)« emp for the sphere, or to 7-1 E(u) EZ (v) for the 
sphero-conal Coe 
To determine this second solution of Lamé’s equation 


d2 
qa (m+ 1) pt p+ Wh u=0, 


we find by the usual rule for finding a second particular integral F (p) 
when one £ (p) is already known 


d (p(B) g/ 4 0) 
z PO) - Be) a) 0, 


dE (p) _ dF (p) 


OE F (p) “dé E (p) dé 


=O. 


where C is a constant; hence we have on writing for dé its value in terms 
of dp, 


F (p) E dp 
E() {E (p)P Vp? — bP Vp? — 


where F (p) is so chosen as to vanish when p = 00. If we choose the con- 


stant C so that, when p is very great, = aA i is equal to aH , we have 
1 2 dp 
pet =) ie pete 


or C = 2n + 1, the coefficient of p” in H (p) for a very large value of p 
being taken to be unity; we thus have 


dp 
CEVACmny CEVA 


which is the required second solution of Lamé’s equation. 


F, (p) = (20 +1) E, (of ea 


It may be shewn that the definite integral in the expression for F, (p) 
can be made to depend upon elliptic integrals of the first and second kinds 
and does not involve those of the third kind. 


Ii n = 0, then 


H(p)=1 and F(p)= | @ 


o Vp — Vp? — he 
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If n = 1, corresponding to the three values of H (p) 
p. VERM, Vem, 
the values of F (p) are 


2 dp 2 dp 
ot er ee 
Z op? Vp? — 1? Vp? — v » (p2 — hE Vp? — 


eT) a 
3Vp2 | ev : 
fe o Veta (pt — 2 
The Lamé’s functions of the second kind were introduced by Liouville* 
and by Heine} independently of one another. 


POTENTIAL PROBLEMS FOR AN ELLIPSOID 


280. From the normal forms E (p) H (u)E (v) and F (p) E (u) # (v) it 
is possible to obtain potential functions for the interior and the exterior 
spaces bounded by an ellipsoid p = p,, which shall have the same values 
on the surface of that ellipsoid. These are 


E(p) F (p) 
#E (ae (u) B (v) and Fip) E (pu) E(v), 


both of which have the value H (j) # (v) on the surface p = p,. 

Tf a function is given by = AE (u) H (v), a finite series, involving 
functions E (z), E (v), of the same or different degrees and of the same 
or different classes, the corresponding potential functions V, and Vo, for 
the interior and exterior spaces, will be given by 


V.=2A Ze me ) B (pu) E (), 


E (p,) 
andl Vo= EA GEN Hu) BO) 
respectively. 
Let us assume that a function F (6, ¢) can be represented by a uni- 
formly convergent series Yo + ate + ...+ Y,+... of spherical surface 


harmonics and let F (0, 4) =f (u, v). Each of these surface harmonics Y,, 
can be represented iy a finite series 


2n+1 
E aq” Hat (u) Ey’ (v) 
m1 


of Lamé’s products. Thus the given function f (jz, v) is represented by the 


series 
© 2n+1 
=D a,” EB,” (w) By™ (v), 


n=0m=1 


* Liouville’s Journal, vol. x (1845), p. 222. 
} Crelle’s Journal, vol. xx1x (1845), p. 185. See also Kugelfunctionen, vol. 1, p. 384. 
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o 
where the single series X converges uniformly over the surface of the 
=0 
ellipsoid. a 

It can be shewn that, subject to certain conditions, the two expressions 

V.= ont om Ea™ () 
ae 0a = oh (px ) 

(per See ae 
= m) Sn AP) 
oS Ee F ™ (p,) 
are potential functions for the spaces interior to, and exterior to, the 
ellipsoid, and both converge to the value of the given function, as p > pj. 
For each partial sum of either of the series for V., V, is a potential function 
which reduces to the corresponding partial sum of the series which repre- 
sents the prescribed value on the surface of the ellipsoid. The proof has 
been given in § 248 in the case of the prolate spheroid, and in § 252 in the 
case of the oblate spheroid, with the help of Harnack’s theorem (see § 97). 


The value of @,'™ is given by 
[[ PG ») Bato (1) Eyl (v) (U2 — v2) ded 
= a || Ey (4) Ey (v)}® (ut — v4) ddr. 


By (u) Ey (0), 


By (u) Ey (2), 


EXPANSION OF FUNCTIONS IN LAME’S PRODUCTS 
281. It has been shewn that the system of zonal, tesseral, and sectorial 
surface harmonics of any degree n, with variables 6, ¢, is equivalent to the 
system of 2x + 1 Lamé’s products in which the variables are 4, v, where 
2_ f2 2 2 
= ies (eee 


AVR 1 nVie— BB 
: F Vie p2V G2 — 2 
sin 6 sin 6 = —_________. 
kVA fh? 

An arbitrary function of 6, ¢, given over the surface of the sphere, can 
in general be expressed as the sum of a number of surface harmonics of 
integral degree; each one of these is a linear function of the 2 + 1 Lamé’s 
products of the same degree, and thus we obtain a method of expressing 
arbitrary functions of y, v as the sums of Lamé’s products. We will, as an 
example of this method, find an expression for P, (cos y) as the sum of 
Lamé’s products of degree n, cos y denoting 

cos 6 cos 6’ + sin @ sin 6’ cos (¢ — ¢’), 
pep | V (uP = 2) (= v®) (u® — WP) (8 — 9) 
Pe hh? (k? — h?) 
_ VE = p) (2 =) (= p®) (2 ¥) 


or cos y 


. be (k? — hi?) 
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Since P,, (cos y) is a symmetrical expression with respect to p, v and 
uw’, v’ it can be expressed as the sum of Lamé’s products with respect to 
either pair of variables, and in each term the two corresponding products 
must occur; thus P,, (cos y) must be expressible in the form 


s=2n+1 _ 
P,, (cos y) = 2 C,H, (w) Ls (v) E,8 (p’) Bye (v’);, 
where the c, are constants to be determined. 

We have 


2n+1 


P,, (60s y) = = 


mw (20 
| | P,, (cos y’) P, (cos y") sin 6"d8" dg", 
0/0 


where cos y’ = cos 6 cos 8” + sin 8 sin 6” cos (6 — $”), 
cos y” = cos 6’ cos 6” + sin 6’ sin 6” cos (¢’ — 4"); 


the above equation may be written 


T 


P,, (cos y) = 2 Gna 2) i I, P,, (cos y’) P,, (cos y") sin 0" d0" dd"; 


hence, on changing the variables in the integration to ellipsoidal coordinates 

uw”, v", and substituting for P, (cos y’), P, (cos y”) their expressions as 

Lamé’s products, 

2 (2n +1) 
7 


P,, (cos y) = Zk2E,S (uw) Ey? (v) Bas (1) Bn’ (v') 


x f° [ett = 02) Ghat (u) Bat (38 Una. 
0 40 


On comparing this with the original expression for P,, (cos y) we have 


pm ED PP tt — ott) ae") Bat OP dns 


the value of the double integral on the right-hand side depends upon the 
exact definition of the constants in #. 


An expression has already been found for the double integral in the 
form 5 (BA — eB), in § 276; if the constants in H are chosen so that this 


expression is equal to unity, we have for P,, (cos y) the formula 


a s=2nt1 5 A i 
P,, (cos y) = 3 @n +1) & E,3 (pu) Ey (v) En’ (') En’ (v'). 
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ELLIPSOIDAL AND SPHERO-CONAL HARMONICS IN 
CARTESIAN COORDINATES 


282. It was shewn by Ferrers*, and in much greater detail by W. D. 
Niven}, that it is advantageous, in point of symmetry, to express the normal 
solutions H (e) H («) # (v) in terms of Cartesian coordinates. 


It has been shewn in § 278 that all the roots of the equation # (p) = 0 
are real and different, and that except so far as the factors Vp? — h®, 
vp? — k? in three classes of the functions are concerned, these roots 
are all less than &. The essential form of Lamé’s normal functions 
E (p) E(u) B () is 

1, p, Vpt—h?, Vp?— i, Vpt— ht Vpt— 8 
ie = V uF nh, Vie = (5 V2 TeV 2 pe 
lo», Ve—, Ve, Ve PVR 
TI (p? — p.?) (u? — ps”) (v? — pe’), 
where the quantities in one of the columns of the expression in brackets 
are to be taken according to the class of the particular Lamé’s functions, 


and the product II refers to the different values of p,, which has 4n, $(n— 1) 
or 4 (n — 2) different values according to the class of the functions. 


Remembering that x, y, z can be expressed in terms of p, 2, v by means 
of the relations 


piwte®  _ (p?— hi?) (u* — BA) (ht — v2) 

h2k2 pu) h2 (hk = h?) 2 

(o? — #2) (ke? = pi?) (k2 — »4) 
ke (ke? = h?) 2 


2 


22 


Ped ¥ ge 
hi - L 1 
we see that Ao Posie pore 


is expressible in the form of a fraction of which the denominator is 
ps? (p.2 — h?) (p,2 — k?) and of which the numerator is a cubic in p,?, the 
coefficients of the cubic involving p?, »? and v?; now 

au y 2 


pe pam pee * 


vanishes when p,? has any one of the three values p?, »?, v?, and thus the 
expression takes the form 


(ep? — ps*) (u® — po?) (v? — ps") 


ps (ps — h?) (p,* — k?) 


* Spherical Harmonics (1877), Chapter v1. 
} Phil. Trans. vol. cuxxxm (1891), p. 231. 
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We thus see that Lamé’s normal functions are essentially of the form 


MSZ a y Ze 
ly ze xyz Teese Sa aoa 1), 
2 ay 's Ps Ps 


where one only of the quantities in the first bracket occurs, according to 
the class. 


2 2 2 
It is convenient to take an ellipsoid & +4 4 = = 1s the fundamental 
pO 


ellipsoid, where a? — 6? = h?, a? — ? = k2; let a? + 0 = p?, a? + 0, = p55 
the Lamé’s normal function then takes one of the forms 


a feue ae Pd ye. 2 
, _# 
a ee (stat wre t ara‘) 
where m the number of factors in the continued product is 3n, 3 (m — 1), 
3 (n — 2) ot 4 (n— 3) according to that one of the expressions in the first 
bracket which belongs to the particular function. 

: 2 y Ze 


we 
: E hi . f 1 
It is convenient to denote the expression e+ 0, oe pu, EO, 


by a single letter ©; the ellipsoidal harmonics are then denoted by 


a YZ 
ly w« ar} 0.8 


Z ay 
The values of 0,, 2, ..- 9m depend upon the zeros of the Lamé’s function 
E (p), and it has been proved in § 278 that they are all real. 


The 2n + 1 different ellipsoidal harmonics of degree n we shall denote by 
Gah, Oy2, 2. Gas, --. G2", and we shall speak of these as internal ellipsoidal 
harmonics, since they are potential functions for the space within the 
fundamental ellipsoid. 

To every internal ellipsoidal harmonic there corresponds an external 
harmonic G,° where G,° = G@,,°1,°, In’ («, y, 2) denoting the definite integral 

ic 1 dé 
« GO — 8? G — 8)... On — 9)? Va? + 8) (2 + 8) (C2 + 8) 


where ¢ is the positive root of the equation 


a2 Pp B 
ine aa eae 


This follows from the expression found in § 279 for the second solution of 
Lamé’s equation. 
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We shall denote by J,° (0) the value of this integral at the surface of 
the fundamental ellipsoid, that is when « = 0. 


283. If we consider the sphero-conal coordinates r, u, v, we have 
pt ya (6B?) (yu? = 12) (8 — vA) 
h2 2 h2 (k2 2 h?) ? 

(o2 — B2) (k= 2) (k= ¥) 

k2 (hk cae h?) % 
oe y* Zee eae 2 
we see that oa + pea + pk is expressible in the form of a fraction 
of which the denominator is p,? (p,2 — h?) (p,2 — &2), and of which the 
numerator is a Pe in p,?, the coefficients involving r?, x2 and v2, 


22 


2 2 
Since ee + a a 52 vanishes when p,” has either of the values 
pe, v®, the oe = the form 

7? (He = pot) (v* = ps?) 

ps" (ps — h?) (p.* — kh?) 
We thus see that the normal functions are essentially of the form 


# ye xe IF ge 
ly we xyz m1( as 7a RE): 
Ps Ps — Ps 
Ceeay, 


the notation being similar to that employed above, in the case of the 
ellipsoidal normal solutions. 
As before, these forms may be replaced by 


& ye ™m ue 2 22 
pee oo} i Ge 8, ie 6, e+ 7m 

2 wy 
where m is the number of factors in the continued product, having one of 
the values $n, 4 (n — 1), 4 (n — 2), or $ (n — 8). 

It thus appears that the normal solutions in the sphero-conal case are 
obtained by taking only the terms of degree n in the corresponding ellip- 
soidal normal forms of the same degree. 

The corresponding external harmonics are obtained by multiplying the 


z 1 
internal harmonics by pari 


THE CHARACTERISTIO EQUATIONS FOR ELLIPSOIDAL 
AND SPHERO-CONAL HARMONICS 
284. The equations from which the sets of values of 0,, 6), ... An are 
determined may be found by substituting the expressions for G,,° («, y, z) in 
Laplace’s equation and writing down the relations that must hold in order 
that the equation may be satisfied. 
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If we take for example the harmonic © of degree 2, we find 


1p ee el 
@+O* +6 &+0 


0, 
a quadratic equation which determines the values of 6 for the two har- 
monics of this type; the other three harmonics of degree 2 are yz, 2x, xy. 


Again if we take the expression 0,0, ... @,, and substitute in Laplace’s 
equation, we have 


sli Soe 
(ara } a 3, : — 0,03 ... Om + m— 1 similar terms 


a ie yf + 2 Lo ) 
: (a? + 0,) (@ + 6) : (6? + 4) (6? + 62) (A+ 6,) (c? + 6.) see 


: + similar terms = 0. 
We observe that 


a ; xy ie 2 ©, — @,, 
(a? + 6,) (a? + 6) “ (6? + 0) (6? +O) © (c? + %) (C2 +4) 0, — 8” 


we see then that, in order that Laplace’s equation may be satisfied, we 
must have 


1 1 iE 4 


aT, (est, ! Oleo, = Ch ch 2 
ae il 
+0, +0, ' 4 0 


These equations may be called the characteristic equations for the 
harmonics ©,, @2, ... Om- 

It will be found that the characteristic equations for harmonics of the 
type w@,, @,, ... ©, are the same as the above, with the exception that the 
terms in the first column must be multiplied by 3; and thus for all suffixes 


we have zB ®. 6 instead of = a For harmonics of the type yz@,, @2, ... Om 

the terms in the second and third columns must be multiplied by 3, that is, 
ae ee (eee 

wevwnite pt apo pO TO 


In the case of the harmonics xyz@,, ©2, ... O,, the first three columns 
must all be multiplied by 3. 


The first of the characteristic equations is of degree m+ 1 in 0, and 
of degree 1 in each of the quantities 0,, 03, ... 9; in each of the other equa- 
- tions @, occurs in the first degree, and by eliminating @,, ... 6,, we should 
obtain an equation of degree m (m + 1) for the determination of 6,, the 
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same equation being satisfied by 62, 63, ... Am. But since the equations are 
such that, if m—1 of the @ are given, the remaining one is determined 
uniquely by each of m — 1 equations, the m (m + 1) roots must form m + 1 
groups of values of the 6. Each group determines an ellipsoidal harmonic 
of the type ©,, @:, ... Om, and there are m + 1 harmonics of this type. 
The same reasoning applies in the case of the harmonics of the other types. 


285. The characteristic equations for the determination of 6,, 62, ... Om 
may be written in the form 


ies ke \ 5" 1 
(@ibiper an) ee e: 


where in the summation the values of 0, are those of 8,, 6,, ... Im, except p, 
and k,, k,, ks have the values } or 2, according to the class of the function. 


This characteristic equation may be employed to obtain more exact 
information as to the values of the 6,, 4, ... Om. It has been shewn in § 278 
that these values are all real and unequal to each other, or to — a?, — 6, or 
~— c, and that all of them lie between — a? and — c?. 


We proceed to discuss the question how many of them lie in each of the 
two intervals (— a?, — 6b?) and (— 6%, — c?). The above equation is the 
logarithmic differential coefficient with respect to 6, of the product . 


“IL (a? + 6,)P (2 + 8,)¥2 (c® + @,)% TL | 85 — 0,|. 


gtp 
Let it be assumed that 6,, 6, ... 8, are variables such that 
—@< 6,5 — 8, 


when p = 1, 2, 3, ...r— 1, and that — b?< 0, < — c?, when p=1,7r + 1, 
... m; where r is taken to have a fixed value. The product is zero, when each 
of the quantities 6, has its least value, and it is positive when each has its 
greatest value. The product is positive when the variables are unequal to 
each other and to — a, — 62, — c?. Moreover the product II is a bounded 
and continuous function of the m variables; hence it attains its maximum 
value for the given ranges of the variables. This maximum must be given 
by the equations obtained by taking the above characteristic equations for 
all the values of p, (1, 2, 3, ... m). 


It follows that there exists a single set of values of 6,, 6, ... A, such 
that — a? < 6, < — b?, for the r — 1 values of p, (1, 2, ... 7 — 1), and such 
that — b? < 6, < — c? for the values r, 7 + 1, ... m of p. 


It has thus been shewn that of the m + 1 Lamé products of a specified 
type there is one and only one for which, of the values of @,r — 1liein the - 
interval (— a?, — b®), and the remainder in the interval (— 6?, — c?). 
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This theorem was first established* by F. Klein by a geometrical con- 
sideration of the mode in which the nodal lines, on the spherical surface, 
of the sphero-conal harmonics degenerate into the nodal lines of the 
tesseral surface harmonics, when b? = c?. 


The above proof is based upon the proof} given by Stieltjes of a more 
general result which includes the above theorem. 


THE SPHERICAL HARMONICS RELATED TO THE 
ELLIPSOIDAL HARMONICS 


286. Since an internal ellipsoidal harmonic of degree n contains terms 
in x, y, z of degrees n, n — 2, n — 4, ... it is clear that the terms of each 
separate degree must satisfy Laplace’s equation, and thus the ellipsoidal 
harmonic is the sum of spherical harmonics of degrees n, n — 2, .... 


2 2 2 
Denoting oa a7 ie 54 ae 7 by K, we have © = K — 1, hence 
Bn YyZ : 
Se es ed ed 
zZ ay 


is a spherical harmonic for the same values of @ which make G, an 
ellipsoidal harmonic. We have then the corresponding sphero-conal 
harmonic. 


Corresponding to the ellipsoidal harmonics G,}, G,,2, ... G,2"+4 of degree 
n, we have then 2n + 1 spherical harmonics of degree x which we shall 
denote by H,*, H,, ... H,"*1; any one of these H,,' (2, y, z) we shall speak 
of as the spherical harmonic related to G,° (x, y, 2); it is also the sphero- 
conal harmonic corresponding to G,, (z, y, z). 


If G,°, Gn’ are two different internal ellipsoidal harmonics of the same 
degree, then 


| | 6,5G,'ndS = 0, 


where the integration is taken over the whole surface of the fundamental 
ellipsoid, and » denotes the perpendicular from the centre on the element 
dS of surface of the ellipsoid. 


To prove this, we observe that if the two harmonics are of different 
type, the elements in pairs of octants are equal and opposite in sign, and 
the integral therefore in this case clearly vanishes; if the harmonics are 
of the same type, the theorem reduces to that already proved in § 276, for 
it can be easily shewn that pdS = (u2— v?) dydl, and thus the integral 
vanishes for each separate octant of the surface. 


* Math. Annalen, vol. xvui (1881), p. 237. 
f Acta Mathematica, vol. v1 (1885), p. 321. 
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We shall employ this theorem to prove that 


| | Het Hytdo =“, 


where do is an element of surface of a sphere concentric with the ellipsoid, 
and the integration is taken over the whole surface of this sphere. 


We see that a factor 


8 2 
is, on the fundamental ellipsoid, 
eee 
cqualits e = we DB ee a) a er at 2 
or to a fe ae oe ap 


where 2,, 1, % is that point on the sphere of unit radius which corresponds 
to the point z, y,z on the fundamental ellipsoid. We have, therefore, on the 
ellipsoid 


a be 
G8 (2, y,2)=(—1)"41 6 ca abe} H,§ (%, 4%, %); 
c ab 
a be 
G,* (@, y, 2) = (— N41 6 ca abc} F,* (z,, y,, 21); 
c ab 
and pdS = abeds. 


From the integral property of the functions G,,°, G,,’ therefore, the theorem 


| | Het H,tdo =H 


at once follows. 


It thus appears that the 2n + 1 spherical harmonics H,,‘ related to the 
ellipsoidal harmonics G,° form a conjugate system; the theory of such 
systems has been discussed in Chapter Iv. It can easily be shewn that the 
poles of the spherical harmonics H,,° all lie in one or other of the principal 
planes. The number of sets of conjugate harmonics of a given degree, thus 
found, is a doubly infinite one since the ratio of two of the semi-axes 
a, b, ¢ to the third one is at our disposal. 


- 
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In accordance with the theory given in § 87 the present result may be 
stated in the following purely algebraical form: 

A ternary quantic of degree n, in which the variables satisfy the relation 
w+ y?+22=0, may be modified by means of this relation so that the 
quantic 1s expressed as a linear function of 2n + 1 quantities each of which is 
of the form 


“x ¥Z 
s=™m 2 yr ge 
pe ee ee 0, BO, @y 7)? 
Z ay 


and this may be done in a doubly infinite number of ways, the quantities 
a, b, ¢ being at our disposal. 


EXPANSION OF INTERNAL ELLIPSOIDAL HARMONICS 
IN TERMS OF SPHERICAL HARMONICS 


287. The differentiation theorem of § 79 will now be employed to 
express G, (x, y, z) as the sum of spherical harmonics of degrees n,n — 2, .... 
The harmonic of highest degree we have denoted by H,, (a, y, z); those of 
lower degrees will be expressed as the results of differential operations 
upon H,, («, y, 2). 

Denoting by G,, («, y, z) an ellipsoidal harmonic of degree n which is of 
the form 

a YZ 


a2 ; y? 22 
ly ze xyz (aot potas 1), 


z xy 
it is required to express G, (x, y, 2) in terms of the spherical harmonic 


x YZ = A 
a y 2 
I a ay W (gt pet aoa) 
Zz my 
which is denoted by H,, (x, y, z)- 
At the surface of the ellipsoid 
xz y 2g 
@ + BB ate Be 1, 
we have, since 
x? y es a? x ; al ); 
@+o'e+otero! (ratte) EEO) * (e246)? 
it follows that a be 
G,, (@, y, 2)-= (— 1)" 0, Oy... 0, H, G y 2) 1 6 ca abe 
n (X,Y, eda Ss Lt ie oe > 


ce ab 


31-2 
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where s is the number of quadratic factors, and is equal to $n, 4 (n — 1), 
4 (n — 2), or $ (n — 3). 

Now, since H,, (x, y, z) is a spherical harmonic, we have 


@ 0 a\1l_ (—1)"(2n)! 1 
Hp (Ca oy’ =) ent pant H,, (, Y; 2); 


(see § 80). In this equation, by changing 2, y, z into a/a, y/b, z/c, we have 


é OOS 4 
H, (a5, ba ome) (aa "62! a 


Lt 1 (2n)! ie y ae ye —$ (ant) 
2nn! A, a’ b? co) \a@* BT ) : 
Hence, when = re BR se = I, the value of G, is 
a be 


: (— Ir2en! 
(—1)° 0,0, ...0,,1 6 ca abe aie 


c ab 
7) Cl) O\ (22 4? 2 
TNC eee ln pt 5) : 
1 @ io ae 
Se ee c+ 6 d22/r 
is unaffected by subtracting 
fait 
ae = Oy? © Oz?) r’ 


at a 0 62 OF a a) 5 
Ba? + 0 dat | BP Oy?’ a 0 oe 


Again, since 


it is equal to 
hence we have 


» 2 Ol (ip 
Hn & oy’ a 7 = 0200; 


a-! $-1¢-1 
Mecha 0 C=O em Om Ca (ox 
ct aop-1 


and, on changing z, y, z into w/a, y/b, z/c, this becomes 


C) C) O\ (2 ye +4 
A, (a 0x? oe em) j pies a) 
a b-te-1 


sa) & 1) = Set —1p—1e-1 
=a oe. Je 6 cla abe 


Cie 
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¥ 
ee 


Therefore the value of G,, when © ete te ae 1, is 
(— 1)?2" 2! ( é Oa Ds: ae 
(2n)! FANG: Oa:? pe oy’ 2 z=) = ae Br 2 


Again, from the differentiation theorem in § 79, changing z, y, z into 
x/a, y/b, z/c, we have 


fa(0 5 Da cz) (5 aT ae ae 
(= 1)" (2n)! é _¥ = a 


2°n! 


Qn —1) a 
here D? denote Ag ee aye 
where lenotes @aat aye to aa 
Tee fe G. 4) = Hy (2, ¥, 2); 

) () 
then te ed) 
Pad 0 

} Tene Bits {ees 

becomes A, (a Oz? b2 By’ ¢ mae 


thus we have 
0 C) O\ (a? yy? 2-8 
2 2 1 
Ap (@ 0x” oe £ x) C pe a 


(= 1)" (Qn)! (a? y® , 2) POD 
2en! e ae a 


(at ta)> 
< a Hy, (5 Y, 2). 


Yee 
BT 


Therefore the value of G, (x, y, 2), when ~ = une = has 


De Dt 
{ 2(&n— 1) * 2.4(n— 1) Qn—3) sof He (2) 


It follows from this that, for all values of z, y, z, 


= dD? y? 
On {tse yt bea + (S se ths -1)u, 


where U is some function of degree n — 2, and lower degrees. 
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Now, if a2, b, c? be changed into a? + A, 6? + A, c? + A, and at the same 
time each @ is diminished by A, then each of the expressions 
D2 
G,, i Ss +} H, 
is unaltered, since D? becomes 


- 0 o? oe? 
(a? + A) Ae + (b? + A) ay? t+ (62 + A) a2 


2 2 2 
when acting on the spherical harmonic H,,; whereas 5 SE - + 5 —lis 


2 2 2 
altered into ae 7 1 roa n = i 1, and 2 is an arbitrary number. 


Thus we must have U = 0, and therefore 


Digs. Dt 
Gn (@ ys 2) , 2 (@n— 1) * 2.4 (@n— 1) (2x — 8) vo} Ht %®), 


D2 d i 2 o? 2 o? 1 a2 0 
enoting a apt ayes a 


This is the required expression for G, in terms of H,,. It was first obtained 
by W. D. Niven* by a process which involved the separate consideration of 
the form types into which G,, falls. The above proof, which has the 
advantage of being applicable to all four types at once, was given by 
Hobson}. 


EXPRESSION OF AN EXTERNAL ELLIPSOIDAL HARMONIC 
IN TERMS OF SPHERICAL HARMONICS 


288. In the formula (40) of § 103, 


J Vee ey @ yes 
2n! it R?V2 Rv4 ; } 


@n+ il) + 2@n+3)' 24Qn+ 38) Qn +d) 


Aq R2nt2 


Ya (Gus gu a) f(s thh 


where f (zx, y, z) is representable as an absolutely convergent power-series 
over the surface of the sphere (R), and the integral of the partial sum 
Sm (, y, z) over the surface converges to the integral of f (#, y, z) over the 
surface; and x, y,z are put equal to zero after the operation on the right- 
hand side has been performed. 


* Phil. Trans. vol. CLXXxm (1891), p. 236. 
+ Proc. Lond. Math. Soc. (1), vol. xxtv (1892), pp. 60-64. 
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Put R= 1, and change 2, y, z into = aw a. =; then the surface integral 
must be taken over the surface of the ellipsoid whose equation is 


ety? 2 

ope ee 
Instead of dS we must write © = where the new dS denotes an element 
of area of the ellipsoidal surface, and p is the perpendicular from the 
centre upon the tangent plane containing the element. We thus obtain 
the formula 


wy 2) (ty 2), 
ee les =) pas ; 
ann! D? Dt 
BN Ge me +3 @n 43) + 24 Gn +3) Onto)” | 
G) a 0 i 
Ya (1 55> ay Oa) S (a> b> a) 
where D? denotes 
32 a2 a 
Uae ie Sree Rca 


and a, y,z are put equal to zero after the operation. On changing f G ; y, *) 


into f (x, y, z) we have 


[J mG. ¥. 5) f@y.2) pas 


G2 0-¢ 


ann! D ) ees 
Qn + 1)! if ‘3 @n+3) 07S Y, (a DEEP ex) ft Y, 2). 


Let &, 7, £ be the coordinates of an external point, and put 
f(@,y,2) =F (E—2,9-y, 6-2); 
we then have the formula 


[JG $2) P@-21-v, 6-2) pas 


Se DA 
aT AS WE oye ae arte “2 Gn +3) + 2.4 Gn + 3) Gn ts)” at 
oO 
é 


Yq (a: bam» C57) FE 0s 


4rabe 


where D? now denotes the operation 
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Now let 
F (§—2,9-y,6—2) = $(), 


{E- «+ @—y)? + (6— 2); 


where p denotes 
we have then 


[Jr ¥.2) spas 


a’ b’c 
rn! 14 D? ie Dt fi 
@n+1)1|* 2(@n+8)* 2.4(n+43)(Qnp5) + 


4rabe (— 1)" 


7) C7) 0 = 
Ves (az or ox) $B + 4? + £2). 


In the particular case ¢ (p) = > this becomes 
{J Y, @, Or 2) Bas 
a’ bc} p 


nn! 
4rrabe (— 1)" zat 


Qn + Dit eee 3) 1 a 


Y, (a g b a c a ) a : 
"08? On? OL) JB 4a +E 

The expression on the left-hand side represents the potential at the external 
point €, 7, ¢ due to a distribution of matter on the surface of the ellipsoid 
of surface density pY, G. g ) . We have seen in § 287 that at the surface 
of the ellipsoid, 

a be 

G, (2, y,2)=21 6 ca abebT(— 6) H, (= v2 

c ab 

Let Y,, = H,,, then since 


a? 2 b2 o2 c o2 


1 


PLO BLO 4 00e 


L 


age By! OL 


i 


2+ Oe PLO ®t Oa 


o oF oe 6 ( SG ib <a 1 =) 


we have 


ja =e 1 
H, (a 5. 65, ez) Aptos 
II ( 6) H, ( 


aa 5) 1 
0&? On? 0€ VE tpt’ 


where « denotes the bracket containing a, 6, c. 


288 | Expansion of External Ellipsoidal Harmonics 489 


Thus the formula becomes 


[Jie (Ga) Bas 


ann! D 
= drrabor? {I (8)! gee yt = 1 i tre 5qt = 
ee 1 
ae my xt) VET ae 


This is an expression for the external potential due to a distribution of 
matter of surface density DG, (x, y, z) over the surface of the ellipsoid. 

The surface density o of a distribution on the surface which will produce 
an external potential G,, (€, 7, ¢) is given by 


where dy is an element of. the normal drawn outwards and J, has its 
surface value; we thus obtain 


dea ta 
dno = G, (2, Y: 7) FT TT (Oy aber? 
and it is easily shewn that S = 2p; thus 
— PGn (, y,2) 1 


c= 


Qa {Il (0)}? aben?” 
We thus obtain the formula 


2rt1 n! ne 7) <) 


Gn E00 =(— IW gray Ee ae Bp a 


{us DD? : Dt | 1 
"2 (2n + 3)" 2.4(2n + 3) (Qn +5)" ) V2 feel? 


which is an expression for the external ellipsoidal harmonic 6,, (€, 7, ¢) as 
a series of spherical harmonics, since D? denotes the operation 


This expression was obtained otherwise by W. D. Niven. It is clear that 
its validity has only been established subject to conditions relating to the 
position of the point (€, 7, ¢) relative to the ellipsoidal surface. In fact it 
is not necessarily the case that the series would converge for all points 
(é, n, £) exterior to the ellipsoid. In order to find the range of positions of 
the external point for which the expansion is valid, we have to take into 
account the conditions which have been assumed to be satisfied in the 
above investigation. 
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In the first place it has been assumed that 1/p can be expressed by an 
a convergent power-series in (x,y,z) over the surface of the 
2 2 
ellipsoid ye. a SA 


If 7’ ae the distance from the point (€, , £) to a point at distance r 
from the origin, it has been shewn in § 97 that, throughout a sphere of 


: 4 Le. eee 6 
radius r, the expansion of 77 in a power-series is absolutely convergent in 


case r is less than \/2 — 1 times the distance of (€, 7, ) from the origin. 
In order that this condition may certainly be satisfied it must therefore 
be assumed that p> a(V2+ 1), where a is oe semi-axis of the 


ellipsoid. It was shewn at the beginning of § 97 that > — can be represented, 


when the above condition is satisfied, by a series 


z an wP,, (« cos ¥), 


and that each term of this series is less numerically than the corresponding 
term of an absolutely convergent power-series of which all the coefficients 
are positive and are fixed numbers. It follows that the partial sums of the 


series which represents ; are bounded; and this is sufficient to ensure that 
the integral of a partial sum of the series for 5 has for limit the integral of 
+ itself. 
Pp 

It has thus been shewn that the expansion of the external ellipsoidal 
harmonic given by Niven’s theorem is certainly valid if the distance of the 
point (€, 7, ) from the origin exceeds 2 + 1 times the greatest semi-axis 
of the ellipsoid. 

DETERMINATION OF POTENTIAL FUNCTIONS WITH 
PRESCRIBED VALUES OVER THE ELLIPSOID 


289. The determination of an internal or an external potential which 
shall have a prescribed value f (x, y, z) over the surface of the fundamental 
ellipsoid depends upon the expansion of the function f (2, y, z) as a linear 
function of internal harmonics G,,; this expansion, when possible, will be 
given by the formula 


feu) = gaps | [fm 2) BdS + ... 
5 nen | Gon s v.48 


t 


? 


| [tenepas 
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provided it be assumed that this series is uniformly convergent over the 
surface of the ellipsoid; for the coefficients in the expansion can then be 
determined by making use of the theorem 


| Jecrpas =0. 


The expression on the right-hand side of the above series represents, in 
accordance with Harnack’s theorem, a potential function for the internal 
space which has the prescribed value at the surface of the ellipsoid 
provided certain conditions are satisfied when the series is unending. 
The corresponding external potential is 


G," BF (x, y, 2). aS 


5 Out (a 9, a 
|| @onepas 


1,” (0) 


Let us consider the special case in which f (a, y, z) is a homogeneous 
polynomial function of degree p. From § 101, we have 


[J=G@ x a)f@ y, 2) pas 
oe {i+ Sone 3) * 2.4(@n Gn +5) * S 


47 abe 


a8 2 
H, C aa Pay ox) Y,2)s 


where 2, y, z are put equal to zero after the operation is performed. 


If p < n, the expression on the right-hand side vanishes, also if p — n 
is odd; if p — 7 is even and equal to 2m, all the terms except that which 
contains D2 vanish, and the expression becomes equal to 


arn! i 
(Qn + 1)! 2mm! (2m + 8) ... (2n + 2m + 1) 


4zabe 


Cesar 0) 
Le ( ay bay og.) D™f(e, Y, 2). 


Tn a similar manner we find by putting H, C. 


(enh 2f vs 


47 abe zea H, (az Ee \ FE. 
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We thus find as the expansion of f (x, y, z) in H functions, the formula 
SF (%, y, 2) 


Ai e C) Ne s(& ¥ 2 
eee (ax, bs ¢7,)D EID ie G. b? 2) 
= pen OO 3(% Y 2% 2m! (2n+ 8)... (2n+ 2m+1)’ 
H, Ce oe (G. ¢.4) 
" or, using the relation 
a be 
G4” («,y,2)=411 b ca abe It (— 6) H, (=, ¥, 2), 
c ab 


we have the expansion of f (x, y, z) in terms of G, (x, y, z). The double 5 
means that s may have 2n + 1 values for a given value of n, and n may 
have as many integral values.as may be obtained from the equation 
n = p — 2m by giving integral values to m. 


REDUCTION TO SPHEROIDAL HARMONICS 1 


290. It is instructive to reduce the ellipsoidal harmonics to spheroidal 
ones, by considering the form which the ellipsoidal harmonics assume in 
the limiting case in which a? = 6%. The characteristic equations for functions 
of the first class may be written 
[(6?+ 6,) (c? + 61) + (c? + 8,) (a? + 64) 4 (@ + 0;) (b? + 8,)] (8, — 62)... (81 = Om) 

+ 4 (a? + 8) (6? + A) (6? + 84) {(8, — 5) «-- (0) = Om) +... = 0, 
with similar equations for 0,, 0;, .... We observe that when a = 4, this 
equation is satisfied by the value 6, = — a; we will consider the case in 
which o of the 6’s have this value — a2; the other m — o of the 6’s have 
values which lie between — a? and — c?. 


Suppose 6,, 0,, ... 6, to have the value — a2; we must then find the form 
which the above characteristic equation assumes. Let 


{ 


oF + 0, 6? + 6, b? + 6, 
: C8 Wea LE Gage? fe = p= ge 
a? + 6, a2 + 6, a? + 0, 
then 4-1 Po ma @—1 Rp ae (pS) 52 a 


the equation then becomes, on substituting for a? + 6,, b? + 6,, ... their 
values in terms of the quantities q, 


[(6? — a)? gq (q, — 1) + (6? — a?) q + (6? — a?) (G, — 1)] 
x (B? = a?) (G = 9) «++ (G1 — Go) (01? = Bo41) «++ (82 — hn) 
+ 4 (6? — a?)? gy (qi, — 1) (C? + 4) 
x {(0° — a?)"-? (G, = Gs) «++ (G1 — Yo) (O14 — O01) «+» (8: — Om) 


+ (BP — a2)? (4, = ge) «++ (Gs — Ge) (0, — Bost) ve} H ones 
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divide out by (6? — a2)", and then let a? = 6?; the equation becomes 


Eeltee + 4( pes FS ee ) 
% n—tl A-gm A-~ bs Lh — We. 
Let f@ = @-%) @— %) --- (@— 4%), 
then 


£@=§0(s=¢+g=gt tg) 


’@=f (=, ae a f@ tg “apt @ = 


£@ ie Tn) f@ ta get aC a 


SOS (ae “ahi 


I-UY- % UE 
now let q = q, then we have 
1 
Ag foe 
d= a GN ae Ae 
Thus the o characteristic equations may be written in the form 


1 2f" (Y) 
are =0, 
é (Gt = f29) 
which is an equation of the same degree o as the equation f (q) = 0, hence 
we have 


qq-DfM+s2¢-Y)FO=ef@- 
Let q = sin? x; this differential equation then becomes 


fat doth = 0, 


hence f has one of the forms cos 2cx, sin 2cx, the former of these being the 
appropriate one for this case. 

Any factor « is proportional to x? (— g) + y* (1— 4), that is, to 
—4) oF (a+ y*) (sin? $ — 9); 


2 
w+ (sta 


hence x, Kk; -.- Ke is proportional to 
(a? + y®)2 (sin? d — sin? y,) ... (sin? ¢ — sin* ye), 
where x;, Xz, --- Xo Satisfy the equation cos 2cx = 0. 


Let each of the remaining roots 6243, 9212; «+» 9m satisfy an equation 

f (0) = 0; then as before we can shew that each of the roots satisfies the 
equation 
4o + 2 i f" (@) 

e+e tate "7 @ 
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e+86 a+ 
Tet ea Pt — a 
d a 
then OF (PS a 5A + (to + 3) p — Z = 


must be satisfied by all the values of p, and this ae being of the same 
degree as that of f (p) = 0, we have, for the determination of f, the equation 


2p (1 Fart {(40 + 3) p yg (m — ) (2m + 20 + 1)f. 


Let p = p?, then the equation to determine the form of ¢is 


a aes 2 (26-41) p a | (2m — 2) (2m + 20 + 1) f=0; 


this equation is satisfied by 
d2 
fa HY Gia Pam (1). 

A « factor becomes proportional to 2? — p (a? + y? + 27), hence the 

m — o factors produce when multiplied together 
A 5 qd 
(+ ¥? +z ye a Pam (u). 
The complete spherical harmonic is therefore 
as 
(6 + 9%) (+ y? + ee ae: Pom (1); 

the functions of the other classes may be reduced in a similar manner. 
The general form to which the harmonics reduce is 


1n 098 de 
in 08 (1 — WY TE Pa (us), 
the ordinary form of the tesseral and sectorial system. 


291. We can now express G,” in terms of the spherical harmonics HES. 
found above; the operator 


& (et + 3) ee a 


when acting upon a spherical harmonic is equivalent to (c? — a?) = thus 


C2 — a2 2 | He; 


Gur 1 2 (2n — 1) ez? se 
now H,7 is of the form 


1 T 
cos og — | (2 +e Va + ¥? cos #)" cos ofds,, 
0 
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leaving out a numerical factor. After the operation is performed, we find 


for G,7 the formula 
ais 2 z+i.Vatt y? cos 
G,” = cos a¢ iE dbs SS = ) cos of def. 


For the prolate spheroid, let 
2=Ve2—@Vr—1sindcos¢, y= Ve2— @vVr?— 1sin Osin 4, 


z= er cos 6, 
then 


G7 = cos o¢ |= (r cos 8 + «Vr? — 1 sin 8 cos #) cos of deb. 
0 


On using the expansion 
P,, (r cos 0 + 1Vr? — 1 sin 8 cos #) 


= P,, (r) Py, (cos 0) + 2 a eae P,” (r) P,™ (cos 8) cos mf, 


we find for the essential value of G,” the expression 

cos oP,” (7) P,7 (cos 4), 
which is the normal form used in Chapter x. A similar reduction may be 
made for the oblate spheroid. 


_ For the external harmonics of the prolate spheroid we have to consider 
the value of the integral 


oS dé 
j (@—0)%... Via? + 0) (G+ 8) (+ 8) 
of the quantities 6,, 0, ... the first o are equal to — a?, hence 
me a6 
> J. O + a) (0 — 0043)? -.. @ + 8) Vez +O 
Let ce? + 9 = (C2? — a), a? + O = (c? — a) (A2— 1), 


Le 


then (A — Aey1) (A — Aaug) --- is proportional to x P,, (A), thus 


-. {___°—_,, 
= =|. (2 — see Oe 


disregarding a constant factor. The normal function 
cos of. P,,7 (r) P,7 (cos 8), 


when multiplied by I,’, gives us the normal form for the external har- 


monics 
cos of.Q,7 (r) P,,7 (cos 4). 
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LAME’S FUNCTIONS IN TERMS OF ELLIPTIC FUNCTIONS 


292. It is not within the scope of this work to deal with the various 
investigations in which Lamé’s functions are expressed in terms of Jacobian 
and Weierstrassian elliptic functions. Some account of this theory is 
given in Whittaker and Watson’s Modern Analysis, where references are 
given to the writings of Hermite, Halphen, Lindemann and others on this 
subject. It may be remarked that Halphen* has integrated Lamé’s 
equation for the case in which the degree 7 is half an odd integer. On the 
expansion of functions in terms of Lamé’s functions, reference may be 
made to memoirs by A. C. Dixon} and Lindemann{. It may be observed § 
that Lamé’s functions of degree — 3 + p: would serve for the case of potential 
problems with an elliptic conal boundary the same purpose as is served 
by Mehler’s conal harmonics for the case of a circular conal boundary. 


* Fonctions elliptiques, vol. 1 (1888). 

+ Proc. Lond. Math. Soc. (1), vol. xxxv (1902), p. 162. 

{ Math. Annalen, vol. xxx (1882), p. 332. z 

§ See Hobson, Proc. Lond. Math. Soe. (1), vol. xx1m (1892), p. 231. 
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